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Capitulo 1
Introducciéon

Uno de los resultados mas notables encontrados en Teoria de Cuerdas es la existencia
de una dualidad, o correspondencia, entre ciertas teorias de cuerdas en backgrounds muy
especificos (espacios AdS), y teorias gauge conformes (CFT). Esta dualidad es de tipo holo-
grafico, ya que se codifica la misma informacién en un espacio de D dimensiones (el "lado
gravitatorio”donde tenemos teoria de cuerdas) y otro espacio de D — 1 dimensiones (el
"lado gauge”). Este resultado, que es una conjetura (no esta completamente demostrada)
permite establecer un diccionario de correspondencias entre los resultados que se obtienen
en la parte gravitatoria y la parte gauge. Pero estos resultados son producto de un modelo

previo para la dualidad.

Es decir, es necesario construir configuraciones dentro, por ejemplo, del lado gravita-
torio, cuya dindmica nos permita obtener resultados traducibles mediante la dualidad a
resultados correspondientes en el lado gauge. También ocurre esto a la inversa: resultados
en el lado gauge la dualidad son traducibles a configuraciones en el lado gravitatorio. Es
posible asi probar la consistencia del modelo gravitatorio propuesto (si ya conocemos pre-
viamente cudl debe ser el dual gauge) pero también producir resultados nuevos, podriamos
denominarlos predicciones, siempre dentro de la dualidad (no son predicciones del tipo

teorfa - experimento).

En esta tésis se presentan tres articulos publicados reciéntemente en los que hemos
construido y analizado dos tipos de configuraciones en el lado gravitatorio de la dualidad

AdS/CFT: vértices bariénicos y gravitones gigantes.



Los vértices barionicos se corresponden con estados ligados de quarks en el lado gauge.
En el lado gravitatorio se construyen a partir de branas enrollando subespacios del back-
ground, y atadas a cuerdas fundamentales que conectan estas branas con la frontera del
espacio, que es donde tenemos la teoria gauge, de forma que se corresponden con los quarks
en la teoria de campos (cada quark es el extremo de una de las cuerdas que conectan la
frontera del espacio con la brana en el interior). El hecho significativo que hemos estudiado
en nuestro trabajo es que existen estos estados ligados no singlete: el nimero de quarks
no es igual al rango del grupo gauge. Nuestro estudio ha consistido en restringir lo mas
posible cuanto de cardcter no singlete tienen estas configuraciones, obteniendo rangos para
el nimero de quarks que las constituyen. Aparte de esta descripcién general, el estudio de
vértices baridnicos en los backgrounds que hemos tratado dan lugar a resultados tedricos de
por si interesantes, como la aparicién de nuevos acoplos en la accion efectiva de D-branas

no predichos antes en la literatura.

Los gravitones gigantes son configuraciones en cierto modo similares a los vértices
bariénicos en el sentido de que consisten basicamente en branas enrollando subespacios
del background. Pero en este caso no existen cuerdas atadas a la brana que en el lado
gauge nos puedan dar lugar a una interpretacion como estado ligado de quarks. En este
caso, los gravitones gigantes sirven como realizacion del principio de exclusién en teoria

de cuerdas: el momento que adquieren no supera cierto limite que depende del rango del

grupo gauge.

Aparte de que cada configuracién por separado da lugar a resultados interesantes (bari-
ones no singlete, principio de exclusién), utilizando estas configuraciones podemos explorar
la region de acoplo de 't Hooft finito. Para ello hacemos uso de la posibilidad de describir mi-
croscOpicamente las branas enrolladas como un conjunto de branas de dimensiones menores
expandiéndose dieléctricamente mediante efecto Myers. Este fenomeno puramente gravi-
tatorio conduce de forma muy directa a una interpretacion microscépica que reproduce
exactamente los resultados macroscépicos en el limite en que el nimero de branas que se
expanden es muy grande. El rango de aplicabilidad de esta descripcion microscopica es
complementario al rango macroscépico (supergravedad) y podriamos acceder asi al rango
de acoplo de 't Hooft finito, si tuviésemos en cuenta las correcciones a o’ (lo cual no hemos
hecho en nuestros trabajos).



Podemos asi decir que el tema central de esta tésis consiste en la descripcion de dos
tipos de configuraciones que aprovechan la topologia del background, para reproducir as-
pectos de teorias gauge ya conocidos, o bien obtener resultados nuevos que intentamos
analizar en contextos cada vez mas restringidos. Ademas, utilizando el efecto dieléctrico
de Myers podemos describir microscopicamente estas configuraciones y, finalmente, nos es
posible explorar la region de acoplo de ’t Hooft finito, complementaria a la regién de probe

aproximation apropiada en supergravedad para la descripcion macrosopica.

A continuacion se comentan algunos resultados y trabajos previos que han servido para

desarrollar la tésis, y que consituyen la bibliografia de los articulos que se presentan.
Estabilidad del barion en ABJM vy el efecto Myers

En los dos primeros trabajos de esta tésis, utilizamos una dualidad AdSy/CFT; que
relaciona la teorfa de supercuerdas tipo ITA en el background AdS,; x C'P? con una teoria
Chern-Simons con materia ' = 6 con grupo gauge U(N); x U(N)_j. conocida como mod-
elo ABJM [1].

La posibilidad de enrollar branas en ciclos no triviales en este background se estu-
dié también en el articulo original. En concreto, la brana D6 que enrrolla el C'P? completo
es el andlogo del vértice bariénico descrito por Witten [2]. También es posible enrollar
branas D2 y D4 que son duales al operador monopolo de 't Hooft y al operador dibarion,

respectivamente [3, 4].

Es posible extender la interpretacion de vértice barionico a la brana D4, si anadimos
flujos gauge no triviales en el worldvolume de la brana. En este caso, también estas, como
la D6 o la D2, atrapan un flujo y desarrollan un tadpole. La necesaria cancelacion de este
tadpole (la carga neta debe ser cero) hace necesario introducir cuerdas en la configuracion.
Esta configuraciéon: brana enrollada mas cuerdas atadas a la misma que se extienden hasta
la frontera de AdS, no es exclusiva de la D6. Estas generalizaciones han sido estudiadas
en [5], y en el contexto de AdS/CMT en [6, 7]. También se ha explorado la conexién entre
la existencia de limites en el campo magnético introducido y el principio de exclusion de
cuerdas [16], lo cual también seria esperable a partir de los resultados obtenidos en nuestros

trabajos.



Como ya se dijo, un resultado no previsto en los vértices bariénicos es el hecho de que
existen configuraciones no singletes. Es decir, el nimero de quarks en el lado gauge no
es igual al rango del grupo. De hecho, el nimero de quarks estd dentro de un intervalo
que depende del rango del grupo. Este hecho ya se encontré en AdSs x S° [8, 9]. A su
vez, el estudio de la estabilidad de estas configuraciones confirmé que son estables también
para un numero de quarks dentro de cierto intervalo, si bien mas restringido que el dado
por su existencia. Este trabajo fue realizado por dos de nuestros colaboradores [10], y es
un andlisis que hemos realizado también en nuestra configuraciones: en todas ellas anal-
izamos su estabilidad siguiendo el mismo procedimiento. También obtenemos expresiones
para su tamafo que tienen similitud con el caso de los vértices baridnicos en AdSs x S°
y el sistema quark-antiquark [20, 21]. Obtenemos también la energia de ligadura de estas
configuraciones, senalando su similitud con resultados previos en la literatura en relacion

a cémo es la fuerza y el comportamiento dictado por invariancia conforme [23, 24, 25, 26,
27, 28, 29, 30, 31].

