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1 Introduction

All the information of a quantum field theory is encoded in the generating functional of its

correlation functions. In general this is very hard to compute, yet in some cases and for

some other observables such as partition functions and Wilson loops it is possible to perform

exact computations that include all non-perturbative effects. For supersymmetric gauge

theories in particular and starting with the work of Pestun [1], localization techniques



have led to remarkable progress regarding our understanding of such theories in diverse
dimensions. Thus, supersymmetric theories emerge as ideal laboratories that allow us to
perform exact computations regardless of the strength of the interaction.

At the same time it has become evident that one can obtain a deeper understanding of
a supersymmetric gauge theory by placing it on different compact manifolds. See e.g. [2-5].
In this paper we take a further step along both of the above directions by considering the
partition function of pure N' = 2 gauge theories with arbitrary classical Lie algebras g on
generic four-dimensional toric Kahler manifolds My. For the sake of concreteness however,
we will illustrate our computations with My = CP2. As the topology of these manifolds is
non-trivial, it allows in principle for non-trivial first Chern class for the gauge field. Yet in
this paper we will consider the case of vanishing c;.

In general dimension, placing a supersymmetric theory on a compact space in such a
way that some supersymmetry is preserved is per se a non-trivial task. We will follow the
strategy developed in [6, 7], which amounts to coupling the gauge theory to supergravity.
This way, the supersymmetric couplings to the curved space are automatically fixed. Then,
a rigid limit freezes the gravitational dynamics and one is left with the desired supersym-
metric gauge theory on the background manifold. An important technical aspect of this
approach is that one does not eliminate the auxiliary fields. The supersymmetry algebra
closes independently of the equations of motion and the values of the background fields
can be found by simply imposing the vanishing of the supersymmetry variations in the
supergravity sector.

In the case of Euclidean A/ = 2 theories there are in general two symplectic Majorana
Weyl spinors of opposite chirality. There is a degenerate class of solutions for which only
spinors of one chirality are used in order to preserve supersymmetry. The Witten (or
topological) twist that can be used to define a theory on any four manifold and leads
to a topological quantum field theory belongs to this class [8, 9]. We will focus on the
general case in which both chiralities are preserved. Here, [10] showed that the necessary
and sufficient condition for supersymmetry is the existence of a conformal Killing spinor
V on My. V is of course a spinor bilinear involving spinors of both chiralities. It plays a
crucial role as it twists the superalgebra equivariantly. In our case we will choose V' to be
a generator of the T? torus action on Mjy.

The topological twist is intimately linked to the computation of the Donaldson invari-
ants of My, and has thus been studied extensively in the past. See e.g. [11-14]. In this
paper in turn we are interested in the equivariant version of the theory. As mentioned
above, the strategy to compute the equivariant supersymmetric partition function of the
pure gage theory on My will be to use localization along the lines of [1, 15, 16]. Following
what has become by now a fairly standard procedure, we will add a strictly positive d-exact
term —t Sjoe to the action; that is, Sjoe = 6( f V). Here, ¢ is any fermionic symmetry of the
theory, which in practice one usually chooses to be a combination of BRST and supersym-
metry, so that it follows that the partition function does not depend on the parameter t.
Upon taking the classical limit ¢ — oo the saddle point approximation becomes exact and
the partition function is simply given by one-loop fluctuations around the classical action
evaluated at the saddle points of Sj.. One says that the path integral localizes to the
localization loci Sjo. = 0.



Since Kahler manifolds are closely related to Sasakian ones, it is reasonable to expect
our theories to have some similarity to the five-dimensional A/ = 1 ones on Sasakian
manifolds that were studied in [17-20]. Therefore we will occasionally compare the chiral
limit of our theories obtained by taking V to zero with the dimensional reduction of the
five-dimensional ones. Conversely, it is interesting to wonder to what extend the methods
used in this paper can be applied to five dimensional A/ = 2 theories that have so-far been
studied in [21].

Returning to the details of our localization calculation, we note that points with non-
vanishing V? define a dense, open subset of My. Thus there are two types of saddle point
configurations. Generic ones for which V2 # 0 and a superimposed sector of solutions
sitting at the loci where V2 = 0. This is familiar from many, yet not all known examples
of localization on four-dimensional manifolds. See e.g. [22]. As we will see below, the
finite-action configurations® in the ¥V = 0 sector are anti-instantons. We will assume the
loci where V' = 0 to be isolated which corresponds to a slight restriction on the possible
choices of V in T?. Close to any such point the background takes the form of a copy of
the © background [23, 24] and we can compute the instanton contribution to the partition
function by appropriately gluing copies of the Nekrasov instanton partition function.

Somewhat remarkably, we find that the fluctuation determinant for the case of toric
Kahler manifolds considered is simply 1. Since in addition the classical action can also be
written as a sum of three copies of a function evaluated at precisely the 2 background pa-
rameters corresponding to the loci V? = 0, we immediately find an interesting factorization
of the partition function whose implications remain yet to be fully understood.

The structure of this paper is as follows: section 2 begins with a summary of the
relevant parts of the N' = 2 conformal supergravity that are needed for the subsequent
construction of the gauge theory. Studying the BPS equations arising from the gravitino
and dilatino variations we then find the supersymmetric background and as well as the
Killing spinors for both the topological and the equivariant twists. This allows us to define
the gauge theory on the curved space My. We also construct the cohomological version of
the supersymmetry algebra, which explicitly shows the equivariant twist. In section 3 we
study the localization locus of the gauge theory. To begin, we do so by directly studying
the BPS equations of the vector multiplet. In section 3.1.2 we write down an explicitly
localization term S),. and show that the solution to the BPS equations precisely coincides
with the set of configurations on which S, = 0. While these configurations correspond
to V2 # 0, we study the instanton solutions sitting at the locus V2 = 0 in section 3.1.3.
Finally, we discuss the gauge fixing sector, which combines the BRST with the SUSY
complex (and plays an interesting subtle role in fully determining the relevant localization
locus. See below.) Then, in section 4 we compute the partition function by explicitly
writing down the classical, one-loop and instanton contributions. Remarkably, these three
contributions can be written in a factorized form as the product of a function evaluated at
the Q backgrounds around each of the points where V2 = 0. We end with some conclusions

Hnfinite action configurations would not contribute to the partition function as their contribution to the
path integral would be weighted by zero.



and future projects in section 5. We leave for the appendices technical aspects of relevance

for the computations in the main text.

Note added. In the closing stages of this project we received [25, 26], which consider
M,y = P! x PL. Especially [25] obtains, where applicable, similar results to ours.

2 Rigid supersymmetry on toric Kahler manifolds

Our aim is to study AN/ = 2 gauge theories on toric Kihler manifolds, with CP? being
our star example. Hence, our first task will be the construction of the supersymmetric
Lagrangian of the theory on the curved space. Following [6], we couple the gauge theory to
supergravity and then take a rigid limit so that the globally supersymmetric Lagrangian
automatically emerges. Following [10], we will use four-dimensional N' = 2 conformal
supergravity and refer to [27, 28] for a thorough introduction to the subject. The field
content of the Weyl multiplet is

9Imn » D ) Tmn ) Aac ) A4 ) Wi ) Xlz't . (2'1)

Here A, and A4 are the connections for the SU(2) and U(1) R-symmetries, T}, is a
two-form, and D a scalar. Furthermore,  and i are adjoint and fundamental SU(2) in-
dices respectively. After Wick rotation [29], the supersymmetry transformations of the
fermions are
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Occasionally we will write Vi€, = V€', + %Amxa”j e{r for the SU(2)-covariant derivative.
When studying for supersymmetric solutions of the above, 0!, can be immediately elimi-
nated from the system by contracting the gravitino equations with ™. For comparison
with [10], note that the d appearing there is related to the above D via 6d = 4D + R.

In addition to the Weyl multiplet, we consider a vector multiplet. Eventually and upon
taking the rigid limit, the field theory of interest will be that of this vector multiplet. The
standard N = 2 vector multiplet contains a complex scalar ¢, an auxiliary SU(2) triplet Yj;,
the gauge connection A and the gaugino. Note that, after Wick rotation, ¢ and ¢ are a pri-
ori independent. The Wick-rotated supersymmetry variations for the vector multiplet are

5¢f:—%eiBQ{+ , (2.3a)
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Here, the covariant derivatives appearing in the supersymmetry transformations are

7 . - .
§Am20'mjgij + g[Arm Q:—]I )

 Ams™ 01 4 gLA, QL)' (2.4)

Dm¢1 = am¢1 + g[Ama ¢]I :

These transformations leave the action of the gauge theory invariant, which can be taken

D, QY =v,,04 +

D0 =v,,00 +

from [10]. Its bosonic part is

L= 66+ DpdD™G+ Y'Y~ gl 0> + L™
(2.5)
116 (d)QT-i- T+mn QZEQT%nT_mn) )

Up to conventions, this agrees with the action of [16].

