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Abstract—In this paper an in-depth study of the behavior of ra-
tionally synchronized oscillators (RSO) is presented. The circuit is
optimized in order to achieve a broad synchronization bandwidth
with low reference signal power through the selection of the ad-
equate harmonic content. The nonlinear dynamics of the RSO is
analyzed, focusing on the different bifurcation points which de-
limit the locking range when high reference signal power is consid-
ered. An RSO prototype with rational synchronization ratio �

� �, autonomous frequency � 3 GHz and reference signal fre-
quency � 5 GHz has been manufactured and experimentally
characterized, demonstrating a good agreement with simulation
results.

Index Terms—Bifurcation detection, microwave oscillators, non-
linear optimization, rational synchronization.

I. INTRODUCTION

I N modern microwave communication systems, carrier sig-
nals with good frequency stability and phase noise proper-

ties are required. These signals are commonly generated by sys-
tems based on the use of synthesized oscillators. However, when
several carrier signals with different frequencies are needed, the
complexity and the cost of the system rapidly increase with the
number of required synthesized oscillators.

A different approach in which each carrier signal is generated
by a rationally synchronized oscillator (RSO) [1] can be applied,
in order to simplify the system and reduce its cost. The RSO
circuit described in this work is based on a single transistor and a
reduced number of components and can be easily implemented
in microstrip technology. Therefore, it is a compact and low-
cost circuit with a reduced power consumption, which can be
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integrated together with radiating elements in order to design
low-cost active antennas.

With this alternative, one synthesized oscillator provides the
reference signal to all of the RSO circuits in the system. Since
all of the RSO circuits share the synchronization signal, the ra-
tional relation between the free-running frequency and the
reference signal frequency , expressed as ,
is different for each RSO, leading to rationally related carriers.
With this configuration, all of the RSO output signals have a
known fixed phase relation with the reference signal, reached
through the synchronization between the th harmonic compo-
nent of the self-oscillation signal and the th harmonic com-
ponent of the reference signal, generated by the nonlinear char-
acteristic of the active device.

Rational synchronization has been described in technical lit-
erature as a method for the improvement of the oscillator phase
noise and for the implementation of low-cost rational frequency
dividers [2]–[5] and multicarrier Tx/Rx systems [6]. However,
there are few works in which the complex dynamics of RSOs
is analyzed. The main drawback of the RSO is the high refer-
ence signal power that is needed in order to achieve a practical
value of the synchronization bandwidth. This problem increases
for high synchronization orders, with , , and must be
taken into account when several RSO circuits share the same
reference signal. In this case, unless high reference signal power
is considered, the synchronization phenomenon is only observ-
able through the detection of noisy precursors [7], and it has no
practical interest.

To overcome this limitation, some techniques for the enlarge-
ment of the locking range of RSOs and analog frequency di-
viders have been developed. In [2] and [4], the locking range is
enlarged through the addition of low-frequency feedback loops.
Thus, the number of components and the complexity of the
circuit are increased. In addition, the required reference signal
power is still relatively high. On the other hand, the work in [1]
describes the optimization of the RSO synchronization band-
width by means of the control of the harmonic content of the cir-
cuit, i.e., the amplitudes of the synchronizing harmonics. In this
case, a practically usable locking range has been achieved, with

, , 10 dBm reference signal power, and without
additional circuitry. Finally, in [8], it is shown that the required
reference signal power can be considerably reduced through
the adequate selection of the circuit working regime, which is
forced to be close to a Hopf bifurcation point. A strong ampli-
fication effect is generated around the frequency of the input
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reference signal to enlarge the amplitude of its harmonic com-
ponents. Hence, the reference signal power required to achieve
a particular synchronization bandwidth is considerably reduced.

In order to analyze the complex nonlinear dynamics of au-
tonomous circuits and systems under synchronized operation
regime, several techniques have been proposed, both in time
[9], [10] and frequency domains. In this work, efficient har-
monic balance-based techniques are applied to the analysis of
RSO circuits. The circuit synchronization bandwidth is opti-
mized through the control of the harmonic content of the cir-
cuit [1]. The locking range is analyzed versus the amplitude of
the th harmonic component of the autonomous signal and
the th harmonic component of the reference signal , cal-
culating the synchronization loci by means of harmonic balance
simulations based on the use of an auxiliary generator [11], [12].
The stability of the synchronized solutions is efficiently ana-
lyzed through the envelope transient technique combined with
the use of an auxiliary generator, which is used to initialize the
system state variables [13]–[18].