Otro resultado de gran importancia que hemos utilizado en nuestro trabajo es el efecto
dieléctrico de Myers [13, 32]. La expansién de un conjunto de branas en espacios fuzzy nos
permite elaborar descripciones microscopicas de las configuraciones que hemos construido.
Y éstas a su vez nos permiten explorar las regiones de acoplo de 't Hooft finito. Las branas
dieléctricas expandiéndose en espacios de tipo coset fuzzy ya se discutieron en la literatura
en diferentes contextos [33, 34]. También incluimos en la bibliografia trabajos que describen

los espacios fuzzy y cémo se construyen [37, 38, 42, 51].

Asi mismo hemos encontrado necesario dar cuenta de la anomalia de Freed-Witten en
el dibarién, la cual exige introducir un campo By semientero, ya a nivel clasico [14, 15].
También en nuestras configuraciones es necesario introducir este campo. Como resultado
de ello, aparecen acoplos nuevos en las acciones de n D-branas coincidentes no presentes en
la literatura anterior. En concreto, construiremos una version microscépica de los acoplos
de alta curvatura [17, 18, 19]. Este tipo de acoplos pueden generalizar acoplos anémalos ya
descritos antes, pero para una tnica D-brana [45]. Este es un resultado notable de nuestro

trabajo.



5-branas dieléctricas y gravitones gigantes en ABJM

En la bibliograffa para los gravitones gigantes [1| observamos que ya se senalé que son
duales a Polinomios de Schur [2, 3, 4] y esto permite extraer muchas propiedades tales como
el principio de exclusién de cuerdas [5] o detalles sobre las geometrias locales y globales de

las branas duales que estan codificados en la teoria gauge [6, 7, 8, 9, 10].

Ya se han construido ejemplos particulares de gravitones gigantes en la dualidad en-
tre teorfa ITA en AdS,; x CP3 y la teoria ABJM [12, 13, 14, 15, 16, 17, 18], asi como a
partir de branas D2 [19, 20, 22]. Ya conocemos por tanto la existencia de estas configura-
ciones y su interpretacion dual. Aqui tratamos de construir configuraciones similares, tanto

macroscopica como microscopicamente.

Para la construccion del graviton gigante hacemos uso de las isometrias del background.
Ya conocemos la accién de una M5 enrollada en una direccién isométrica [23]. A partir de
esta accién podemos analizar cuando esta Mb se comporta como graviton gigante. A su vez,
como hemos hecho con los vértices baridnicos, construimos una descripcién microscépica
de estos gravitones aprovechando el efecto dieléctrico de Myers. Esta descripcion permite
explorar la regiéon de acoplo de 't Hooft finito. Para esto, utilizamos la accién para gravi-

tones coincidentes [27].
Bariones no singlete en backgrounds menos supersimétricos

Para el estudio de bariones no singlete en backgrounds menos supersimétricos, tratamos
de analizar estas configuraciones en backgrounds més restrictivos, que o bien son menos
supersimétricos y/o confinantes [16, 17] o en backgrounds deformados [21, 22]. Es por eso
que hacemos uso de las descripciones de estos backgrounds y estudios ya realizados de
configuraciones tipo vértice bariénico en los mismos [9, 10, 11, 12, 13, 14, 15, 18, 19, 20].
Este estudio es similar al caso del background AdS,; x C'P3, y también aqui analizamos la

estabilidad de las configuraciones.

En el siguiente capitulo abordaremos méas en detalle los objetivos de nuestros trabajos,

asi como la descripcién de los backgrounds utilizados en el tercero de ellos.






Capitulo 2

Objetivos

Como hemos explicado en la parte introductoria, la tésis consiste en el analisis de config-
uraciones de branas de dos tipos (vértice bariénico, y graviton gigante) dentro del contexto
de la dualidad entre teoria de supercuerdas tipo ITA en AdS; x CP? y la teorfa ABJM.
Ademas, con la intencion de analizar el cardcter no singlete de los vértices barionicos, re-
alizamos el estudio de estas configuraciones en otros backgrounds mas restrictivos que son
variaciones de AdSs x S°. Completamos el trabajo con una descripcién microscépica de

estas configuraciones.

2.1. Vértices bariénicos y su estabilidad en ABJM

Consideramos configuraciones en AdS,;xC'P? de tipo vértice bariénico cargado magnética-
mente con un numero reducido de quarks. Estudiamos si estas configuraciones son solu-
ciones de las ecuaciones de movimiento clasicas y analizamos su estabilidad y cémo esta
afecta al nimero de quarks permitido. El hecho de que el flujo magnético disuelva carga
de brana DO hace posible dar una descripcion microscopica en términos de branas D0 ex-

pandiéndose en espacios C'P" fuzzy mediante efecto dieléctrico de Myers. Los objetivos son:

1. Resumir las propiedades de las configuraciones tipo vértice baridonico magnetizado
construidas en trabajos previos. Calcular la energia de estas configuraciones. Analizar
sus acciones Chern-Simons para deducir la cantidad de carga de branas D0 y D2
disuelta, asi como la carga de cuerda fundamental inducida por el background (el de-
nominado tadpole) que exige anadir a la configuracién cuerdas fundamentales atadas

a la brana (de forma que la carga total neta sea cero).



2.

2.2.

Reducir el nimero de quarks en estas configuraciones y encontrar los valores para
los que aun existen configuraciones clasicas. Se trata de variar el niimero de cuerdas
en la configuracién, estudiar la existencia de soluciones clasicas y deducir los limites
en el nimero de cuerdas posible en la configuracién. Analizar los casos extremos.

Calcular y analizar el radio de la configuracion y la energia de ligadura.

Realizar un estudio de la estabilidad bajo pequenas fluctuaciones. Deducir de este
andlisis un limite en el nimero de cuerdas en la configuracién. Comparar con el re-

sultado anterior.

Describir microscopicamente estas configuraciones. Escribir la acciéon para un niimero
de branas DO coincidentes expandiéndose en un espacio C'P™ fuzzy. Describir es-
tos espacios. Introducir el campo Bs. Analizar si esta descripcién concuerda con la
macroscéopica. Deducir de este analisis la necesidad de incluir acoplos de mayor cur-

vatura en la accion.

Gravitones gigantes en ABJM

Construimos una brana M5 con topologia de 5-esfera enrollada en una direccién isométri-

ca dentro de AdSy x S7/Z;.. Damos su descripcién microscépica en términos de gravitones

de Teoria M expandiéndose en espacios fuzzy. Reducimos esta configuracién dimension-

almente para obtener una brana NS5 en C'P3 con carga de brana D0, o bien una brana

D4 enrrollada en un C'P?. Analizamos en qué casos pueden interpretarse como gravitén

gigante. Damos a su vez la descripcion microscépica de estas configuraciones.

1.

Describir el gravitén gigante con topologia de 5-esfera en AdSy x S7/Z; utilizando la
accion para una brana M5 enrollada en una direccion isométrica. Calcular el hamil-
toniano y analizar las soluciones de energia minima y sus duales en la teoria gauge.
Anadir flujo magnético para inducir momento a lo largo de la direcciéon isométrica.
Intercambiar el papel de las direcciones S'/Z; y S!, y realizar de nuevo el mismo

analisis.
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2. Dar la descripcién microscopica complementaria en términos de gravitones de Teoria
M expandiéndose en subespacios fuzzy de S7/Z;, debido al efecto dieléctrico de My-
ers. Obtener el hamiltoniano microscopico y estudiar su concordancia con el anélisis

microscopico.