1 _
- Z(¢anT+mn + ¢anT—mn) -

2.1 Supersymmetric backgrounds

Since the super Yang-Mills theory on the curved space arises from the rigid limit of the
combined supergravity plus vector multiplet system, the relevant background for the later
can be found by imposing the vanishing of the Weyl multiplet supersymmetry variations
in egs. (2.2). Solving these fully determines the supersymmetry variations of the vector
multiplet (2.3) as well as the action (2.5).

In order to provide a very explicit example, we will first construct the Killing spinors
for CP? before generalizing to arbitrary toric Kihler manifolds.

2.1.1 M, = CP?
For CP? we use the metric

sin? p

o} + 03 +cos?poi|, (2.6)

with Maurer-Cartan forms

o1 =cospdf+siny sinfdp, o9 =sinydf—cos sinfdp, o3=dp+cosfdp, (2.7)
and p € [0,7/2], 0 € [0, 7], ¢ € [0,27], and ¢ € [0,47]. The two torus is generated by the
Killing vectors 0y, 0y. We choose the frame

el =dp, e? = sinp cosp ,02(305,0 o3, e = Si;lp o1 el = —Sh;p 09, . (2.8)




Defining

v+o v=9

21 = tanp cosiei 2, zQ:tanpsiniei z (2.9)

the metric can be rewritten in terms of the Kéhler potential K = log(1 + |z1|? + |22|?),

P K
ds’ = —— dz; dz; . 2.1
5 6ziazj %1 4% ( O)
Furthermore
- 1 2
J= %88[(:61/\624—63/\64: 540, 6= 5““2 P s (2.11)

After calculating the spin connection, de® + wabeb = 0, one finds two negative chirality
spinors €' satisfying 0,,¢-. = 0 as well as the projections y'%¢!. = y34¢ = w?’ijej_ . Their
Killing spinor equation is

.3 o
Ve — EZGmU?’Zje]_ =0. (212)
Comparing (2.12) with the SUSY variations (2.2), one sees that 6%, = é¢*,, =0 if
A3 =-30, A1=A=A=T"=¢ =0\ =0. (2.13)
A similar analysis for the dilatino variations §x*. imposes D = —% = —6. One can verify

this using the equations in [10]. Since 6d = 4D + R, this corresponds to d = 0 in that
paper. Note that this causes the ¢ ¢ mass-like term in (2.5) to vanish, as opposed to the
case of squashed spheres.

The solution which we have found involves only negative chirality spinors. In fact,
it just corresponds to the familiar topologically twisted theory. In order to construct
the equivariantly twisted theory we need to add positive chirality spinors, so that we
can construct a vector-like spinor bilinear providing the equivariant parameters. To add
positive chirality spinors, we pick a generic Killing vector V' generating a U(1) action inside
the torus. We can parametrize it as V' = py0y +pp0y for py, py € R. As we will see below,
these py, py are essentially the equivariant parameters. Note that

1 0>
V= 1 < é sin 6 sin? p + <W) sin? 2p> . (2.14)

Hence, for generic py, py, V2 vanishes at p =0, {p = 5,0=0}and {p= 7,0 =7} Note
however that, for particular choices of p, and py, V2 vanishes on more generic subspaces.?
In the following we will assume that py, p, take generic values in such a way that VZ=0
only happens at the three reported points.

With this V' we can construct positive chirality spinors as ei =1V . A direct analysis

of the gravitino equations imposes
T- =0, TH=-2dV+. (2.15)

As in the previous case, the dilatino variations vanish for D = —6 or d = 0 respectively.

2For example , if Py = Po, then V2 vanishes at § = 7 for any value of p. Another example is py =0 or
pg = 0, when we find that V2 vanishes for p = {0, 5} regardless of 6.



2.1.2 Toric Kahler manifolds

In this section, we generalize the results of the previous section to any four-dimensional
toric Kahler manifold M. Such manifolds can be defined as closed connected 4-dimensional
Kéhler manifolds with an effective Hamiltonian holomorphic action of the real 2-torus T?.
However, for our purposes it is best to think of the Delzant construction [30] and the work
of Guillemin and Abreu [31, 32], which we will quickly review here. Further details are in
appendix E. To start, one introduces symplectic coordinates (z°,y;), i = 1,2 with the y;
parametrizing the T? and the z; being the coordinates of the Delzant polytope P. The
most familiar example is CP? with the polytope defined by 0 < z!', 0 < 22, and 2!+ 22 < 1.
For CP! x CP!, one has 0 < 22 < 1. On each edge of the polytope the torus collapses to
an S'. Thus, the vertices are the fixed points of the torus action. The symplectic form is
w = da® A dy; and metric and almost complex structure are given in terms of a potential
function g(x) = gp(z) + h(z). Assume the polytope is defined by inequalities (x, 1) > Ay,
r=1,...,d, each p, being a primitive element of the lattice Z? C R? and inward pointing
normal to the r-th (n — 1)-dimensional face of P. Then, the canonical potential gp(z) is
defined in terms of the functions [, : R? — R, defined by

lr(x) = <x7l'l’7'> - A (2‘16)

as . J
gp(l') = 9 Z lr(x) log lr(x) . (2'17)

r=1

Define G' = Hess,(g), i.e. (G)ij = 0,:0,;9. Then

0 —-G! 9 G 0
= == . 2.1
J < oo ) ds ( . G1> (2.18)

The function h(z) has to be smooth on P and chosen such that there is a smooth and
strictly positive function d(x) satisfying

d -1
det G = é(x)le(x)] . (2.19)

r=1

Any Kihler manifold M, admits a spinor 1 satisfying®
1
Vyy = iARiC(Y)w (2.20)

with the connection one-form Ag;. defined by dAgric = p where p is the Ricci form
of M. Here p is defined in terms of the Ricci tensor and the complex structure as
p(X,Y) = Ric(JX,Y) [34]. The symplectic Majorana conjugate of (2.20) satisfies Vy¢* =
—5ARic(Y)y*. To match this with our calculation for CP?, we note that CP? carries an
Einstein metric. Thus Ric = 6g and p = —6J. With d© = 2.J, one sees that Agr;. = —30.

3For details we refer to the summary in [33] and the references therein. In the conventions of [33], ¢ is
the constant section of A" T, 22 V*; i.e. has positive chirality.



By comparison with our previous results it is clear that
el =y*, €2 =By, As = Agic (2.21)

solve the gravitino and dilatino equations in the absence of eﬁr. Just as before, this corre-
sponds to the topological twist. In order to construct the equivariantly twisted theory, we
pick a generic Killing vector

V=p0y, +q9y,,  pqeR, (2.22)

and define ei = V€ . Since V;‘ei_ = 0, we have Vf}eﬁr = %qu,ﬁ”ei_ and the gravitino
ab i

equations are solved by T = —2dV*, g’ = LdVy*e’. and T~ = ', = 0. Again, one
fixes the scalar fields D or d by solving the dilatino variation. And once again, one finds
D = —% as well as d = 0, meaning that the mass term in (2.5) vanishes. If we choose a
vielbein such that J = e'? 4 €34, we can maintain the projections for € .

Generalizing the CP? case, we restrict p, ¢ such that V2 vanishes only at certain isolated
points in the manifold. One can see — cf. appendix E — that these correspond to the
vertices of the Delzant polytope — of which there were three in the above discussion of
CP?. Nevertheless, exactly as in the CP? case and for certain choices of p and ¢, V2 can

vanish at more generic loci, namely CP's corresponding to edges of the polytope.

2.2 Cohomological form of the supersymmetry transformations

Substituting the background fields as well as the Killing spinors from the previous sections
into eq. (2.5) gives us the Lagrangian for the gauge theory on toric Kéhler manifolds. In
turn, the supersymmetry variations can be found from eqs. (2.3).

We now bring the supersymmetry transformations into standard cohomological form.
Details are relegated to appendix B. To begin, we note that by absorbing 7’ into a previ-
ously zero T~ , we can rewrite the gaugino variations (2.3) as

4 ) 1 1- . 1. .. —
5% = Poc — | (FJ& - 2¢T35>’Vab“+ * 35 —glo gl

h , ) (2.23)
o0 =~ + 1 (P - 50T, 1 - G¥id —glodle
and without any 7% terms yet with 7' = —2dV. We define F = F — %gET
Next, we define Grassmann odd forms n € Q0, ¥ € Q! and y € Q~ C Q%
X = Q‘J’GZ;B’)/(Q)Qj_ y
1/ .. . .
U = 3 (ewe_iB’Y(l)Q_A,_j + EijEZ_B’Y(l)QJ_> , (2.24)

n = f%eijei_BQj_ .