After optimizing the circuit, the nonlinear dynamics of the
RSO is exhaustively analyzed. The influence of the reference
signal power on the behavior of the synchronized solutions is
carefully studied, paying special attention to the bifurcations
that limit the stable operation ranges of the RSO. In addition,
the different unsynchronized solutions of the circuit are char-
acterized as a function of the reference signal parameters. The
data provided by the performed analysis are used to obtain a de-
tailed bifurcation map that describes the overall RSO behavior
versus the frequency and the power of the reference signal. To
our knowlege, this is the first time that such in-depth study of
the nonlinear dynamics of an RSO is reported.

This paper is organized as follows. In Section II, the topology
of the RSO is presented, and the design and optimization process
is described. Section III is devoted to the optimization of the cir-
cuit locking range through the control of its harmonic content.
The nonlinear dynamics exhibited by the RSO when high refer-
ence signal power values are considered is analyzed in detail in
Section IV. Finally, in Section V, some key aspects regarding the
manufacturing of the circuit are described and the experimental
data, including phase noise measurements, are presented.

II. RSO DESIGN AND OPTIMIZATION

A. Topology

The RSO topology is depicted in Fig. 1. It is based on a single
ultralow-noise PHEMT Avago ATF-36073 transistor. The feed-
back network placed at the source port provides the oscillation
conditions and includes a varactor diode to tune the frequency

of the self-oscillation signal. The reference signal, with fre-
quency , power , and arbitrary phase is provided through
a conventional coupled-line bandpass filter connected to
the transistor gate port. Another bandpass filter with central fre-
quency is placed at the drain port to select the output signal
of the circuit. The frequency response of both filters, obtained
through an electromagnetic simulation based on the Method of
Moments (MoM), is represented in Fig. 2, together with the ex-
perimental data. Note that each filter provides a rejection value
greater than 20 dB at the center frequency of the other one.

Fig. 1. Topology of the RSO with inclusion of an auxiliary generator for opti-
mization purposes.

Fig. 2. Simulated and measured frequency response of the filters. (a) Input
filter. (b) Output filter.

Moreover, due to the characteristics of the considered appli-
cation, the bandwidth of the filters is not a limiting factor. A
multiharmonic load [12], [19], based on an arbitrarily modu-
lated width microstrip transmission line [8], [20], is also con-
nected at the gate port of the transistor, for optimization pur-
poses. The same type of structure is used for the implemen-
tation of the dc-bias networks [20], which must present high
input impedance around the frequencies of all of the consid-
ered harmonic components of the self-oscillation and the refer-
ence signal, , and ,

, respectively. The MoM simulation data and
the measured frequency response of the dc-bias network are
shown in Fig. 3. Since the input impedance of the dc-feed net-
work is not matched to 50 , the network has been connected to
the center of a 30-mm-length microstrip transmission line, with
characteristic impedance 50 (see inset picture in Fig. 3).
The frequency response of the dc-bias network is then measured
by evaluating the transmission coefficient between the two
terminals of the 50- transmission line [20].
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Fig. 3. Simulated and measured frequency response of the dc-bias network
based on an arbitrarily width modulated microstrip transmission line.

B. Design and Optimization

The frequency and the amplitude of the first harmonic
component of the autonomous signal are imposed through an
optimization process in which several parameters of the circuit
are modified in order to satisfy the nonperturbation condition of
the auxiliary generator [11]–[13]. As
shown in Fig. 1, the auxiliary generator is connected at the gate
port of the transistor and operates at the frequency ,
with amplitude and phase .

The rational synchronization regime combines features of the
harmonic [2], [4], [21]–[23] and subharmonic [3], [24], [25]
synchronization regimes. Therefore, for a constant value of the
reference signal power , the locking range depends on the
amplitudes of the first and th harmonic components of the au-
tonomous signal, and respectively, the amplitude of the

th harmonic component of the reference signal and the
oscillator quality factor .