3. Reducir dimensionalmente la solucién tipo graviton gigante a partir de una brana
M5, para producir una brana NS5 estatica expandiéndose en una 5-esfera retorcida
dentro de C'P? con carga de brana D0. Obtener el hamiltoniano y estudiar las con-
figuraciones de menor energia. Estudiar cémo se realiza el principio de exclusion de

teoria de cuerdas, asi como el caso maximal.

4. Reducir de nuevo la brana M5 enrollada en S'/Z;, para producir en ITA una brana

D4 enrollada en un C'P? deformado con carga de momento. Analizar el caso maximal.

5. Dar la descripcion microscopica complementaria de la configuracién con la brana
NS5 en términos de gravitones tipo ITA dieléctricos, y bosquejar la descripcion de la

brana D4 enrollada en el C'P? en términos de branas DO con momento angular.

2.3. Vértices baridnicos en backgrounds con menos

supersimetria y/o confinantes

Analizamos la descripcién hologréafica de bariones no singlete en varios backgrounds
con menos supersimetria y/o confinantes. Estudiamos su existencia en los backgrounds de
la forma AdSs x Y5 con Y5 un espacio tipo Einstein con flujo de 5-forma, obteniendo un
intervalo para el nimero de quarks en la configuracién. También estudiamos estas config-
uraciones en el background confinante de Maldacena-Ntifiez y en backgrounds AdSs x S°
deformados. Las generalizamos incluyendo un flujo magnético y damos una descripcion
microscopica en términos de branas de menores dimensiones expandiéndose en bariones

fuzzy. Los objetivos son:

1. Estudiar la dinamica del vértice bariénico en AdSs X Y5, con Y5 un espacio tipo Ein-

stein con flujo de 5-forma. Obtener la solucion clasica y estudiar su estabilidad.
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2. Particularizar para las geometrias AdSs x YP4 y AdSs x T! con flujo magnético no
nulo. Calcular la carga de brana D1 o D3 disuelta por el campo magnético. Estudiar
la estabilidad de estas configuraciones y el limite que dicha estabilidad impone en el

ntimero de cuerdas. Comparar con el caso de S°.

3. Estudiar las configuraciones en el background de Frolov multi-g deformado. Anadir

flujo magnético.

4. Estudiar las configuraciones en el background de Maldacena-Nunez. Construir el
vértice baridnico a partir de una brana D3. Obtener el limite para el nimero de
cuerdas. Comparar con backgrounds conformes. Analizar su estabilidad. Anadir flujo

magnético.

5. Describir microscépicamente los casos anteriores, en términos de branas D1 expan-
diéndose en un S? x S? fuzzy, branas D3 expandiéndose en una S? fuzzy, o branas

D1 expandiéndose en una S? fuzzy respectivamente.

Se describen a continuacién los diferentes backgrounds que hemos utilizado en este ultimo

trabajo, cudl es su origen y qué interés tienen para nosotros.
Backgrounds tipo AdS; x Y5: Klebanov-Witten y Sasaki-Einstein

La conjetura de Maldacena relaciona una teorfa gauge SU(N) N = 4 con Teoria de
Cuerdas tipo IIB en AdSs x S°. Es interesante generalizar esta dualidad considerando otros
backgrounds de IIB de la forma AdSs; x X5 donde X5 es un espacio Einstein 5-dimensional
con flujo de 5-forma. Estos backgrounds estan relacionados con teorias de campos con-
formes 4-dimensionales, en general diferentes de la teorfa gauge SU(N) N = 4. Esto es
obvio, ya que solamente S° preserva el niimero méximo de supersimetrias (32), mientras
que otros espacios Einstein dan lugar a menos supersimetrias. Son éstos backgrounds los
que nos interesan: aquellos que preservan una fraccién de la supersimetria. Sabemos que
existen vértices bariénicos cuando N = 4, y pretendemos analizar si también existen para,

por ejemplo, N' = 1. Se consigue una teoria con N’ = 1 cuando X5 es un espacio homogéneo
T = (SU(2) x SU(2))/U(1), con U(1) siendo un subgrupo diagonal del toro maximal
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de SU(2) x SU(2). Segun el conteo de supersimetrias, esta compactificacién deberia ser
dual a una teoria de campos conforme N = 1 en 4 dimensiones. Esta teoria de campos es
el limite IR de la teoria en el worldvolume de D3-branas coincidentes colocadas sobre una

singularidad cénica de un C'Y5 no compacto.
Backgrounds multi-g deformados

La dualidad gauge/gravedad relaciona teorias de campo y teorias gravitatorias con
condiciones de frontera particulares. Si modificamos estas condiciones de frontera, esto da
lugar a modificaciones en el lagrangiano de la teoria de campo dual. Una de estas modifica-
ciones se denomina deformaciones 3. Por ejemplo, es posible deformar la teoria Yang-Mills
N =4 auna teorfa N’ = 1 que preserve una simetria U(1) x U(1) que no es simetria R. Esto
se consigue redefiniendo el producto de los campos en el lagrangiano, de tal manera que se
introducen nuevas fases, modificando asi el superpotencial. Esta es la teoria S-deformada.
La forma de obtener esta teoria en el lado gravitatorio es como sigue: si la geometria dual
de la teorfa original tiene dos isometrias asociadas a las dos simetrias globales U(1), es de-
cir, la geometria contiene un 2-toro, solo debemos redefinir 7 en términos de un parametro
de deformacion . Reducimos la teoria 10-dimensional a 8 dimensiones sobre el 2-toro, que

es invariante bajo la accién de SL(2, R) en 7. La deformacién es un elemento particular de

SL(2, R).

Por otra parte, si el parametro de deformacién es real, se puede obtener el background
deformado a partir de AdS5 x S® por medio de una transformacién de dualidad T sobre una
coordenada isométrica ¢;(la que corresponde a un U(1)), a continuacién un shift de otra
coordenada isométrica, seguida de otra transformacion de dualidad T sobre ¢;. En el caso
de S®, que contiene tres toros, podemos realizar esta cadena de transformaciones (TsT)
con diferentes pardmetros ¥;, generando asi una deformacién de AdSs x S°. El background

de supergravedad 3-paramétrico deberia asi ser dual a una deformacién de SYM N = 4.

Ya que en AdSs x S° existen y se han analizado los vértices bariénicos y los rangos para
el nimero de cuerdas de la configuracion, nosotros hemos analizado si existen también estas
configuraciones en deformaciones de AdSs x S® dentro del marco de la dualidad AdS/CFT.
De ahi que tomemos como modelo los backgrounds multi-5 deformados.
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Background de Maldacena-Nunez

Este background tiene como objeto encontrar una correspondencia similar a la de
AdS/CFT para teorfas Yang-Mills puras (es decir, sin materia) con menos supersimetria.
Describe una geometria que es dual a una teoria de cuerdas IIB en una brana NS5, que se
reduce en el IR a Yang-Mills N' = 1 pura 6-dimensional con 16 supercargas. La NS5 estd en-
rrollada en una S? y tenemos un fibrado normal retorcido. La solucién de supergravedad se
encuentra reduciendo el problema a supergravedad gaugeada en 7 dimensiones, subiéndola
posteriormente a 10 dimensiones. En la aproximacién de supergravedad la escala de la
teoria de cuerdas y la escala de la teoria 4-dimensional son comparables. La solucién tiene
una simetria U(1)g rota en el UV a Zyy y la solucién completa rompe esta a Z5 (encon-
tramos IV soluciones diferentes). La teoria es confinante y tiene apantallamiento magnético.
Tiene paredes de dominio que separa los diferentes vacios, con las cuerdas terminando en
estas paredes. En el limite de desacoplo, la teoria de cuerdas es dual a Yang-Mills N' = 1.
Lo que nos interesa de este background es, aparte de que tenemos N' = 1, el hecho de que
también es confinante. Pretendemos asi analizar si existen vértices bariénicos no singletes

cuando hay confinamiento.
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Capitulo 3

Discusion de los resultados

3.1. Vértices baridonicos y su estabilidad en ABJM

La accién DBI para una Dp-brana en AdS, x CP? enrollada en un ciclo CP?/? del
CP3 con p = 2,4y 6, en presencia de un flujo magnético ' = N'J, con N € 27 se puede

escribir:
2
P =@y [ (3.1)
con T
Q, = g—pVol(CPp/z) (L* + 2m)* (W — 1)2)P*

parap =2,6 y parap =4

Q4 = ?VOZ(CPQ) (L* + (27N)?)