These definitions are invertible. Concerning the bosonic modes, we rewrite the SU(2)
triplet Y;; in terms of an anti self-dual two form,

H=-2F + %Mi_jYij — 4(DGAV). (2.25)



Here, MY = —zei_B'y(Q)eJ; as in (A.13) in appendix A. The definition of H is such that
dx = H. In terms of the variables A, ¢, ¢, H and 7, ¥, x, the algebra is

6p=mn, on=Lyo+ G¢7v2¢37w,4[<23] )
6./4 = \Ij, (qu == £VA + G¢—V2(};—’LV¢4[A]7 (226)
(SX = H, (5H = DEVX + G¢)7V2¢_)7’Lv.A[X] y

with Gy denoting gauge transformations and defined in (A.4). See equations (B.4) for a
formulation of the above that will be useful when solving the BPS equations in the next
section. In the form of (2.26) it is clear that we have a complex

ZG{QE,A’X}, Zle{n’\I]7H}7

2.27
6Z - Z/, 5Z/ - £VZ + G¢_V2$_1VA[Z] 5 ( )

with 4,0 € QY H,x € Q~, and ¢,n € Q. This is essentially the equivariant complex
of [1, 19, 35, 36]. Per usual, one of the scalars — here ¢ — is somewhat special:

8¢ =¥ +V?p, 50 = Lvo+ Gy_y25_,,ald]- (2.28)

Thus ¢ = §(2y A+ V2¢) and the gauge-parameter ¢ — V3¢ — 11,4 is invariant under super-
symmetry transformations. Furthermore, note that the gauge parameter has an immediate
dependence on V2, the norm of the equivariant vector.

3 Localization

Having defined supersymmetric gauge theories on toric Kéahler manifolds, we are now inter-
ested in their supersymmetric partition functions, which we will compute using localization.
As it is customary, we deform the action with a d-exact term —t Sjoe. This introduces ¢!
as a new effective h on which the partition function does not depend. Then, upon taking
the classical limit ¢ — oo, the saddle point approximation becomes exact, and the partition
function is simply given by the product of the classical action evaluated at the saddle points
of the localization action times the fluctuation determinant. Hence, our first task will be
to study this localization locus.

In the following we will concentrate on the CP? case. Nevertheless, the results hold in
the case of generic toric Kéhler manifolds upon performing the obvious substitutions.

3.1 The localization locus

We start by finding the localization locus on which the partition function localizes. Since
these correspond to supersymmetric configurations, we can as well derive them by studying
the BPS equations. In section 3.1.2 we will consider the explicit form of the d-exact
localization term S),. that is be added to the action to localize the path integral and show
that the configurations arising from the analysis of the BPS equations are indeed the ones
minimizing the localization action.



3.1.1 Solving the BPS-equations

To find the localization locus we study solutions of the BPS equations in their cohomological
form of (B.13). Before turning to the general case, we gain some intuition by considering
the topological theory with ei = 0. While we derived the complex in the presence of both
€, as well as ', the equations include the ni =17’ =0 case. One simply sets*

V=T%=0. (3.1)

Now, F' = F, and ¥ depends only on €, while H = —2:F~ + %MZ_jYU The supersym-
metry variations take the same form as in (2.26), except that the gauge parameter is now
just G and that 6¢ = 0. Also, the Lie-derivatives vanish. So the complex is

§Z=2", 67 =GyZ. (3.2)

Note that one can obtain the same complex by dimensional reduction of the Sasaki-Einstein

complex [19] along the Reeb vector. The scalars ¢, ¢ are a linear combination of the five-

dimensional real scalar ¢ and the component of the five-dim. gauge field along the Reeb.
Turning to the vanishing of the supersymmetry variations, the fermions 7, ¥, x yield

D¢ =[p,0| =H=0. (3.3)

Thus 4F~ = ./\/lz_jY” Now the reality properties of Y;; are crucial. In [10], they are (Y;;)* =
Y. However, we rotate the countour of integration for the SU(2)-triplet by 90° such that

(Yy)* = —Y. (3.4)

This choice of contour also renders the Y?Y% term in (2.5) positive definite and thus con-
vergent. Similar observations regarding contour choices and the convergence of the original
path integral were made in [16, 18]. In order to further probe this choice, it is interesting
to consider the topologically twisted theory. One can easily see that, with this choice, F'~
and Y;; decouple and

Y;; =0, F =0. (3.5)

We can now compare this saddle point configuration with the five-dimensional N = 1
theories of [17-19]. Note that these references do consider an equivariant twist. However,
the equivariant vector is the Reeb, along which one would naturally reduce to get the 4d
topologically twisted theory.® In the 5d case, the theories generally localize to contact in-
stantons, i.e. the gauge field satisfies equations like 1gF' = 0 and (1 — 1zx)F = 0. While it
is in general not possible to simply reduce a generic contact instanton to an instanton and
one has to be careful when comparing the two, it is still pleasing that the localization locus
in the chiral theory takes essentially the same form, hence vindicating the contour (3.4).

1One could introduce an arbitrary 7'~ since it is now a free parameter. We refrain from doing so.
5Strictly speaking, [19] allows for generic choices of Reeb while we assume for our argument that we are
dealing with the canonical one.

,10,



Returning to the full theory with V' 2 0 and ei = 0, we again consider the vanishing
of the supersymmetry variations. On the interior of the Delzant polytope, we know that
V #£ 0, and we consider 6 = 0¥ = dy = 0. These equations impose

H =0, Dy¢ = [¢, 9], wF+Dp—V?Dp=0. (3.6)

We study H = 0. As before, we consider the action of complex conjugation on

1_ 1 . _
F=F — §¢T7 = EMZ_]Y;j —2(DpANV)™. (3.7)
With the reality condition for Y;; as in (3.4) we can decompose the real and imaginary
parts as
(F+Re¢dV) = —2(DRedp A V)",
— _ 1 74] — _ (38)
1 ImpdV™ = ZM,Y;;J' —2(DImpAV)™ .
Similarly we decompose the 2y, F equation into
0=1/(F+RepdV)+ DRe¢—V2DReg, (3.9)

0= (Im¢)ydV +DIm¢—V3DImé.

At this point one can compare the equations involving the gauge field to (3.49) and (3.50)
in [15]. In both cases, the reality conditions decouple the gauge field from the auxiliary
modes, which again vindicates our contour choice (3.4).

To proceed, we set

¢ = ¢1+ 12, =1 — 1, ¢1, P2 € C™°(My). (3.10)

The equation Dy ¢ = [¢, @] then splits into real and imaginary parts

Dy¢1 =0, Dy ¢2 = 2[¢1, ¢2] - (3.11)

In appendix C we adapt an argument from [15] to show that the above equations for F~
and 1y F' imply
F+4+¢1dV =0. (3.12)

This is solved by
A=-=¢V, D¢y =d¢g1 =0. (3.13)

The other scalar ¢o satisfies two equations
0= (1+V?)Dgy — ¢orvdV,  Dyes = [p1,¢2]. (3.14)

It follows from the first of these that Dy ¢ = 0 s0 [¢1, ¢2] = 0. Since d(V?) = —1y,dV, the
equation can be immediately integrated

a2

QZ)QZWa

ag €9, [Ozz, gf)l] =0. (3.15)
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To conclude, writing ¢1 = o1 with a; € g, the relevant BPS configurations are

le—Oél, ¢2_1+V2’

The value of the auxiliary triplet Y;; can then be directly read off from (3.8) and is given

[Ozl, 042] = 0, A= —OL1V. (3.16)

in appendix D.

Consider now the gauge transformation G 6—V25—1y, 4 dppearing in the supersymmetry
algebra. Substituting the above solution leads to G, +.a,. Hence, for the moment we are
dealing with a complex gauge transformation. As we will see below, this changes once
one considers the ghost sector as we will do in section 3.2. Note as well that the gauge
parameter, a priori containing the V2, becomes a constant once evaluated on the saddle
configurations.

Note that the analysis we have so far performed is valid as long as V2 # 0. In turn,
the points where V2 = 0 must be studied separately. As one might suspect, new solutions
will arise from those points. We will discuss them separately in section 3.1.3.