In order to analyze the locking range versus the harmonic
content of the circuit, the values of and are fixed, with
a reference signal power value 10 dBm. The quality
factor can be expressed as [26]

(1)

where is the load conductance and represents the imag-
inary part of the admittance evaluated at the gate port of the
transistor, where the auxiliary generator is connected. In a first
step, the value of is minimized in a multitone harmonic bal-
ance-based optimization process in which two copies of the cir-
cuit are involved. Each RSO copy has its own auxiliary gener-
ator, with identical amplitude and phase, but different frequency,

and . Because the value of is
constant, the oscillator quality factor can be easily optimized by
minimizing the difference . Note
that the phase noise increases as the oscillator quality factor re-
duces. Therefore, the value of must be carefully selected.
After the optimization, it is kept constant along the rest of the

TABLE I
HARMONIC CONTENT OF THE FOUR DIFFERENT RSOS

design process by adding a perturbation current source with fre-
quency and amplitude , sufficiently low to
not disturb the steady-state autonomous solution of the circuit.
This current source is connected at the gate port of the transistor,
in parallel with the auxiliary generator, allowing the control of
the admittance existing at this point, at frequency .
Since the nonperturbation condition of the auxiliary generator
imposes that , the quality factor of the oscillator is
kept constant by fixing the admittance seen by the perturbation
generator. The computational cost of solving the harmonic bal-
ance equations system is higher in the case of using two circuits
with two auxiliary generators because of the high value of their
amplitudes. When using two copies of the circuit, two auxiliary
generators with frequencies and
are considered. In this case, the harmonic balance frequency
basis is composed by two tones, at frequencies and ,
and their first eight harmonic components. Therefore, the fre-
quency basis contains 16 time-varying and two dc components.
On the other hand, with the proposed approach based on only
one copy of the circuit and a small amplitude current generator,
working at frequency , the harmonic balance
frequency basis is also composed by two tones, with frequen-
cies and . However, due to the small
amplitude of the current generator, no harmonic components of
the tone at frequency have to be considered. Since in this
case the frequency basis contains only 9 time varying and one
dc components, and the number of considered nodes is smaller,
the computational cost is considerably smaller and the method
based on the perturbation generator is preferred.

The amplitude of the th harmonic component of the
self-oscillation signal is easily set by means of the aux-
iliary generator. In order to be able to evaluate the am-
plitude of the th harmonic component of the reference
signal separately from the th harmonic component of
the autonomous signal, the frequency of the input signal is
slightly modified to 4.99 GHz, sufficiently close to
5 GHz to ensure that the impedances seen at the frequencies

14.97 GHz and 15 GHz
are nearly the same.

III. ANALYSIS OF THE RSO LOCKING RANGE

The parameters of the multiharmonic load have been modi-
fied in order to design four different RSO circuits , , ,
and , with the harmonic content indicated in Table I.

The synchronization bandwidth of the RSO has been ana-
lyzed versus the harmonic content of the circuit by tracing the
corresponding synchronization loci. The setup of the analysis is
based on a single-tone harmonic balance implementation with
fundamental frequency 1 GHz, taking
into account harmonics [8]. In this frequency basis,
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Fig. 4. Synchronized solutions of the four RSOs with different harmonic con-
tent in terms of the first harmonic component of the autonomous signal. (a) Am-
plitude. (b) Phase. Note that the maximum phase variation is ��� �� � �� .
The power of the reference signal is � � �10 dBm in all cases.

the frequencies of the autonomous and reference signals are ex-
pressed as 3 GHz and

5 GHz, respectively, and the synchronizing harmonics
are located at 15 GHz.

The synchronization loci represent all of the solutions in
which the frequency of the th harmonic component of the
autonomous signal and the th harmonic component of the
reference signal are equal and, thus, the phase difference
between them is constant in time. These
synchronized solutions can be found by sweeping the value
of the variable between 0 and 360 , calculating for each
point of the sweep the values of and for which the
non-perturbation condition of the auxiliary generator is satisfied
[11]–[13]. Since the value of can be assumed constant,
the sweep can be realized by varying between 0 and
360 , or between 0 and . The
result of this analysis is shown in Fig. 4, in which the amplitude

(a) and the phase (b) have been repre-
sented versus the frequency of the output (autonomous) signal.
Note that, under rational synchronization, .
For ease of comparison, the four synchronization loci have
been normalized with respect to their center frequency . As
can be deduced from the information represented in Fig. 4 and
Table I, the locking range increases in the same proportion as
the amplitude of the th harmonic component of the reference
signal, remaining almost constant ( with respect to ).
Otherwise, if remains almost constant, the synchronization

Fig. 5. Arnold tongues of the four RSO circuits with different harmonic
content.

bandwidth increases in the same proportion as the amplitude
of the th harmonic component of the autonomous signal
decreases ( and with respect to ). The maximun
phase change experienced by the fundamental harmonic of
the autonomous signal is , which corresponds
to a phase change of 360 in its th harmonic component.
Note that the tilt angle of all of the synchronization loci is
very similar, which means that the quality factor of the four
oscillator circuits is nearly the same.