El shift en \V se debe a la introduccién del campo By que cancela la anomalia Freed-

Witten. Serd importante reproducir este resultado microscépicamente.

El andlisis de la parte CS de la accién nos indica que el flujo magnético disuelve carga
de branas DO y D2 en el worldvolume de la Dp-brana de la configuraciéon. En concreto,
para p = 4 encontramos carga de D2 (es decir, siendo la D2 fuente del campo Cj, la carga

de D2 indica cuédntas fuentes de campo C3 tenemos, el nimero de branas D2):
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y carga de DO:

2
She = %TO / Cy

Ya que las branas D4 y D6 tienen branas D2 disueltas enrrollando C'P!, estas branas

D2 capturan flujo de F3, y esto genera un tadpole (carga no compensada).

Para la D4 tenemos:

SBe = k%/TFI / dtA,

y para la DG6:

2
SES = (k%[ + N) Tr, / dt A,

Esta carga no compensada nos indica que hay que anadir cuerdas fundamentales, lo

cual junto con la brana Dp completa la configuracion.

Para el caso de D6, ademas, observamos que anadir el campo By debido a la anomalia
de Freed-Witten nos obliga a introducir nuevos acoplamientos que también contribuyen a
la carga de cuerda fundamental. Parte de estas nuevas contribuciones se cancelan con otros
acoplamientos (denominados de alta curvatura). Pero hay otra parte que no se cancela si
no es introduciendo de nuevo cuerdas fundamentales. Finalmente, obtenemos una carga
total:

NW - 2)
8

Sera asi interesante estudiar cémo se reproduce microscopicamente este resultado. Este

gpe = N + k

estudio conduce a nuevos acoplamientos no estudiados antes en la literatura como veremos.

Estudiamos la existencia de estas configuraciones macroscépicas y encontramos que
para las branas D2 y D6, A debe estar por debajo de cierto limite, y para la D4 existe

ademés un limite inferior. Estos valores extremos definen a su vez un nimero minimo de
. 32 — _2Qp ).

quarks lp;, (con /1 —f Lqul)'
[ >

<1+ VI_BQ):lmin
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Establecemos asi un espacio de pardmetros (I,N') para el cual la configuracién tipo

vértice barionico existe. Los casos limite son aquellos en que los quarks son libres.

Calculamos el radio de la configuracién, y observamos que tiene la misma forma que el
tamano del vértice bariénico en AdSs x S° y el sistema ¢ (en el sentido de tener el mismo

tipo de dependencia con los pardmetros de la configuracién).

Obtenemos la energia on-shell total de la configuracion y a partir de ésta la energia de

ligadura (con f(z) una funcién positiva decreciente y ¢ el tamafio de la configuracién):

(g5 )2/
i

La fuerza es atractiva y creciente en magnitud (algo no esperado necesariamente para

estados ligados de quarks). El comportamiento 1/¢ es el dictado por invariancia conforme,
y la dependencia de tipo no analitica en el acoplo de 't Hooft es el predicho previamente en
la literatura. Esto indica que hay un comportamiento universal de la configuracién basado
en la simetria conforme de la teoria gauge. Este hecho se reafirma al estudiar en el tercer

trabajo de la tésis estas configuraciones en otros backgrounds.

El estudio de la estabilidad de estas configuraciones restringe atin mas el intervalo de

valores permitidos para el nimero de quarks (con 7, un nimero positivo):

1>—L 1+1-p)

1+

Estas configuraciones, macroscépicas, se han analizado en la aproximacion de probe
brane, vélida en el limite de supergravedad (L >> 1 o bien k << N) y en la regién de
acoplo débil (g, << 1, 0 bien N << k®). Es posible describirlas para acoplo de 't Hooft
finito en términos de espacios C'PP/? fuzzy construidos a partir de branas D0 expandidas

dieléctricamente. Esta es la descripcion microscépica complementaria.

Partiendo entonces de la accién que describe n branas DO coincidentes (dada en la
literatura), y utilizando la también conocida versién fuzzy de C'PP/2, obtenemos para el

caso By = 0:

14 p/4 2p
gpBr _ " (& /d “p
nbo Js + 1672m? "L



Aqui, n es la dimension de la representacion irreducible totalmente simétrica de orden
m, (m,0) de SU(8+1), siendo C' PP/? el espacio coset SU(5+1)/U(%) en la realizacién fuzzy.

La expresion anterior concuerda con el resultado macroscopico a primer orden en m.

También se reencuentra en el cdlculo microscépico la condicién de cuantizacién N € 27.

El efecto del campo Bs, excluido antes, es de orden O(1/m). A este orden obtenemos,

para la accion de n branas DO:

T /4 9
SHh = —=LVol(CP?) <L4 + (2m)%(2m + §)2>p /dep

Este resultado concuerda con el calculo macroscopico si redefinimos la dependencia de

N con m segin:

./\/;,:2,6:2m+§+1
Np:4 =2m + g

Con estas redefiniciones, no solo se conserva la condicién de cuantizacién para N sino
que reproducimos el shift N' — N —1 para p = 2, 6. Esto subraya la necesidad de introducir
el campo Bs, que en la descripcién macroscépica se debié a la anomalia de Freed Witten.
Sin embargo, no esté claro cémo se construiria en este caso el C'P? en una descripcién
microscopica (branas DO expandiéndose en el C'P?) para el caso de la brana D4, ya que el

campo de Freed-Witten no se acopla al worldvolume de las branas DO.