3.1.2 Localization action

One can recover the results from the previous section as the zero locus of the §-exact action
Sioe = 5</Tr(§_2i SQL + QL 6QY )) : (3.17)

Using the explicit form of the SUSY variations including the background Killing spinors
the bosonic part can be written in a manifestly positive form as

- - _ 1 V2
SQL 60 4+ 00 0, =2(1+ V) oy D> + 2 (1 + V?) [¢, ¢]* + 5 1M 1+ - My 2,
(318)
where
mn __ mn\+ (z) +\mn T4 oomn _k i i 4 .mn _J
M = (F )—2(T) +WD]€¢€+’7 7 el —i—mY € e (3.19)
mn mn\— ? T i omn i 1 i 4 .mn mn
M™ = (F )—§Dk¢e,'y yPel — ZYJ-E,W doyl qbe A YE

In the t — oo limit only the configurations for which Sj,. = 0 contribute to the path
integral. Upon separating the real and imaginary parts of the scalar field as ¢ = ¢1 + 1 ¢,
at a generic point, where V2 # 0, the zeros of Sj,. are readily found as

0=F,, — (D[m¢1 Vn])_ ﬂ €l M lDei ,
- ¢ (3.20)
0 =24 (Dpyp Viy)— —leje 4 2 e M el
from imposing M_ = 0, and
0= Fntn - (D[m¢1 Vn]) (bl T’r;tn )
2 (3.21)

1 .
0= 2Z(D[m¢2vn})+— §Yzjemm”ei+z¢2v2T+,

from M, = 0. Besides, we also have the conditions [¢, ¢] = 0 and 17D¢ = 0. One can
then verify that the solution to these equations is given by (3.16).
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3.1.3 Instanton configurations

By inspection of the localization action (3.18), it is clear that, in addition to the config-
urations discussed above, we can have another whole family of solutions arising from the
fixed points of the U(1) action, where V2 = 0, which must be studied separately.

Considering the V?2|M,|? term first, since the real part of M, contains a
V2 Dy, 1 Vy), the localization action will contain a V2 D1 Vi) Dipp 91 V) term, which,
at V2 = 0 blows up unless we set ¢; = a; a Lie algebra-valued constant. Because of a
similar argument, ¢o must also be set as well to a Lie algebra-valued constant ¢o = ao,
both subject to [ag, as] = 0. Furthermore, it is easy to convince oneself that the solution
for the Y’'sis Yo =Y2; =0and Y'; = —Y?5 = —ay [dV ™|, where dV ~ is evaluated at
the fixed points of the U(1) action. In fact, one can check that, as for ¢1, ¢, Yij, these
solutions are just the V2 = 0 limit of the generic V2 # 0 configurations. Finally, from the
vanishing of M_, we find an equation for the gauge field, which, using that dV~ = J at the
fixed points, can be re-written as F~ 4+ oy J = 0, with J the Kéhler form of CP? evaluated
at the fixed points. Note that, compared with the regular points for which V2 # 0, the ASD
part of the gauge field equation drops out due to the V2 factor multiplying M. Moreover,
since the neighbourhoods of the fixed points of the U(1) action are locally copies of C?,
J becomes the familiar constant Kahler form on flat space. It is then clear the equation
F~ +a; Je2 = 0 on C? admits no finite energy solution unless a; = 0. Hence, the relevant,
finite energy, configurations around the points where V2 = 0 are given by

) 1
F7=0, ¢1=0, ¢2=o02, [a1,]=0, Yli:_§a2|dv_‘7 Yiy=Y?, =0.

(3.22)
Note that, in our conventions, F'~ = 0 implies F,, = —% €mnab ', while the J on CP?
satisfies J,,, = %Emnab J%®_ Hence the V2 = 0 points support localized anti-instanton

solutions.

Note as well that the above configuration seems, at first sight, a bit at odds with that
at generic points, as the latter seems to involve a non-zero o while the former demands a
vanishing a;. As we will see in the next subsection, this is resolved once the ghost sector
is taken into account.

3.2 Gauge fixing

The BRST complex and gauge fixing work in the same way as in [1, 16, 35, 36]. For early
accounts of ghosts for ghosts in gauge theories, see [37, 38] and references therein. Carrying
things over to our conventions, we define (see eq. (2.27))

Z = (¢, A,X), Z' = (n, U, H). (3.23)

and include a ghost sector (c, ¢, b, co, ¢o, ag, Go, bo). Here ¢ and ¢ are ghost and anti-ghost
(both fermionic), b is a Lagrange multiplier (bosonic), all remaining fields are introduced
to deal with the zero modes. Out of these, ¢y and ¢y are fermionic, the rest bosonic. For
convenience, we define

c=¢—V2p—1yA=1-VHo1 — iy A+ 11+ V. (3.24)
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The supersymmetry variations of the full system are

bgc=—0o, dgc=0, dgco=0, dscy =0,
dsap =0, dsap=0, Jdsb=Lyc, dgbgp=0, (3.25)
0go =0, 55Z:Z/, 552/: £VZ—|—GU[Z].

In addition, we define the BRST transformations
dpe = ag — g[& c, opc=0b, dpco = Gaogbo, 0pCo = Gayao,

dpap =0, dpag = Co , db= Guyé, by = co, (3.26)
(SBO':—oEVC_g[CuO-]u 5BZZGCZ7 5BZ/:GCZ/'

Then, upon forming
p:ao—a—g[c,c], S=7+G.Z, (3.27)

and considering the “vectors”
Y =(Z,¢,é,bp,a0), Y' = (S, p,b,co, ), (3.28)
we find for 6 = dg + op
Y =Y, Y'=(£y +G,y,)Y, dapg =10. (3.29)

To fix the gauge we add the term 0V, to the action. V,; is essentially the same as
in [1], yet with & = 0. See also [35]. In detail (with & > 0)

Vot = (5, T A+ zbo) + (C, ag — 522@0> i (3.30)
Then,
Vgt = 1(b,d" A) —1(&,d"0) — (¢, d'd 4¢)
3 . & (3.31)
+ (b, by) —2(¢,¢0) — (¢, ¢0) + | p, a0 — a0 ) -
We need to verify that this is positive definite, and consider the terms involving ag:
2
(p, ao — 622610> = —5—22 <a0 —0— g[c, cl,ap — 52&@) . (3.32)
Wick rotating ag, we set ag = zaOE with aéE € R. Performing the integral over aéE ,
2 1 2
%2 <agJ +10 + %[c, c,al + f:do) — % [ELO - %2 (O’ + %[c, c])} . (3.33)
The partition function is independent of &. At & = 0,
(wéj —0— g[c, q, do) (3.34)
we integrate ag out we find that
al =Tmo = (14+V?H¢s = as, 0=Reoc=(1-VHo; -1y A=a;. (3.35)
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The other terms in §V, ¢ are dealt with as in [1].
Regarding the localization locus, consider

Sc=ap—11+Vpy— (1 - Vpy + 1y A — g[c, d. (3.36)

Per usual, the previous results on the localization locus (or the BPS solutions) are unaf-
fected. Thus we substitute (3.16) and obtain

dec=apg— (a1 +102) — %[c, . (3.37)

For the right hand side to vanish, we need ay = a3 + 1as. Depending on the reality
condition for ag, one of the two constant factors is set to zero. Choosing the contour such
that ag = 1a{’, we obtain

a1 =0, af=a. (3.38)

Note that this has the additional effect of setting to zero the background gauge field in the
localization locus at generic points (3.16), in parallel with the instanton solutions in (3.22).
In addition, the gauge transformation parameter ¢ — V2¢ — 27 A becomes, as expected,
purely imaginary (and subsequently purely real upon the Wick rotation) and constant.
Moreover, this nicely reconciles with the instanton sector, which demanded a; = 0 to find
finite action configurations. Note that these saddle points correspond to configurations
with vanishing first Chern class — i.e. F' = 0.

The action (3.30) is not unique. Changing the sign of the second term, one finds
that it is necessary to Wick rotate ag instead of ag. In this case it follows that as = 0
while a; = ag. Hence, from (3.16) it follows that there is a background field A = —a; V.
A priori there seems to be nothing that keeps us from making this choice. By explicit
computation one finds that our results for the perturbative partition function would be
different. The instanton sector would exhibit as well crucial differences. Recall that, in
order to have finite energy configurations coming from the V? = 0 loci we needed to
demand «; = 0. Hence the instanton sector would only contribute upon choosing (3.30).
We will come back to this issue below.