The influence of the reference signal power on the synchro-
nization bandwidth is analyzed by tracing the Arnold tongue of
the circuits. This representation is achieved by plotting the limits
of the locking range versus the power of the reference signal.
The Arnold tongues of the four RSO circuits with different har-
monic content have been represented in Fig. 5. As can be ob-
served, unlike fundamentally synchronized oscillators, there is a
power value for which the locking range of the four RSO circuits
presents a maximum, as has been described in the case of har-
monically synchronized oscillators ( , ) [23]. Be-
yond this point, the locking range of the four RSO circuits tends
to be equal. Note that the quality factor and the harmonic con-
tent of the RSO circuits have been imposed when the reference
signal power is 10 dBm. For other power values, these
parameters may suffer slight variations that affect the expected
behavior. As a consequence, for input power values greater than

10 dBm, the locking range ratio of the four RSO circuits is not
exactly the same as obtained with 10 dBm.

IV. BEHAVIOR OF THE RSO WITH HIGH REFERENCE

SIGNAL POWER

When the reference signal power is lower than the value for
which the maximum locking range is reached, the synchroniza-
tion bandwith is delimited by two saddle-node bifurcations.
Here, it will be shown that for higher values of the reference
signal power, additional saddle-node and inverse Hopf bifurca-
tion points determine the nonlinear dynamics and the behavior
of the RSO circuit.

Fig. 6 represents the synchronized solutions of the circuit
in terms of the amplitude and phase of the funda-
mental harmonic component of the autonomous signal. Since
the synchronization is realized through the th harmonic com-
ponent of the autonomous signal, the representation of with
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Fig. 6. Synchronized solutions in terms of � and � , with high reference
signal power. Continuous grey line: Solutions for which all phase values con-
tained within the interval � � �� � �� � are possible. Continuous black
line: solutions for which not all the phase values are possible. Dashed gray line:
synchronized solutions associated with the boundary reference power � �
�0.5 dBm between the two regions. The period of all of the traces is 72 .

respect to is periodic, with period . As the
reference signal power increases, the mean and the minimum
values of decrease. As can be observed, the minimum value
of is always reached around the same range of values of

. If the input signal power is greater than 0.5 dBm, a set
of values of within the range for which
no synchronized solutions exist. Note that these points are lo-
cated around the value of for which the minimum of
is reached for lower reference signal power. In addition, the
width of the subinterval of for which no syn-
chronized solutions exist increases with the input signal power.
This is due to the fact that the mean value of is reduced
when the input power is increased, and there is a minimum value

below which the existence of synchronized solutions
is not possible. As a consequence, the periodic traces of
versus are no longer continuous and twist on themselves to
form closed loops when the power of the input signal is greater
than 0.5 dBm.

From the data displayed in Fig. 6, it is derived that, for high
values of , not all the points of the interval
are associated with synchronized solutions. Therefore, the phase
difference between the RSO autonomous signal and the refer-
ence signal cannot take all of the theoretical values. Fig. 7 shows
the phase of the RSO autonomous signal, referred to the ref-
erence signal. For 0.5 dBm the traces are continuous
and all of the values of phase are possible. Otherwise, if

Fig. 7. Synchronized solutions in terms of � and � , with high reference
signal power. Continuous gray line: solutions for which all phase values con-
tained within the interval� � �� � �� � are possible. Continuous black line:
solutions for which not all of the phase values are possible. Dashed gray line:
synchronized solutions associated with the boundary reference power � �
�0.5 dBm between the two regions. The period of all of the traces is 72 .

0.5 dBm, the curves form closed loops, since it is not pos-
sible to reach synchronized solutions for all of the phase values.
Notice that, as the reference signal power increases, the center
frequency of the synchronization loci is considerably modified.
This is due to the fact that the power of the reference signal takes
values sufficiently high to affect the frequency (and
the amplitude ) of the autonomous signal. However,
unlike the case of fundamentally synchronized oscillators, the
autonomous signal is not extinguished through an inverse Hopf
bifurcation because its frequency is not close to that of the ref-
erence signal.