La descripcién microscépica de las cuerdas fundamentales concuerda también con los
resultados macroscopicos. A partir de la accion CS para n branas DO coincidentes encon-
tramos acoplos que describen diversas posibilidades: para n branas D0 expandiéndose en

un C' P! fuzzy, obtenemos la carga de cuerda fundamental (en el limite de m grande):

2, NvRT
S p 2P (p/2 - 1))

Concuerda con el resultado macroscépico cuando evaluamos la cantidad de carga funda-

q

mental debida a las branas D2 disueltas que atrapan flujo de F,. A esta carga fundamental
hay que anadir, por supuesto, la aportacién de la brana en que estan disueltas estas D2.
Asi, en el caso de D6, a partir de branas D0 expandiéndose en un C'P? fuzzy, se obtiene la

carga de cuerda para el caso macroscépico de una D6 enrrollada en el CP? (¢ = N).
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El resto de acoplos presentes en la acciéon CS para las branas DO se corresponden a
la contribucion de Bj. En este caso, ya que este campo contribuye a la carga en orden
O(1/m), hace falta anadir a esta nueva carga la contribucién que no se tuvo en cuenta al
tomar m grande en la carga calculada anteriormente. Teniendo en cuenta estas contribu-
ciones, encontramos que la carga para p = 2 es k, para p = 4 es k(m + 1) y para p = 6,
N+ £((m+2)*> = m — 2+ 1). Concuerda con la contribucién macroscopica a la carga de
cuerda para la D4 y la D6. En este tltimo caso existe una contribucién extra k/8 que se
corresponde a la carga macroscépica que se canceld teniendo en cuenta los acoplos de mayor
curvatura. Es obligado entonces, y asi hacemos en nuestro trabajo, dar una versién mi-
croscopica de estos nuevos acoplamientos, no presentes en la accién CS. Comprobamos que
con nuestra version microscépica podemos reproducir los resultados macroscépicos para
estos nuevos acoplos, y senalamos que éstos, no discutidos antes en la literatura, pueden
servir para obtener términos dieléctricos que acoplen potenciales RR a derivadas de By y
la métrica (mediante dualidad T) que generalicen los términos anémalos ya derivados en

la literatura para una unica brana Dp.

3.2. Gravitones gigantes en ABJM

Construimos un gravitén gigante a partir de una brana M5 en AdS, x S7/Zy, enrollada
en S° dentro de S7/Z;, y propagdndose a lo largo de S'/Z; (descomponemos S® como un
fibrado U(1) sobre C'P?). Tenemos asi una direccién isométrica (la de la fibra) y en la

literatura disponemos de la accién de la brana M5 para este caso.

Encontramos asi el Hamiltoniano (P, es el momento asociado a la coordenada en

R PT

La solucion de gravitén gigante es

‘ (P7->1/4
sSm = N

Su energia satisface:



Ademas, el gravitén gigante satisface P. < N, lo cual concuerda con el principio de
exclusién de cuerdas. En el caso maximal (u = 7/2), P, = N y E = kN/R. Se interpreta
entonces o bien como un estado ligado de N gravitones con energia k/R, o bien como un

estado ligado de k branas M5 enrolladas en S® con energia N/R.

Generalizamos la construccion anterior anadiendo flujo magnético para obtener una
brana con momento en una direccién x que no sea la isométrica (y de esa manera su

reduccién a ITA no es estética). Obtenemos el Hamiltoniano:

k Nksin® p+ P, \?
H=—P/l+tan?pu|1— X
R \/ Ttan M( kP sin® ;1 )

La solucién de energia minima en este caso no satisface el limite BPS (depende sélo de

uno de los momentos). Sin embargo, en el caso maximal, las direcciones x y 7 son paralelas,

y Pr=N+P,/k.

Esta solucién magnética, en IIA, se corresponde a una NS5 enrollada en una 5-esfera

retorcida con carga de brana DO (P;) y momento P,. Solo es BPS en el caso maximal.

El siguiente paso ha sido intercambiar las direcciones 7 y y. Tomamos una M5 enrollan-
do 7 y las coordenadas de C'P?, propagéndose en . Al reducir a ITA, esta configuracién se
convierte en una D4 enrollada en un C'P? aplastado, propagandose en . Pero, de nuevo,

no es graviton gigante excepto en el caso maximal. El Hamiltoniano que encontramos es:

P, Nsin® y+ kP’
X \/1+tan2,u(1— s pt >

" Rsin L P,

Observando el denominador fuera de la raiz se observa que solo existen solucions BPS
en el caso maximal (u = 7/2). En tal caso, P, = N +kP,. Recuperamos el gravitén gigante
usual cuando P, = 0. En la reduccién a ITA la 11* direccién se reduce a un punto, y la
carga N no puede interpretarse como carga de momento. La configuracién se interpreta

como un dibarién con energia N/L.

Damos una descripcién microscépica de las configuraciones anteriores en términos de
gravitones expandiéndose mediante efecto Myers (efecto dieléctrico) en una brana M5 fuzzy.
Esta es la descripcién microscépica de la brana M5 enrollando subespacios clésicos de S7/Z,
con momento angular. En nuestra construccién este espacio es una S° fuzzy definida como

un fibrado S! sobre un C'P? fuzzy. Esta direccién S! es crucial para encontrar el acoplo
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dieléctrico que causa la expansion de los gravitones. Eligiendo la direccién 11-dimensional
como direccién de movimiento y la direccién isométrica como la de enrollamiento, se lle-
ga a un hamiltoniano que concuerda con el resultado macroscopico para un ntimero de
gravitones muy grande. Si intercambiamos las direcciones de propagacién y enrollamiento
obtenemos la descripcién microscépica del graviton gigante maximal S°/Z;, (en este ca-
so, tenemos gravitones expandiéndose en una S°/Z; fuzzy). Concuerda con el resultado

macroscopico.

La reduccién a ITA (en AdS,; x C'P3) del gravitén gigante 5-esférico da lugar a una
brana NS5 expandiéndose en una 5-esfera retorcida dentro de C'P3. El momento en la 11?
direccién se traduce en carga de brana DO, y la NS5 es estatica. El Hamiltoniano resultante

es (M es el momento conjugado al escalar que se obtiene al reducir la 11* dimensién):

k N ?
H = zM\/l—l—tan2u(1—Msim4u)

El gravitén gigante tiene energia E = kM/L, es decir, una configuracién BPS de M

branas DO con energia k/L. Se satisface ademas M < N, realizando asi el principio de
exclusion de cuerdas en términos de branas D0 expandiéndose en una 5-esfera retorcida
dentro de C'P3. En el caso maximal, M = N y la energfa puede interpretarse como un
estado ligado de N monopolos de 't Hooft con energia k/L, o bien como un estado ligado de
k dibariones con energia N/L. En este caso la 5-esfera retorcida se reduce a C'P? y la NS5
colapsa a una D4 enrollando C'P2. Esto es debido a que en el caso maximal las direcciones
Ty x son paralelas, de forma que la M5 enrollada en x (que es una NS5 en ITA) y la M5

enrollada en 7 (una D4 en IIA) son equivalentes.

Podemos por tanto construir el gravitén gigante maximal en ITA como una D4 enrollada
en C'P? con momento N. Construimos explicitamente esta configuracién, con momento P, ,

y obtenemos el Hamiltoniano:

P N 2
H=—>—|1+tan’p (1 — —sin*
Lsinu\/ + tan u( PXsm u)

Solo el caso maximal es BPS, y en tal caso P, = N y H = N/L. El espacio en que

se enrolla la brana se reduce a un CP? y el gravitén es en IIA un dibarién. Este andlisis
muestra que el dibarion aparece en el lado gravitatorio como caso limite de una brana D4

enrollando el C'P? aplastado.
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Finalmente, proporcionamos la descripcion microscépica de estas configuraciones, a
partir de la accién para gravitones coincidentes en ITA o branas DO (ya existente en la liter-

atura) demostrando la concordancia de este resultado con las descripciones macroscopicas.

3.3. Vértices baridnicos en backgrounds con menos

supersimetria y/o confinantes

Construimos en primer lugar el vértice bariénico a partir de una brana D5 enrolla-
da en Y5 (espacio Einstein) dentro de AdSs x Y5. El resultado es totalmente similar al
caso AdSs x S° ya analizado en la literatura. Comprobamos que existen estados no sin-
glete también en este caso, estables, con un nimero de cuerdas (y por tanto de quarks)
5N/8 < k < N.