4 The partition function

As outlined above, upon taking the classical limit in ¢, the spurious A introduced by the
localization action, the partition function can be exactly computed by saddle point approx-
imation. Hence, it acquires contributions only from the localization locus; each being the
product of the classical action evaluated at the locus times the fluctuation determinant.
Since there are two types of loci, namely the perturbative configurations arising from V? #
0 and the instanton configurations sitting at V2 = 0, the partition function takes the form

/[daoE] ch Zl—loop Zinstantons . (41)
g

In order to compute the various ingredients, we follow [19, 20, 35, 36]. Actually, the
situation is slightly simpler than in [1, 16] since we do not have to worry about an operator
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D7 vanishing on the horizon. As in [35], we make use of the Weyl integration formula (see

g. [39]). Then

1 volG
WW /ﬁ[da(?] H <a0E’ ﬁ>2 Zd(ag) Zl-loop (GSJ) Zinstantons (ag) . (4.2)
B>0

Note that a side effect of (3.38) is that the integral in (4.1) or (4.2), which otherwise would
have been over the whole complex plane spanned by a4+ a9, gets projected to the real line.

In the following we will discuss each of the terms in (4.1) individually.

4.1 Tree level contribution

For our background the action (2.5) reduces to

1o —9 1 1 1
L= QYY)+ (ddr)*+(dd2)* =g, O+ S P " = S 0By T = 62T 0, THM™ . (4.3)
Here one should note that while we redefined the gaugino variations such that there are
both TF and T, this redefinition does not affect the action (2.5). Hence we need to use
T~ = 0 when studying the above action. Evaluating this at the localization locus given

by (3.16) and (3.38) one finds,

(ag)? av_\? By _ -5
Sel = 12 I vol vz ) Z(ay) =e 7, (4.4)

as we show in appendix D.

It appears as if (4.4) might depend on the metric. However, since our derivation as-
sumed from the start that the manifold M is toric Kéhler, the metric is directly related
to the complex structure. By direct calculation one can establish the dependence on the
potential g(x) appearing in the construction of Guillemin and Abreu [31, 32], yet this corre-
sponds to different choices of Kéhler potential. The situation appears to be similar to that
when comparing the partition functions on the four-sphere [1] and the ellipsoid [16], where
the overall result shows a clear dependence on the squashing parameters. Note as well that
the V2 dependence was already a feature of the supersymmetry complex while the appear-
ance of the 1 + V2 term can also be thought of in terms of the norms of both spinors €, .

Evaluating (4.4) for CP? using the canonical metric and symplectic structure given by
the potential g(z) = gp(z), we find

(4.5)

( av >2 _ p?(52? — a1 + 1) + ¢? (522 — dxo + 1) + 2pq(5x172 — T1 — T2)
1+V2 2p%(22 — x1) + 2¢2(23 — 22) + 4pgzim2 — 1]2

Thus we can calculate the integral using the measure

1 1—z2 2T 2
/ 2Volz/ d:vg/ dxl/ dyl/ dys . (4.6)
CP 0 0 0 0
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In the end, the overall result is

cl 2
9 pa(p—a)/ (P2 +2)(a® +2)[(p — q)? + 2]

x = V(@ +2)[(p— 9)2 + 2|(5p — 2pq + 24> + 9) arctanh — =
pz* 2 (4.7)
+/(0* +2)[(p — )% + 2](5¢° — 2pq + 2p” + 9) arctanh s
q
+ /(0 + 2)(¢% +2)(5p" — 8pq + 5¢° + 9) arctanh ————1—_
(p—q)?+2
4.2 One-loop contribution
Following the localization argument, the fluctuation determinant is
det rmion: 52
Zrctoop(a)) = || o5 (4.8)

detbosons 62

with 62 given by (3.29). In opposite to [1, 16], we can evaluate the above directly just as
in [20]. The fermions appearing in Y are y € Q= = Q>0 Q%0 700%2 as well as ¢, & € Q0.
The bosonic modes are ¢; € Q%0 A € Q0 @ Q%! as well as the zero-modes by, ag, which
are harmonic functions. Of course we mean QP4 = QP9(M,g). ¢ is not included here as
it is not among the “coordinates” (3.28). We will deal with it in the final matrix integral.
Thus we want to calculate

7 ( E) o detL 92’0 detL QO’O detL 90’2 detL QO’O 1 (4 9)
1-oopl0 ) = detz, QL0 det; Q01 det, HO' ‘

where L = £y + zGaés and we have changed the notation dety B — detp A for readability.

There are no non-trivial harmonic forms on a compact Kahler manifold, so we drop the
last term. Then the evaluation of the above is based on the fact that we have effectively
two copies of the Dolbeault complex

O uat 9 goa O okt Oy (4.10)
Now, any form n € Q%41 defines a form 0n € Q%9. These cancel in the alternating product
unless 7 is holomorphic. Next one has only to consider elements 1 € Q%9 that don’t
descent from Q%97!; i.e. that are not exact. Again they cancel against their descendants
oy € QY9F! unless they are holomorphic. So we are counting holomorphic modulo exact
forms and the result is the alternating quotient

7 (aF) = dety HO2dety HOO [dety H29 dety H90

(4.11)

Once again we note that this is formally identical to the Sasaki-Einstein case with Dolbeault
cohomology taking the role of Kohn-Rossi cohomology [20]. Now, we know that h%% = 0.
Moreover, AV = %bl =0 and h*? = 0 unless M is Calabi-Yau. Thus we conclude that

Ziaeop(ad) = 1. (4.12)
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This agrees with [25] in the special case m = n = 0. Furthermore, it is also consistent with
the 5d result in [36], which becomes non-trivial only when the S' is fibered on top of the
CP? so as to make an S°. See also [40].

Again one can expect the results of this section to change when choosing the alternate
ghost contour ag = ’LdOE . Due to the background field F' = —a1dV we could for example
no longer link the zero modes of dfd 4 to harmonic functions.

4.3 Instantons

In addition to the V2 # 0 saddle points of the localization action we have extra saddle
points sitting at the loci where V2 = 0. As we have discussed, we are considering a
generic V such that the set V2 = 0 contains a discrete and isolated number of points,
around which the space looks like a copy of C2. As discussed in section (3.1.2), the
relevant configurations sitting at V2 = 0 are given by the equation F'~ + aq Je2 = 0,
with Jge2 the Kihler form on C?. However, the solution to this equation on C? does
not yield finite energy (action) configurations unless ay = 0, in which case the equation
becomes the familiar £, = —% €mmab F%°. Hence we have anti-instanton configurations
only contributing upon setting «; = 0. This fits nicely with our choice of gauge-fixing
action (3.30) which restricts the perturbative solutions to the subset a; = 0. Recall that
our V2 = 0 configurations are just the V = 0 limit of those in (3.16) (dropping of course
the ASD part in the gauge field equation). Hence the gauge-fixing choice not only projects
the gauge parameter to be purely imaginary (as otherwise it would have been «; + 1 ag)
but it is also such that it allows for anti-instantons located at V2 = 0.

The configurations sitting at the points V2 = 0 are given by eq. (3.22). By inspection,
one can convince oneself that, in the neighbourhood of any point V? = 0, the background
becomes a copy of the © background [23, 24] with equivariant parameters given, at each
of them, by (see appendix E)

(e, ) = (. q) («',2%) = (0,0),
(€?, ey = (g —p, —p) («!,2%) = (1,0), (4.13)
(€, e) = (¢, p— q) («',2%) = (0,1).

Since each fixed point is a copy of the 2 background, the contribution of each is a copy

of the Nekrasov instanton partition function ZNekrasov(

€1, €, al'). Explicit expressions for
ZNekrasov hayve been computed in the literature for all the classical groups (see e.g. [41] for

a thorough introduction and compilation of results). Hence

3
sttantons(a[)E) H ZNEkraSOV(EgZ)a E;Z)a GSJ) . (414)
=1

The apparent factorization extends to the classical part as well. Upon inspection of
the classical action in (4.7), we observe that it can be neatly re-written as

5GP Z SO €D ok (4.15)
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where the function S%(ey, €2, af’) is given by

A(al)?m? 9+56 —8erea+5€3 €] —€
( 02) oA 162+ 22 arctanh ! 2 = |-
9yMm €1 €9 (61 — 62) (61 — 62) + 2 2+ (61 — 62)
(4.16)
Therefore the classical contribution to the partition function splits into three contributions
as Jg = H?:1 Z (65), gg)’ ag )7 with Z (61, €9, aOE) = 6_50(61152’(1(1)5), Keeping in mind
that Zi_100p = 1, we see that the whole integrand in the partition function takes a

So(el, €9, aOE) =

factorized form

corners

Za 21— loop Zinstantons = H ch €1A ) 6(2)7 CLD) ZNekrasov(eg)7 6(2), CLOE) (417)

The product runs to the solutions of V2 = 0, that is, the corners of the Delzant polytope
where, for the case of CP?, the corresponding values of the 6§Z;)2 are given by (4.13). Even
though the instanton part of each of the corner contributions is just that of flat space, the
classical and one-loop contributions do not coincide with their C? counterparts. While
the one-loop piece, which in our case is just 1, might admit more suited factorizations, the
classical contribution, involving arctanh, seems harder to understand along the lines of
factorization in 3d and 5d (see e.g. [42-46] for recent developments in a similar context).