The synchronized solutions associated with the continuous
traces represented in Figs. 6 and 7, with 0.5 dBm, are
found by sweeping the phase of the auxiliary generator and cal-
culating the values of and for which the nonperturba-
tion condition is fulfilled. However, this method is not suitable
to calculate the synchronized solutions with 0.5 dBm.
On the one hand, since the traces of versus form
closed loops, there are two possible values of and
for which the nonperturbation condition of the auxiliary gen-
erator is satisfied, and the optimization methods provided by
the used commercial sofware package are unable to simultane-
ously find them. On the other hand, the range of the inverval

which is not associated to synchronized so-
lutions is unknown a priori. Thus, when trying to perform the
sweep between 0 and , the optimization method
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fails to converge at the points in which no synchronized solution
exists. In order to obtain these particular synchronized solutions,
a triple sweep is performed over the phase , the amplitude

and the frequency of the auxiliary generator. Since
a synchronized operation regime is assumed, the frequency of
the reference signal is expressed as . For each point
of the sweep, the admittance seen by the auxiliary generator

is calculated, and then,
the sets for which zero admittance is ob-
tained are found. Since the admittance seen by the auxiliary gen-
erator at these points is zero ,
the nonperturbation condition of the auxiliary generator is ful-
filled, and the set represents a synchro-
nized solution.

A. Stability of the Synchronized Solutions

The stability of the synchronized solutions represented in
Figs. 6 and 7 has been determined through the envelope tran-
sient technique. With the data provided by this analysis, the
Poincare maps of the amplitude and phase of the
autonomous signal have been depicted [13].

To determine the stability of the synchronized solutions, a
previous step is performed to ensure the existence and the sta-
bility of the autonomous signal. Without connecting the auxil-
iary generator to the circuit, the trivial dc solution is perturbed
with a time domain defined low amplitude current pulse. After
switching off the perturbation, the time evolution of the system
state variables is determined through the Envelope Transient
technique. As long as the system evolves towards the desired
autonomous solution and the simulation parameters have been
conveniently chosen, the stability of the harmonic balance pre-
dicted autonomous solution can be ensured [14]. After that, a
sweep is performed on the frequency of the reference signal .
At each point of the sweep, the auxiliary generator, with fre-
quency and amplitude , is connected to the
circuit during a short time to initialize the state variables of the
oscillator [15], [18]. After disconnecting the auxiliary generator,
the state variables of the system evolve in time towards a stable
steady state solution. Note that the envelope transient technique
is suitable to efficiently obtain unsynchronized quasi-periodic
solutions. In addition, inverse Hopf bifurcation points can be
identified, since the envelope transient technique is also able to
detect the evolution of the autonomous signal to zero amplitude
[13], [17].

When the RSO works under a rational synchronization
regime, the relation , with , ,
is satisficed. Therefore, the frequency of the synchronizing
harmonics is identical and no low-frequency
mixing signal between them is generated. Thus, the amplitude
of all of the harmonic components of the autonomous signal
is constant in time. In addition, since the phase difference
between the synchronizing harmonics is fixed, the phase differ-
ence between the circuit output signal and the reference signal
is also constant and known. Because the amplitude and phase
of a synchronized solution are constant in time, they appear as a
point in the Poincare map. Otherwise, if the values of and
do not ensure the fulfillment of , the circuit
shows a quasiperiodic steady-state solution. Since the relation

Fig. 8. Synchronized solutions with � � �1 dBm and � � �0.6 dBm, in
terms of (a) � and (b) � . Gray line: harmonic balance data. Black points:
envelope transient data. White circles: turning points which delimit the stable
locking range. Square markers: other turning points. The envelope transient data
corresponding to unsynchronized solutions are not represented.

is not satisfied, a low-frequency mixing
signal that modulates the amplitude of all of the harmonic
components of the autonomous signal is generated. In this way,
an unsynchronized solution is represented in the Poincare map
as a vertical line, because of the time variation of the state
variables.