A continuacién construimos el vértice baridnico en AdSs x TH! con flujo magnético
F = N1 J, + NoJs. Este flujo disuelve en la configuracién carga de brana D3 y D1:

sDE,_A;/Cﬁ—TQ/@

565 — /\[1;\/%1/02

Analizamos la existencia de soluciones tipo vértice bariénico, y encontramos que el
limite para el nimero de cuerdas permitidas en la configuracién coincide con el encontrado
para el background AdSs x S°:

>5
a —
8

El estudio de la estabilidad de esta configuracién muestra un limite ain mas restric-
tivo, igual que ocurrié en la construccién de vértices barionicos en ABJM. Encontramos
a > 0,813.

Analizamos a continuacién el vértice baridnico en backgrounds (-deformados. En este

caso, la D5 estd enrollada en una S® deformada. Captura un flujo F5 — F3 A By y desarrolla

un tadpole que debe cancelarse con N cuerdas:

SS9 = 21Ty / [Cy —CyANBy]ANF = —N / dtA,
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Es decir, en la parte CS de la acciéon no vemos ningin efecto de la deformaciéon. En la
parte DBI tampoco se observa efecto de la deformacién. Tampoco se modifican la energia

de ligadura, ni los estudios de estabilidad, que resultan igual que en el caso N = 4.

Para analizar los vértices bariénicos en backgrounds con menos supersimetria y con-
finantes, elegimos el background de Maldacena-Nunez, que es solucion de supergravedad
tipo IIB dual a una teoria gauge confinante con supersimetria AN/ = 1. En este caso, encon-

tramos resultados mas restrictivos respecto a los backgrounds analizados hasta ahora.

En concreto, enrollamos una brana D3 en una 3-esfera contenida en el background. Esta

configuracion introduce un tadpole que debe cancelarse con N cuerdas fundamentales:

Sggg:Qng/Cg/\F:—N/tht

Calculamos la accion DBI de la D3 y a partir de aqui el tamano y la energia de ligadura
de la configuracion. Estos resultados dependen explicitamente de las caracteristicas propias
del background de Maldacena-Nuniez a través de una funcién A(p) asociada al dilatén (p

es la coordenada radial en el bulk):

020 — Ap
gsN

Conocemos mediante el background cudl es la forma explicita de esta funcién A(p)

cuando p >> 1 y cuando p << 1. Esto nos permite analizar el resultado de la energia de
ligadura en el UV. Analizando la condicién de fuerza neta nula sobre la brana, encontramos

como limite para el nimero de quarks:

- 3
a/ —
4
Asi, en este caso el limite inferior mejora respecto a otros backgrounds. Pero, a difer-

encia de aquellos, en este caso el estudio de la estabilidad no restringe aiin mas este limite.

Como en el resto de la tésis, completamos la descripcién macroscopica (con flujo
magnético) de la configuracién con la descripcién microscépica complementaria, aprovechan-
do el hecho de que introducir flujo magnético en las configuraciones disuelve carga de
branas de menores dimensiones. Esta descripcion esta dada también en términos de branas
de menores dimensiones expandiéndose en bariones fuzzy. El interés de esta descripcién es

explorar la regién de acoplo de t’ Hooft finito.
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En todos los backgrounds, se parte de la accién de branas de menores dimensiones
expandiéndose en subespacios fuzzy. En cada caso el resultado para la parte DBI y la parte
CS coincide con el calculo macroscépico cuando el numero de branas que se expanden es

muy grande:

» Para el background AdSs x TY!, partimos de n branas D1 coincidentes que se ex-

panden en un espacio S? x S? fuzzy.

= Para los backgrounds g-deformados, partimos de la accién para branas D3 expan-

diéndose en un S? fuzzy.

= Para el background de Maldacena-Nunez, partimos de un sistema de branas D1

expandiéndose en un S? fuzzy.

Si bien estos resultados son completamente satisfactorios, no son completos. Una de-
scripcion completa de las branas D3 o D5 mas el sistema de cuerdas F1 valido para acoplo
de t’Hooft finito requeriria construir spikes fuzzy, de forma que las correcciones o' prove-

nientes de las cuerdas pudieran ser tenidas en cuenta.
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Capitulo 4
Conclusiones

Hemos construido y analizado varias configuraciones de branas tipo particula cargadas
magnéticamente en ABJM. Hemos mostrado que las configuraciones tipo vértice bariénico,
monopolo de 't Hooft y dibarién con carga magnética y niimero reducido de quarks, no
solo son soluciones clasicas de las ecuaciones del movimiento, sino que ademas son estables

bajo fluctuaciones.

Para el flujo magnético inducido en la configuraciéon, encontramos que debe satisfacer
cierto limite superior (e inferior, en el caso del dibarién), de forma que en tal limite se llega

a un valor minimo para el nimero de quarks, que es funcién de N (a través de la funcién

B):
1> 3(1 /1= 57

Para el caso § = 0, el valor de la energia es minimo y el nimero de quarks esta maxi-

mamente reducido.

El anélisis de la estabilidad restringe aiin mas este limite:

1> 14+/1-pm)

T+

con v, = 0,538.
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El analisis anterior es macroscépico, en el sentido de basarse en la aproximacion de
probe brane, vélido en el limite de supergravedad k << N. Hemos completado esta de-
scripcién con la complementaria microscépica, usando el hecho de que podemos disolver
de forma consistente branas DO en las configuraciones. De esta forma, la descripcién mi-
croscopica alternativa viene dada en términos de branas D0 expandiéndose en espacios
C PP/? fuzzy. Esto nos permite explorar la regién de acoplo de 't Hooft finito. Esta expan-
sién es un efecto dieléctrico puramente gravitatorio (involucra la parte DBI de la accién).
La accion CS es la que nos indica la necesidad de introducir un ntimero de cuerdas fun-
damentales para cancelar los tadpoles y construir la configuraciéon de vértice bariénico. El
analisis microscopico preliminar apunta a la existencia de este tipo de configuraciones para

acoplo de 't Hooft finito.

En el andlisis de estas configuraciones, como resultado extra y de por si interesante,
encontramos acoplos dieléctricos de mayor curvatura que no han sido considerados previ-
amente en la literatura. Estos acoplos son necesarios para obtener la carga correcta del
vértice baridnico en la descripcion de multiples branas D0. Mediante dualidad T es posible

predecir este tipo de acoplos para branas Dp, con p > 0.

Hemos extendido estas configuraciones también a teorias con menor supersimetria y/o
confinantes. En concreto, hemos discutido vértices bariénicos no singlete en varios back-
grounds IIB para observar como se veia modificada la dependencia del limite impuesto
en el nimero de quarks con la supersimetria y propiedades de confinamiento de la teoria

gauge dual.

En la aproximacién probe brane, hemos demostrado que este limite es el mismo para
todos los espacios de tipo AdSs X Y5 con Y5 un espacio Einstein con flujo de 5-forma,
independientemente del nimero de supersimetrias preservadas. También ocurre asi para
backgrounds multi S-deformados. Esto senala un comportamiento universal basado en con-

formalidad.

El mismo andlisis, para un background confinante (Maldacena-Ninez) muestra que esta
universalidad se pierde. Pero atin existen configuraciones no singlete, aunque el limite en el
nimero de quarks permitidos es més restringido que en otros backgrounds (esto confirma
la expectativa de que teorias mas realistas deben contener bariones con menor caracter no
singlete). Aunque en este caso, utilizando la aproximacién probe brane, se rompen todas

las supersimetrias, en la literatura ya se han analizado este tipo de configuraciones en el
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caso de que no se rompan y no se obtuvieron cambios significativos.