We leave this problem open for future research.

5 Conclusions

In this paper we have studied pure N’ = 2 supersymmetric gauge theories on toric Kahler
manifolds, concentrating in particular on the case of CP?. By equivariantly twisting with a
Killing vector generating part of the T? action, we computed the supersymmetric partition
function of the theory using localization. As one might expect, we found the theory localizes
to a purely perturbative path integral in the bulk augmented by instantons situated at the
fixed-points of the T? action. While the explicit V dependence appearing in the localization
equations (3.16) might seem puzzling, we noted that it simplifies the gauge transformation
appearing in the supersymmetry complex (2.27) to a complex gauge transformation.

The partition function has contributions from the classical action, one-loop determi-
nant and instanton sector. We found the one-loop determinant to be trivial as fermionic
and bosonic modes cancel exactly. This is in agreement with both [25] and the dimen-
sional reduction of five-dimensional results. In the latter case, the one-loop function counts
functions that are holomorphic with respect to the so-called tangential Cauchy-Riemann
operator that are charged along the Reeb [20]. When reducing along the Reeb, all the
charged modes should be discarded and one finds agreement with our result. Returning to
the four-dimensional case, we showed that the classical contribution can be factorized into
contributions arising from the V2 = 0 loci. Hence, we find a natural factorization of the par-
tition function which remains to be fully understood. Note that, assuming factorization for
the one-loop action as well, we could consider the index of the self-dual complex [15] at the
V2 = 0 points. It is easy to see that this sum is just a constant, in agreement with the triv-
ial one-loop determinant which we find. In fact this might provide a better understanding
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of (4.17). It should be remarked however that the factorization observed here for the classi-
cal action can be thought of as a direct consequence of our use of the Delzant construction.
As we followed [32], the complex structure and metric receive contributions from each ver-
tex in the polytope. Thus it is to be expected that the overall result respects this structure.

The form of the classical action is the most surprising result. It should be noted
however that all the ingredients appearing in (4.4) were somewhat to be expected. The
combination 1 4 V? is the sum of the norms of both spinors while dV appeared naturally
after eliminating the spinors n’..

A crucial question is of course whether (4.4) depends on the metric. Naively it might
appear so. Yet, as we have described, this dependence is somewhat spurious, as we are deal-
ing with a rather constrained space as it is a toric Kéhler manifold and the metric is equiva-
lent to the complex structure. Nevertheless it would be important to fully clarify this point.

Since our results follow directly from supergravity via rigid supersymmetry, it is im-
portant to point out that our result for the classical action appears different from that
of [25] whose authors did not take the supergravity approach. Note that the evaluation of
the classical action is also intimately related to factorization, hence providing yet another
motivation for a further study of this point.

A technical point ubiquitously appearing throughout this work is the question of
choosing appropriate contours. We encountered this both when considering the contour of
the auxiliary triplet Y;; and that of the ghosts. While our choice for the former — (3.4)
— is in agreement with expectations from [15, 16, 18, 19|, it is not the only choice that
renders the action (2.5) positive definite. Indeed, one could in principle rotate the contour
by up to 45° from (3.4). This would allow for mixing between F and YZ]M? and thus
with the Kéahler form.

The last point is especially interesting as it raises the question of how to generalize our
results to non-vanishing first Chern class in order to make a better connection with [14, 25].
Alternatively one could wonder whether it is appropriate to add an operator el /@ 0 the
path integral, where w is a suitably chosen two-form.

A natural extension would be to incorporate matter hypermultiplets. It would be very
interesting to check whether their contribution to the one-loop determinant is 1 as well, as
one might be tempted to conclude, if factorization is assumed, by summing the index of
the Dirac complex [15] at the corners of the CP? Delzant polytope. Comparison with the
Sasakian case does once again suggest so [45, 46].

In [4, 5] it was argued that the S* A/ = 2 partition function for SCFT’s computes
the Kéhler potential on the conformal manifold. Likewise, it would be very interesting
to elucidate the physical meaning of the CP? (or generic toric Kahler manifold) partition
function — possibly in the conformal case, upon the addition of the suitable matter content.

We have assumed the Killing vector V' to be generic, so that V2 = 0 only happens at a
discrete set of points corresponding to the corners of the Delzant polytope. Nevertheless,
for particular choices of V', we can have more general situations where V? vanishes over a
whole CP' corresponding to an edge of the polytope. In the case of CP? one such case is
pg = 0 or py = 0 in eq. (2.14), which corresponds to |e1| = |e2|. Hence, the familiar case of
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€1 = €2 belongs to the cases which, strictly speaking, are excluded from our computation.
It would be interesting to understand this point better.
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A Conventions

General conventions. Our conventions are to a large extend as in [10, 27, 28]. Self-
duality and the Hodge dual are defined as (note the normalisation of QF):

1 1
* Qap = _iﬁabchCd ) OF = 5(9 + *Q) : (Al)

Then,
e = 7205, (A.2)

It’s worthwhile to point out that due to the sign in %, we have
1
Vo, B € Q2 aA*B=xBANa= —Eaabﬂab voly , (A.3)

SO a A x«v is negative definite.
Turning to Yang-Mills theory, field strengths, covariant derivatives and transformations

are
F=dA+AANA, Dx¢=Vx¢+glAx, ], (A4)
doAx = V0 +glAx, 0] = Gyl], S09 = —9[0, 6] = Gal9]. '
Spinors. For explicit calculations, we choose a basis
Mm=01Q®l, 7n=081, @B=03Q01, Y=03Q02. (A.5)

1234 _

Then, 7, = 7L and v = —o03® 3. Some useful standard identities involving chiral

spinors x4 are
l klmn klmn

1
T Yk X s Veim X+ = FehimnY " X£, Y Xt = Foe kX - (A6)

n, ., —
VXi—:Fg‘ 5

— 21 —



Here, vyim,...m, = I%!’y[ml e For differential forms that arise from spinor bilinears we
use the notation Vp) = Ymy..mpdx™ @ - @ dz™r. The conjugation matrix is given by
B = 1y** and signs work out such that By,,B~! = v =~ . Moreover, B* = BT = —B,
B~! = B. The projections on the susy spinor lead to

el =(),0,0,0)T, €2 =(0,0,0, ). (A7)

There is a symplectic Majorana condition

(€})* =1Beye., (e1i)* =1Bee,
(€")* = —uBeyel | (e_3)* = —1Bee_;,
7\ k Z]j Z * ij ’ (AS)
()" = 1Begn’ (n—i)* =1Be n—j,
()" = —Beyn, (n44)" = —1Be 4, ,
from which it follows that A5 = A;. We choose a normalisation such that
M? = of* =1. (A.9)

We could fix the phase, yet there’s a danger of deriving phase-dependent expressions. In
other words, we choose a normalisation that keeps a phase ¢:

A =¢", g = e ¥, (A.lO)

Note that the symplectic Majorana condition implies that

()" =~ B, ()" = —u(eg)) eiB. (A11)
(€)' =ue)TeiB,  (e=i)t =u(e;) eiB.
As with the symplectic Majorana condition, the signs for (nft)T are switched.
Turning to bilinears, our normalisation corresponds to
€ B =16V, (e )fe = 52] (A.12)

Due to the chirality, ei_B'y(l)ej_ = ei_B'y(?))ej_ = 0. However, there are two-forms. We define

L : A(e! —1e?) A (e +2et) et — ™)
YU— et B J _y2 1
M =€l Bygye, =V < 212 — ¢34) (A2 (el +1e?) A (€3 —aet) ) 7
o (A.13)
i i : — W
Mﬁzﬂeﬂmé=<iwuwéy

with w = J = e!2 4+ 3* and Q = (e! 4+ 1¢2) A (e? +1e*). The factors of 1 render the SU(2)

transformations sensible. That is, (Miﬁ)* = €%l M y;,;. Moreover,
M [(ME)™ = 4(646] + 6167
M [(ME™™ = VA (816] + 616)).