The power of the reference signal has been divided in two
regions around the limit value 0.5 dBm associated
with the change from continuous traces to closed loops. Fig. 8
shows the synchronization loci obtained for 1 dBm
and 0.6 dBm in terms of (a) and (b) .
The represented data has been calculated with the harmonic
balance and envelope transient techniques. In the case of

1 dBm, which can be considered far enough from the
limit value 0.5 dBm, the locking range is delimited
by two saddle-node bifurcations, since the Jacobian matrix
associated with the system becomes singular at those points.
However, when the reference signal power is 0.6 dBm,
the synchronization locus presents some additional turning
points, and, thus, its shape is not elliptical. Although all of the
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Fig. 9. Synchronized solutions with � � 0 dBm, � � 0.4 dBm and � �

0.8 dBm, in terms of (a) � and (b) � . Gray line: harmonic balance data.
Black points: envelope transient data. White circle: turning point which delimits
the stable locking range. Triangle markers: inverse Hopf bifurcation points.

points within the interval are associated with
both stable and unstable synchronized solutions, the shape of
the representation of versus is also conditioned by
the presence of more than two turning points. The associated
Poincare map has been superimposed on the data provided by
the harmonic balance simulations. As can be observed, despite
the shape of the synchronization locus, the stable locking range
is delimited by two saddle-node bifurcations, as is usual in
synchronized oscillators. Note that the stable part of the locking
range decreases as the reference signal power increases, which
agrees with the harmonic synchronization theory [23]. For
the sake of clarity, the Poincare maps of the unsynchronized
solutions have not been depicted in the figure.

On the other hand, the synchronization loci obtained with
input power values 0, 0.4, and 0.8 dBm are represented in
Fig. 9. In this case, the power of the reference signal is greater
than 0.5 dBm and the common feature of all synchro-
nized solutions is the fact that not all of the points contained on

the interval are associated with synchronized
solutions. When the reference signal power is 0 dBm,
the stable locking range is delimited by two different bifurca-
tions. If the frequency of the reference signal is on the left side
of the synchronization locus, the Poincare map shows a typical
quasiperiodic regime in which the condition of rational syn-
chronization is not fulfilled. Therefore,

is not constant in time and is continuously increasing
(or decreasing), meaning that the locking range is delimited by
a saddle-node bifurcation on its left side. However, if the fre-
quency of the reference signal moves on the right side of the
synchronization locus, the Poincare map shows a solution in
which the autonomous signal has zero amplitude ,
which means that this signal has been extinguished via an in-
verse Hopf bifurcation. Note that the inverse Hopf bifurcation
is reached before the locking range corner predicted by the har-
monic balance technique. For higher values of , the stable
locking range is delimited by two inverse Hopf bifurcations.
From this analysis, it follows that, in an RSO circuit with high
input power, the extinction of the autonomous signal through
an inverse Hopf bifurcation is conditioned by the power and the
frequency of the reference signal, and by the phase difference
between the reference and the autonomous signal. Beyond this
point, since the only signal present in the circuit is the reference,
the steady-state solution becomes nonautonomous and periodic.

Note that the center frequency of the synchronization loci rep-
resented in Figs. 8 and 9 depends on the reference signal power.
Although the frequency 5 GHz of the reference signal is
not close to the autonomous signal 3 GHz, its power is
high enough in order to have a great influence on the parameters
of the autonomous signal.

B. Global Behavior of the RSO

Fig. 10 combines the data represented in Figs. 6–9 and shows
the evolution of the synchronized solutions of the RSO circuit
in terms of the three involved variables, , ,
and . The stable part of the synchronization loci is in-
dicated, together with the different bifurcation points which de-
termine the nonlinear dynamics of the circuit when high values
of reference signal are considered. The stable part of the syn-
chronization loci corresponding with 2 dBm and

1 dBm is delimited by two saddle-node bifurcations (turning
points). As was represented in Fig. 8, all the theoretical phase
change values are possible and the synchronization loci are el-
liptically shaped. In the case of 0.6 dBm, all phase
change values are still possible, but the synchronization locus
presents more than two turning points, which determine its par-
ticular profile. Note that the stable part of the synchronization
locus is enclosed by only two turning points. For higher values
of the reference signal power, 0.5 dBm, not all of the
points contained in the range are associated
with synchronized solutions. The stable part of the solution cor-
responding to 0 dBm is bounded on its right hand side by a
turning point and by an inverse Hopf bifurcation on its left hand
side. When 0 dBm, only inverse Hopf bifurcation points
are present. Due to the fact that the synchronized solutions are
represented in terms of the fundamental harmonic component
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Fig. 10. Evolution of the synchronized solutions of the RSO versus the reference signal power � . The solutions are represented in terms of the three involved
state variables � � � , � � � and � � � . Continuous line: stable solutions. Dashed line: unstable solutions. Filled circle marker: turning points
which delimit the stable region. Unfilled circle marker: other turning points. Triangle marker: inverse Hopf Bifurcation points.