Ademas, en el caso de backgrounds multi S-deformados, no encontramos dependencia

de la configuracion en el parametro de deformacién.

Igual que hicimos con ABJM, también para estos backgrounds proporcionamos una
descripcién microscopica complementaria en términos de branas de menores dimensiones

expandiéndose en vértices bariénicos fuzzy.

Sin embargo, si bien la descripcién microscépica (para todos los casos) nos permite
explorar la regién de acoplo de 't Hooft finito (de ahi su interés), no podemos concluir que
existan estos bariones no singlete en estas regiones. Deberiamos tener en cuenta no solo
las correcciones o que provienen del analisis microscépico de la brana, sino también las
correcciones o a la accion Nambu-Goto de las cuerdas fundamentales y las correcciones al

background. Esto significaria analizar soluciones tipo spike en estos backgrounds.

Completamos la descripcién de configuraciones en ABJM que permiten (mediante su
descripcién microscépica en términos de expansién dieléctrica gravitacional) explorar la
region de acoplo de 't Hooft finito, construyendo gravitones gigantes a partir de branas M5

expandiéndose en AdS; x S7/Z,. y discutiendo su realizacién al reducir a ITA.

La primera configuracién es una M5 enrollando una S° propagdndose en la direccién
St/ Z,. En TIA se reduce a una NS5 estdtica expandiéndose en una 5-esfera retorcida dentro
de O'P3. El estado fundamental es una configuracién de branas DO gigantes que satisfacen

el principio de exclusion de cuerdas.

La segunda configuracion analizada es la extension de la anterior incluyendo un mo-
mento adicional a lo largo de la direccion isométrica, para obtener asi en ITA un objeto no
estatico. Solo el caso maximal es BPS y el momento adicional anadido permite al gravitén

moverse con momento angular arbitrario.
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La tltima configuracién considerada es una M5 cuya direccién isométrica es S'/Zy,
propagandose tanto en esta direccién como en la fibra S* de la 5-esfera. El estado funda-
mental es un gravitén gigante con tamafo méximo enrollando S°/Z; subespacio de S7/Z.
Al reducir a ITA obtenemos una brana D4 enrollada en un C'P? aplastado dentro de C'P?
propagandose a lo largo de la direccién de la fibra S'. El estado fundamental es de nuevo

el graviton maximal. Esta configuracién se interpreta como un dibarién.

En las configuraciones de gravitén gigante, hemos considerado branas enrollando espa-
cios C'P? y por tanto sujetos a la anomalia de Freed-Witten. Estas branas llevan por tanto
flujo magnético semientero en su worldvolume, que debe compensarse con un campo Bs
adicional. Este campo es el introducido también en los vértices bariénicos y que condujo

a la necesidad de introducir acoplos de mayor curvatura, no discutidos antes en la literatura.

Hemos descrito estos gravitones gigantes microscopicamente, de igual forma que los

vértices barionicos, en términos de branas D0 expandiéndose en espacios fuzzy.

Sin embargo, no hemos encontrado un gravitén gigante expandiéndose en el C'P? en
AdS, x CP3, aparte del dibarién. La brana D4 enrollando el C'P? aplastado dentro de C'P3
con momento no nulo esta descrita por un Hamiltoniano muy parecido al que describe las
soluciones de graviton gigante en otros backgrounds. Sin embargo, el estado fundamental
corresponde al gigante maximal, es decir, el dibarién. Es posible que induciendo momento
angular en la NS5 o la D4 de forma que se pueda construir un graviton gigante dual gira-

torio, sea posible obtener el gravitén gigante en AdSy x C'P3.
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1 Introduction

The AdS;/CFTs duality relates the Type IIA superstring on AdSy x CP3 to an N = 6
quiver Chern-Simons-matter theory with gauge group U(N); x U(N)_j known as the
ABJM model [1]. Like its AdS5/CFTy counterpart it is a strong/weak coupling duality,
with 't Hooft coupling A = N/k. Being the superpotential coupling proportional to k=2,
an appropriate large k limit N < k% allows for a weak coupling regime. The Type IIA
theory is then weakly curved when k < N.

The C'P? space has H4(C'P3) = R for even g. Therefore it is possible to have D2, D4
and D6 particle-like branes wrapping a topologically non-trivial cycle. In AdS, x C'P3 these
branes were already discussed in [1], and their interpretation in the context of the CFT
dual given. The D6-brane wrapped on the entire C'P? is the analogous of the baryon vertex
in AdSs x S° discussed by Witten in [2]. Due to the Fg flux of the background it has a
tadpole that has to be cancelled with N fundamental strings ending on it, which correspond
to N external quarks on the boundary of AdS4. Similarly, the D2-brane wrapped on
a CP' C CP? captures the Fy flux of the AdS, x CP3 background, and develops a
tadpole that has to be cancelled with &£ fundamental strings ending on it. The field theory
interpretation of this brane is as a 't Hooft monopole, realized as a Sym;, product of Wilson



lines. The D4-brane wrapped on a CP? C C'P? does not capture any of the background
fluxes, and it is gauge invariant. It is dual to the di-baryon operator [3, 4], which has the

same baryon charge and dimension to agree with the gravity result.

These gravitational configurations admit a natural generalization by allowing non-
trivial worldvolume gauge fluxes [5]. These generalizations have been proposed as candi-
dates for holographic anyons [6] in ABJM [7], and are therefore of potential interest for
AdS/CMT applications. Allowing for a non-trivial worldvolume magnetic flux has the
effect of adding lower dimensional brane charges to the configurations, in particular DO-
brane charge. This modifies how the brane captures the background fluxes in a way that
depends on the induced charges, such that, in some cases, additional fundamental strings
are required to cancel the worldvolume tadpoles. The D2 and D6-branes are only stable
if the induced charges lie below some upper bound. In turn, the D4-brane with flux be-
haves quite differently from the zero charge case, since it now requires fundamental strings
ending on it. Given that in the presence of a non-trivial magnetic flux all these branes
require fundamental strings ending on them we will loosely refer to them as baryon vertex
like configurations.

In this paper we further generalize these constructions by reducing the number of
strings that stretch between the brane and the boundary of AdSy, i.e. the number of
quarks. It was shown in [8, 9] that in AdS5 x S° perfect baryon vertex classical solutions to
the equations of motion exist for a number of quarks [ satisfying 5N/8 < I < N. Although
one would expect that bound states of quarks should be singlets of the gauge group the
analysis of the stability against fluctuations confirms that the configurations are stable for
a number of quarks 0.813N <[ < N [10]. It is likely that this will not be the case in other
theories with reduced supersymmetry.

It is one aim of this paper to perform a similar analysis for magnetically charged baryon
vertex like configurations with reduced number of quarks in AdS,; x CP3. Our analysis will
reveal that also in this case baryon vertex like classical solutions exist that are moreover
stable against fluctuations.

In order to be able to use the probe brane approximation in the study of the dynamics
we will consider a uniform distribution of strings on a CcP: geometrical shell, with p =
2,4,6. This will be our particular profile for the distribution of quarks inside the baryon
vertex configuration. Although this choice completely breaks supersymmetry we will be
able to ignore the strings backreaction [9, 11, 12].