+mn

(A.14)
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Similarly, we define
N9 =€ Byaye,, e Bypel = N (A.15)
The various matrices are related,
NI+ MI VP4V, =0,  NIT-V2MT VP + 6V, =0. (A.16)
Regarding the raising and lowering of SU(2) indices,
€ir = ﬁijﬁi_ , ei = —eije+j , S eije_j , €_; = —eijej_ . (A.17)
(In the main text this is €' of course). As to the various fields, we use the following.
o =dial,, ol =e¢;Q7,  wu=eap, v =iy,

_ J i _ij
X+i = € X+ X— = EJX—j,

(A.18)
B Calculation of the cohomological complex

We supplement the discussion of the cohomological complex in section 2.2. To do so, we

introduce some additional forms,

X+ = €ijel By x = eyel B,

1 .. 1 ; j
Uy = gele By, Vo= Jeye, Byl (B.1)
Ny = %eijeiBQi ) n= _%eijei—Bij :

Of course, ¥ = U, 4+ W_. The above are related via

Ny =—1wyV, Vi = - U_,
(3 2
ViU, = WX+ eV Vo= wx—nV, (B.2)
7 1 _
= (T AV, _ZVQX =(P_AV)".

The gauginos are recovered from

Q== <\Ifa +nV, — §ZVXCL> v,

B.3
Q= (éxab%b + 77) e . 3
By direct calculation, one finds

0A =T, (B.4a)

6¢ = ¥ + Vi, (B.4b)

5¢ =1, (B.4c)

on = Dv¢ — gld, 9], (B.4d)

6V = 1w F 4+ D¢ — V2D = F + D(¢p — V34), (B.4e)
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oy = H, (B.4f)
0H = (Lyx— —glp =V —wAx]) . (B.4g)

When calculating  H, the most involved step is the evaluation of Mi_jéYij. Here,
MY6Yij = MYeeji(—e" BPOL + £ BDQL — 219¢* Bp, OL] + 29k B[g, QL]) . (B.5)
The last two terms are pretty straightforward. Using

Mi_jeikﬁjlﬁl,BQ]i = —|\1%x,

S ; (5.
MY eejel, BQY = =4\ |*(Ty AV) ™,
one can rewrite the right hand side as
M7 eiej <—€ﬁBlDQl+ + éliBlDQl_> + M (20900, X] + 89[6, (I AV)T]) (B.7)

Since covariant derivatives (2.4) include coupling to the SU(2) background, the first terms
expands to

ij m 4 [
M3 ez {FEBY™ (Vi + glAm, Q] + S Amiomo™ 24 ) -} (B.8)

For the moment we ignore the terms involving [.A, ¢]. Then one can show that the remainder
is equal to

])\1|2{ — 2uy 3¢ BYma Vi O dat @ dz™ @ da"]
1 i 3j k
— 20y |:32€ijﬁB’7[mnA(RiC)l]a ]kQ:|
L i J o 7..m
— 4V A |: — §€z’j€_vaQ—d$ :| (Bg)
(3 i j m n B

+4 [ — 56 By Aricym ¥ da™ © d ] }

— |)\1|2{—212de +4dn ANV +4dV } .

The last step uses®

dny, = —%eijei_B (VmQj_ + %A(Ric)ma?’jkﬁli> ,
d\IJ+mn = —eijE_B’Y[n (Vm]Qi + iA(Ric)m}o-gijﬁ-> s (B.lO)

i i 2 i
Xmmn = 36ij6—B’7[lm (vk]QJ, + §A(Ric)k}03]kgli> ,

SFor convenience, recall:

i ? i g i ? i g ? n i
Vel = _§A(Ric)m03 jei’ V'me+ = _5"4(1110)m0'3 jei - ZTmn’y €.
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which follow directly from the definitions of the forms.” For the commutator terms, we use
M e By A, Q] = 4\ P[4, 0],

M eiejiel BY" [Am, QL] = [M]° (4[A,nV] — 2uy [A, x])

Returning to ./\/li,deij,

MY5Y;5 = M = 20y dy — 290y [A, x] + 2u9[¢, X]
+4dn AV +4g[A,nV] (B.12)
+4(d + g[A, o)W +8g[d, U AV}
Of course, 1wy [A, x] = [ A, x] — [A, 1wx].

The SUSY transformations of the variables introduced here are as follows (the matrices
N are defined in equation (A.15)):

SA=T, +T_, (B.13a)
0p = ny, (B.13b)
§¢ =1, (B.13c)
ony = Dy¢ — V39, 4], (B.13d)
51 = Dy — [¢, 9], (B.13e)
SV, = D¢ — glo, |V + %NMYU +ay F, (B.13f)
6U_ = —V2Dé + g, p|V — i/\ﬂ'jym oy F, (B.13g)
6V = 1w F 4+ Do —V?D¢ =1 F + D(¢p — V?3¢), (B.13h)
oy = —uF " + %Mijnj —W(DEAV) =H, (B.131)
Sxy = —uVEIFt 4+ %MEYM 4 (DG AV, (B.13j)

MY6Yi; = [\ 2u(—wvdx — g [A, X + glo, X))
FADY AV + 4daT 4 + 8g[d, Ty A V]I, (B.13k)

1
SF~ = (da0)" — inT’

— (V) + bt gl — (DyAV)T. (B3)
S(DHAV)™ = (DnAV)™ +g[(T+ AV)7, 9] — *9V2 X, @, (B.13m)
§H = (£yx —glo — Vo —wAX]) . (B.13n)
Here we used the notation
AT = (DT, — D U,,)da™ @ da™ = d + g[A, ], (B.14)

with D,, ¥, as in (A.4).

"One can derive a similar equation for W_:

i ) 2 )
AV _pmn = Eij€+B’Y[n (vm]QJ, + §A(Ric)m]U3Jka) + Tmnn T[m|sX |n] -

4
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There is another minor technicality involving 6¥ = 62.A4. The supersymmetry varia-
tions yield

SPA=wF +(Do—V?Dg). (B.15)
Using
_ _ 1 _
V2D¢ = D(V?¢) — Eszqﬁ, (B.16)
however, one can show that
A =1 F + D(¢— V3, (B.17)

where now the actual field strength F' makes an appearance instead of F. With oy F =
£y A— D(1yA) it follows that

PA=LyA+D(p—V?h—1A). (B.18)

C The localization locus

Turning to the gauge field, we adapt the argument of [15] to the case at hand. The relevant

equations are
0 =1 (F + ¢1dV) + (1 — V) Dy,

B a (C.1)
0=(F+¢dV) +2(Dpr AV)™.
Combining the two,
w * (F 4 ¢1dV) = —(1+ V?)Déy . (C.2)
Integrating with a yet undetermined measure p, (note the sign due to (A.3))
0:_/# [2v % (F 4 ¢1dV) + (1 + V) D1 A x [1y * (F + ¢1dV) + (1 + V) Dé1]
(C.3)

:/ sl x (F+61dV) P4 |14V D1 | = 20(14+ V2D A sy 5 (P4 ¢1dV)

We focus on the cross term. Up to an overall sign and factor that play no importance, this
is
p(14+VHDy A (F + ¢rdV)AV . (C.4)

Setting A = A+ ¢,V we have F = F+¢1dV + DAV and Dy = Dy ; also 1y F = —Ddy.
Moreover, we choose = V~2(1 + V2)~1. Then

Doy ANFA(VT2V) = D(01 F)AN(V72V) = D(EAVT2V) — g1 EAd(VT2V). (C.5)
At this point, we drop the total derivative. Focussing on the remainder, we note that
AV72V) =V 2aV + V iy dV AV =y (VHV A V). (C.6)
Therefore

HPIEANAVTV) = ¢ Foy (V74V AV) = =V 4y E AV AV . (C.7)
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Substituting our earlier result wk = —Daor,

1 A
= 5V—4D(<z>2) ANdV ANV
1. 1
= 5D(¢2V—4czv AV) — 5<z>2czv Ad(VHV) (C.8)
_ 1 A 27 —4 71 2v,—6 /1,2
= 5 D@V IV AV) = 5"V (VEAV AdV 4 24V Ay dV AV).