Fig. 11. Scheme of the whole behavior of the RSO, as a function of the fre-
quency � and the power � of the reference signal. Note that the frequency of
the autonomous signal is expressed as � � � � � � � .

of the autonomous signal, all the curves exhibit a periodicity of
.

The whole behavior of the RSO locking range, as a function
of the frequency and the power of the reference signal, is
schematized in Fig. 11. 4 dBm is the power value for
which the maximum synchronization bandwidth is reached. If
the power of the reference signal is less than this value, the op-
eration regime is similar to the fundamental synchronization, in
which the stable locking range is delimited by two saddle-node
bifurcation points. When the power of the reference signal is be-
tween and 0 dBm, the stable synchronization band-
width reduces as the reference power increases. In this region,
the stable locking range is still delimited by two saddle-node bi-
furcations, but the synchronization loci present some additional
turning points which determine their shape, as was represented
in Fig. 8. For input power values greater than , the locking
range is delimited by two inverse Hopf bifurcations and the
points contained in an subinterval of the range ,

which increases with the reference signal power, are not associ-
ated with synchronized solutions.

V. EXPERIMENTAL RESULTS

A. Implementation

The RSO circuit corresponding to trace in Fig. 4 has
been manufactured in microstrip technology. The selected
substrate is ARLON 25N, with relative dielectric constant
3.38- and 0.75-mm thickness. This commercially available
substate is well modeled at the frequencies of interest, from 3 to
15 GHz. However, the values of its dielectric permittivity and
conductivity at the desired frequencies have been verified in the
facilities of TSC-UNIOVI Laboratory, through a 85072A series
Agilent Split Cylinder Resonator and a 85070E series Agilent
Dielectric Probe Kit. The circuit has been manufactured by
using a high precision Protolaser S series LPKF structuring ma-
chine. Therefore, the errors in the microstrip lines dimensions
are minimized.

Since all of the passive subnetworks, i.e., filters, multihar-
monic load, dc-bias, and feedback networks, are implemented
using distributed elements, the required number of components
is very reduced.

Multiharmonic load parameters are used as optimization vari-
ables along the entire design process. Its input impedance
determines the amplitude and the frequency of the au-
tonomous signal, as well as the quality factor and the har-
monic content of the circuit. In order to be able to accurately
control the input impedance at frequencies and ,
and their harmonic components, a structure based on an arbi-
trarily width modulated microstrip line is used [20]. The pro-
posed structure allows the control of its impedance around dif-
ferent non harmonically related frequencies. In addition, this
control can be applied over a fairly large bandwidth around each
considered frequency point. These particular features make the
structure also suitable for the implementation of the DC-bias
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networks, with high input impedance at and GHz,
with and .

At the end of the design process, the frequency response of all
of the passive networks has been calculated in an electromag-
netic simulation based on the Method of Moments (MoM). The
information provided by this analysis has been used to slightly
correct such networks, in order to avoid undesired deviations
which could affect the performance of the circuit. Moreover, the
inclusion of a varactor diode as a part of the feedback network
allows the correction of small deviations on the performance of
the manufactured circuit which could be still observed at the
experimental stage due to a great variety of effects that cannot
been taken into account along the design process [10].

B. Measurements

The RSO has been characterized by means of an Agilent
PNA-X series vector network analyzer. For a configurable
power value of the reference signal, which is generated
by the PNA-X, the frequency can be automatically swept
between the desired limits. At each point of the sweep, the
power and the phase of the output signal, with frequency

(under rational synchronization operation
regime), are measured and related to the corresponding param-
eters of the reference signal. In this way, the synchronization
loci, measured at the RSO output port, are automatically traced.

The measured synchronized solutions, in terms of the output
signal, are represented in Fig. 12, together with the data pro-
vided by harmonic balance-based simulations. Fig. 12(a) shows
the variation of the output signal power versus the autonomous
signal frequency. The measured phase change between the
output and input signals is depicted in Fig. 12(b). For ease of
comparison, the synchronization loci have been normalized
with respect to their center frequency and the phase change
traces have been modified to achieve zero variation at the
center frequency of each locus. The maximun measured phase
change is about 30 , which is near to the theoretical limit value

. This maximum value cannot be reached because
of nonlinear effects associated with noise amplification that are
observed in synchronized oscillators working near the locking
range corners [7]. The measured behavior of the RSO locking
range versus the reference signal power is depicted in Fig. 13.
The good agreement between the simulation provided data
and measurements validates the synchronization bandwidth
optimization technique and the existence of a maximum stable
locking range value versus the reference signal power.

Since one goal of the rational synchronization process is the
low cost generation of carriers with good phase noise proper-
ties, this feature has also been measured. The PNA-X has been
configured to generate a reference signal with power

10 dBm. The frequency of this signal is selected in order to
ensure that the working point of the RSO is about the center of
the corresponding synchronization locus . The phase of
the RSO output signal is measured and stored
during a long time interval. The phase noise is then directly cal-
culated as the power spectral density of the time dependent RSO
output signal phase. The same procedure has been applied to
characterize the phase noise of the reference signal. In the case
of the free running oscillator, the main contribution to the phase

Fig. 12. Measured synchronized solutions in terms of the output signal. (a)
Power. (b) Phase change. Continuous gray line: stable simulated solutions.
Dashed gray line: unstable simulated solutions. Black line: measurements. The
phase change trace corresponding to � � �3 dBm has not been represented
because it is very similar to that obtained with � � �5 dBm. Note that the
frequency of the reference signal is given by � � ��� � � .

Fig. 13. Experimental Arnold tongue of the implemented circuit. Gray line:
simulation data. Black line: measurements.

noise near to the carrier is the frequency variation of the au-
tonomous signal [27]. Therefore, the described method does not
provide accurate results because constant frequency operation
cannot be assumed. To overcome that problem, the phase noise
of the free running oscillator has been characterized through
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Fig. 14. Measured phase noise. Continuous black line: free-running oscillator.
Dashed black line: Reference signal source (datasheet). Dashed gray line: ref-
erence signal power (measured), with � � �10 dBm. Continuous gray line:
synchronized RSO, with � � �10 dBm. The dotted line corresponding to
the free running oscillator represents the wrong data provided by the discrete
Fourier transform (DFT) method.

the estimation of the amplitude noise to phase noise conver-
sion, which is performed through the FS-K4 commercial soft-
ware, implemented over an FSP-series Rhode-Schwarz spec-
trum analyzer. The obtained results are represented in Fig. 14,
together with the typical phase noise behavior of the synchro-
nization source, provided by the manufacturer. As can be ob-
served, under rational synchronization regime, the phase noise
of the oscillator is considerably improved, since it is similar
to that of the reference source. Note that, when measuring the
free-running oscillator phase noise, the two proposed methods
provide similar results when the measuring frequency point is
far away from the carrier, approximately 10 Hz.
In addition, since the phase noise measurement of the reference
signal source agrees with the data provided by the manufacturer,
the proposed method is validated.

Finally, Fig. 15 shows a picture of the manufactured proto-
type, in which the layout of the multiharmonic load and dc-bias
networks can be observed.

VI. CONCLUSION

An in-depth analysis of the behavior of a rationally synchro-
nized oscillator with has been presented. The
synchronization bandwidth of the circuit has been optimized
through a technique based on the control of its harmonic con-
tent. The obtained data show that the locking range is propor-
tional to the amplitude of the th harmonic component of the
reference signal, and inversely proportional to the th harmonic
component of the autonomous signal. In addition, it exhibits a
maximum versus the reference signal power. The locking range
of the RSO has been analyzed in detail, versus the reference
signal power, through harmonic balance and envelope transient
techniques. For high reference signal power values, the stable
locking range reduces as the input power increases and the cir-
cuit dynamics is conditioned by the presence of several saddle-
node bifurcation points. If the input power continues to increase,
the stable locking range is delimited by inverse Hopf bifurcation
points and not all the phase change values are possible. A pro-
totype has been implemented and characterized, demonstrating
a good agreement with simulation data.

Fig. 15. Picture of the manufactured prototype. All of the basic subnetworks
are indicated, including the multiharmonic load and dc-bias networks, based on
arbitrarily width modulated microstrip lines.
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