Again discarding the total derivative, we note that
w(VEV AdV +2dV AydV AV) =0, (C.9)

from which it follows that the term in parentheses vanish. Thus the cross term vanishes
and we are left with

= ; 2 2 2
0_/M4 VI vy v Eadv)l [(1+V?*)De| } . (C.10)

Clearly
D¢y =0, (C.11)

and substituting this in our previous equations,
0= (F+¢1dV)=(F+¢1dV)” =y x (F+ ¢$1dV). (C.12)

Note that for a generic two-form w,

Vi =1 (VAW + VA (yw) = {1, VA w. (C.13)
In other words, knowing 2w and V Aw is enough to reconstruct the form. As we remarked
earlier
*1y *x (F 4+ ¢1dV) =+(F+ g1 dV) AV, (C.14)
so we can conclude that
EF+¢1dV =0. (C.15)
In other words,
A=—¢1V, D¢y =dopr =0. (C.16)

D The tree level action

We complement the discussion of the tree level action in section 4.1. At the localization
locus given by (3.16) and (3.38), the non-vanishing terms contributing to (2.5) are

MY = —du(¢odV + 2Dy A V)™,

wdVo \?

a0 = 6 (4 (0.1)
+\2
¢2(T+)2 = _4(6%])3)2 (162‘_/‘/2)
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We also need
8 171 64

which follows from (A.14). These combine to

_ 2
- N A Ay S — ~(d :
(ag) /M4 (1+V2)2{4[ vz WV g vdV)T g v

(MIY)mm (MY, (D.2)

mn

(D.3)
To proceed, we study this term by term.
First we note that

AydV AV 1\ 2
VLT av
( 14+ V2 + >

4 _ _
- m(zvd‘//\ V24 (dVT)? +

4
Ty WAV A V) dV T

The first of these three terms can be rewritten using

1 1
vol(aydV AV ™)? = vol [Q(de AV)? — 5 WAV AV ) 5 (0 dV A V)™ 0.5

=vol V2 (1 dV)% + 0ydV AV AydV AV = vol V2 (1ydV)?.
The crossterm on the other hand is

vol(aydV AV ™ )pndV """ = =20dV AV AxdV ™~
= =y dV AV ANV +1ydV ANV A*dV

1
= —w(dV AdV) AV +dV AV A+(dV A V) (D-6)
1
— —§V2dV AdV — vol(wydV)?.
Therefore
ydV AV N\ 4 ) o 22
1 e — pu— 1 - . A~ - *
( vz T ) " [ Ay @ e dy
(D.7)

Returning to (D.3), the (2y/dV)? terms cancel and the expression simplifies to

p [ 1 (vol, VP
(ao)/M4(1+V2)2 TV - arn VAV ) (D.8)

We can rewrite this as

_ () / ! AV AxdV + — v pdv (D.9)
2 Ju, 1+V2)2 (1+V?) ' '

Here the second term vanishes. To see this, consider a generic function f(V?2). One finds
[fVHAV AdV = —% [ f(VHV2dV AdV. Thus

/ 2f (V) + f(V?)VHdV AdV = 0. (D.10)
My
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Observing that

1 34 4V?
f(VQ) =7 m + log(V2 + 1) + const (D.11)
satisfies )
\%
26V + £ VIV = s (D-12)

settles things.
Finally we arrive at the result of this section. The tree level action is given by

(af)? / 1 (af)? / av 1\’
— AV A *dV = . D.13
2y, @ V2R T 4 N1+ V2 -

E Toric Kahler geometry

Consider a toric Kihler manifold My. The image of the moment map ¢ : My — R* is
the Delzant polytope P = ¢(My) C R, P° its interior. Then M} = ¢~ (P°) is an open
dense subset of My. My is symplectomorphic to P° x T? and we can introduce symplectic
coordinates (z,y):

M; = P° x T? = {(z,y)|lz € P° C R?,y € R*/Z?} . (E.1)

The torus acts as
t-(x,y) = (z,y+1t) teT? (E.2)

and the symplectic form is w = dz Ady = ), dz’ A dy;. The volume form is trivially
$w Aw, and Guillemin [31] tells us that the symplectic volume of My, | A, €718 (27)2, the
Euclidean volume of the Delzant polytope A.

The work of Guillemin and Abreu [31, 32] gives us a simple recipe to calculate the
canonical almost complex structure and metric from the Delzant polytope. The Delzant
polytope can be described by a set of inequalities of the form (x,pu,.) > A\, r = 1,...,d,
each (i, being a primitive element of the lattice Z? C R? and inward pointing normal to the
r-th (n — 1)-dimensional face of P. Consider the affine functions I, : R? — R, defined by

lo(x) = (x, por) — Ar . (E.3)
The function p
1
gp(z) =5 > l(z)logly(x) (E.4)
r=1
is smooth on P°. Define Gp = Hess,(g), i.e. (Gp)ij = 0,i0,5g. Then
0 —Gp' Gp 0
Jp = P ds* = : E5
r (Gp o)’ ’ (o G;1> (E5)
We can calculate the Christoffel symbols
1 Y i’ 1, oo
FZ;xl - iGijal(G I)ka Fykyl = _§(G 1) Jaj(G l)kl’
@- 1 - (E.6)
ot = 5 (G (OkGjt + OGr — 0;Ga)
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as well as the Ricci tensor.
Now, we pick a generic Killing vector V- = V[p, q| = p0y, +q0y,; V = V;0,,. It’s norm is

V2 _ p2<G}—31)11 + q2(G1—31)22 + 2pq(G;1)12 ) (E7)

And of course Gp' = (det Gp) '1G# = (det Gp)~* <_GG2§2 _GC’E?). There is a dual form

v = v[p, q] which satisfies (el, = 1 = ¢,?)

v= (Vi) = (p(Gp)" +a(Gp)") dyr + (p(CR)™ +a(Gp)*) dye,
dv = 8Iivyjdaci Ady;,

i E.
*xdv = —0,ivy; € kejld:ck A dy, (E8)
1
dvt = 5((525{ F elkejl)(?xwyjdxk Ady .
With (dz® A dy;, dz* A dy)) = 2(Gp1)*(Gp) i,
(dU)Q = 2aocivyj a:ckvyl(G]_Dl)ik(GP)ﬂ )
w2 Lg i il i —1\kk (E.9)
(dv®)? = 5 (3105 F €e,’) (010 F €6.") (a0, ) (0,00,,) (G (G-
One can massage these terms a bit as 0,,G~! = ~G710,,GG~L.
dv = —(p )i(Gp") (G )" (0 0;0kgp)da™ N dy; . (E.10)
Local form of the CP? metric. For CP?, we have
11:1}1, l2=l‘2, l3=1—$1—1}2. (E.ll)
Therefore
Gl =g (T m2) —m (E.12)
—X1IT2 .%'2(1 — 332)
The polytope is the triangle bounded by z; = 0, xo2 =0, and x1 + x5 = 1.
Near (0,0), we expand the metric
1
ds* = 3 (27! + 1+ a1 + z2)da? + (vt + 1+ 21 + 22)da
+(1 + z1 + z2)(dz1dxe + d$2d$1)] + Q(wldy% + :rgdyg) + O(w%),
V=S pa,. (E.13)

Our aim is to rewrite this in terms of two copies of R? in polar coordinates which will allow
us to identify the () parameters. In a first step, we introduce 2x; = p?. After a further

~2
coordinate change of the form dp; = /1 + %"dﬁi, the local form of the metric is

ds* = dp? + pidyi + dp3 + p3dy; + %(dpldpg + dpadpy) + O(p2); (E.14)
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the vector V is as before. Finally, we introduce cartesian coordinates X; = p;cosy;,
Y; = pisiny;. In these coordinates p1padp1dps = (X1dX71 + Y1dY7)(XodXs + YadYs), so
the off-diagonal terms are of higher order than the diagonal ones. In other words, we have

ds* = dX?+dY? +O(X,Y;), V=) pi(-Ydx, + Xidy,). (E.15)

For the Killing spinors this means that
¢y = —ip1(Yim — X172)e —pa(Yays — Xova)e . (E.16)

Thus, around (0,0) we have  parameters (p1,p2).

Next we study the metric, vector and spinors around (1,0). If we introduce coordinates
T1=1—x1 — w9, To = 9, Y1 = Y1, Y2 = Y1 — Y2, the metric takes the form of the previous
case and

V =p10y + (p1 —pg)agz . (E.17)

By comparison with the previous case, the (2 parameters are (p2 — p1, —p1).
Similarly, around (0, 1) one performs a coordinate transformations to &1 = z1, &2 =
1 =21 — 22, Y1 = y1 — Y2, and Y2 = y2. Then

V = (p1 — p2)0y, + 20y, - (E.18)

The Q parameters are thus (—pa, p1 — p2).

The same result can be obtained as well starting with the metric in (2.6) and gravipho-
ton in (2.15). In these coordinates the set V2 =0is p=0,{p=5,0=0}and {p =3, 0 =
7}. Expanding the background around each of these points one can see that, around them,
in the appropriate coordinates it becomes a copy of flat space ds®> = dx? such that

V= egi) (1 Op, — 2 8x1)+eg) (2304, — T4 Opy), TT =2 (egi)—egi)) (dziANdxo—drsNdzy) ;
| (E.19)
being egf)Q given by (4.13).
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