The fact that the magnetized branes have dissolved DO-branes in their worldvolumes
hints at the existence of a microscopical description in terms of non-Abelian n D0O-branes
polarizing due to Myers dielectric effect [13]. This description allows to explore the configu-
rations in the region where N < n;l k, and is therefore complementary to the supergravity
description in terms of probe branes. We will see that classical stable solutions still exist
in this regime. Moreover, we will show that the flat half-integer B field that is required
by the Freed-Witten anomaly in the di-baryon [14] has to be introduced already at the
classical level so that a C'P? non-spin manifold can be recovered in the large n limit.

The organization of the paper is as follows: We start in section 2 by summarizing some



of the properties of the magnetized baryon vertex like configurations constructed in [5]. In
section 3 we reduce the number of quarks and find the values for which classical configu-
rations still exist. In section 4 we perform the stability analysis under small fluctuations.
Section 5 is devoted to the microscopical description. This description will confirm the
existence of non-singlet classical stable solutions when N < k°. An interesting output of
this analysis will be the derivation of new higher curvature dielectric couplings not pre-
dicted before in the literature. Finally, in section 6 we summarize our results and discuss
further directions. We have written appendix A, containing a number of useful results on
the AdSy x C P? background and also appendix B with the computation of the Kihler form
for the fuzzy C'P g, used in the main text.

2 Magnetically charged baryon vertex configurations in AdS, X CP3
spaces

It was shown in [5] that it is possible to construct more general monopole, di-baryon
and baryon vertex configurations in AdS; x C'P? if the particle like branes carry lower
dimensional brane charges induced by a non-trivial magnetic flux ' = N'J, where J is the
Kéhler form of the CP3. For the D2 and D6 branes the effect of the magnetic flux is to
allow the construction of similar monopole and baryon vertex configurations with D0O-brane
charge and a different number of fundamental strings attached. Indeed the study of the
dynamics reveals that the configurations are stable if the magnetic flux does not exceed
some maximum value, for which the configurations reduce to radial fundamental strings
(free quarks) plus the wrapped D-brane.

The di-baryon is more substantially modified by the presence of the magnetic flux,
capturing the F5 flux and developing a tadpole. In this case the study of the dynamics
shows that the D4-brane with the fundamental strings attached is stable if the magnetic
flux takes values in a given interval, at the limits of which the configuration ceases to be
stable and reduces to free quarks plus the D4-brane. This is consistent with the fact that
the D4-brane with F-strings does not exist for zero magnetic flux. Moreover, since the
D4-brane wraps a non-spin manifold it must carry a half-integer worldvolume magnetic
flux due to the Freed-Witten anomaly [15]. In order to still keep its dual interpretation as
a di-baryon it was proposed in [14] that a flat half-integer Bs-field should be switched on in
the dual background in order to cancel the contribution of the Freed-Witten worldvolume
magnetic flux.

A question that remained open after the study in [5] was the interpretation of the
magnetized Dp-branes in the field theory. A difficulty comes from the expected lack of
SUSY for the D2 and D6-branes. In turn the D4-brane with flux forms a threshold BPS
intersection with the DO-branes. Therefore one could expect that a supersymmetric spiky
solution exists and one could give an interpretation to the bounds in the gauge theory dual.
As shown in [5] the maximum (and minimum, if applicable) values of the magnetic flux are
functions of v\, with A the ’t Hooft coupling, for all branes. This suggests an origin on
the conformal symmetry of the gauge theory. Ultimately one would expect a connection
between the existence of these bounds and the stringy exclusion principle of [16].



We summarize next the energies and charges carried by the various branes. In order
to set up the notation a short review of the AdS; x C'P? background is given in appendix
A. We will use Poincaré coordinates to parameterize AdS, throughout the paper.

2.1 Charges and energies

The computation of the energy of a Dp-brane in AdS, x CP? wrapped on a CP> cycle of
the CP? with p = 2,4 and 6, in the presence of a magnetic flux F = NJ, with N/ € 27Z,
was done in [5]. We review this result and show that the equations of motion are satisfied
for F = NJ.
The DBI action is
_ 1

5,= =T, [@etderPlo+ 25T T= o1, (2.1)

where F = F + 217T By and we set £ = 1. The equations of motion arising from varying the

gauge potential are given by
Ou (VI det P(lg + 277])| (Plg + 277)) 1) =0, (2.2)

where [a3] denotes the antisymmetric part. Identifying the world-volume coordinates with
the angles of the various CP-cycles as indicated in appendix A and considering static
solutions independent of the ¢¥’s we find an induced metric

162
2 _ 2 1272
dsig = — 12 dr*+ L dsCPg . (2.3)

Using that in our case F is proportional to the Kahler form, since F' = N.J and By = —2m.J,
we can easily prove that the equations of motion are satisfied. If M is an antisymmetric

1
p X p matrix satisfying M? = —c I, where for consistency ¢ = — Tr(M?), one can show that
p

I+M)~t="1" +]‘f , and, moreover, due to the fact that M is antisymmetric: det(I+ M) =
(1 +¢)2. Using these identities we find that 9a(y/9J*P) = 0, where g is the metric on
cpP Z27, or equivalently V,J* = 0. The latter is the condition for having a Kihler manifold
and therefore it is automatically satisfied. Also we find that the DBI action is given by

(we use ¢ = (277N)?)

Shp = _Zp /dp+1§\/—det(g+27rf) = —Qp/dTQLp, (2.4)
where T v
Q= gp Vol(CP3%) (L*+ (27)2(N —1)%)%,  for p=2,6 (2.5)
and T
Qi = g4 Vol(CP?) (L* + (27N)?) | (2.6)

since in this case By cancels the contribution of the Freed-Witten vector field, such that
F=Fpw +NJ+ 217rBQ = NJ. Also, in this case

T T .
SPhr = —94 /d5£\/—det(9 +271F) = —94 /d5£ Vgetl/gp2 <L4 +2(27) FopF ﬁ)

’ (2.7)



The volume of the CP? is given by

P
T2

(5)!
From (2.5) and (2.6) it is clear that N2 is comparable to L* > 1.

Analyzing the Chern-Simons actions one can also show that the magnetic flux has

Vol(CP2) = (2.8)

the effect of dissolving lower dimensional brane charge in the Dp-branes. For instance the
D4-brane has D2 and DO-brane charges dissolved, as can be seen from the couplings:

Sg§:2ﬂT4/ C3/\F:NT2/C3 (29)
Rx P2 2
and
D4 1 2 N2
SCS = (271') T4 Cl ANFANF = TO Cl s (210)
2 R x P2 8 R

respectively. In general the number of Ds-branes dissolved in the worldvolume of a Dp is
given by [5]
N2
n= ., .
22 (P7)!
Both the D4 and D6-branes have C' P! D2-branes dissolved. Therefore in the presence of a
magnetic flux they capture the F5 flux and develop a tadpole with charge

(2.11)

Nzt
g=k , (2.12)
22715 —1)!
More explicitly, for the D4-brane we have that
psa 1 2 _ 2
2 R x P2 Rx P2
=k '/;/ Tr1 | dtA (2.13)
The analogous coupling for the D6-brane is
pe _ 1 3 N?
Scg = _(2m)°Ts P[RRINFANFNA=k Try | dtA;. (2.14)
6 RxP3 8

Note however that for the D6-brane the couplings fD6 F5NByAByAA and fD6 FSsANFABoANA
in its CS action contribute as well to its k charge. In the absence of magnetic flux it was
shown in [14] that the contribution from f pe F2 N Ba A Ba A A is cancelled from the higher
curvature coupling [17-19]

SP6 2(%)5 T / CyAF A \/ j((f/)) , (2.15)

where A is the A-roof (Dirac) genus

Ao D TPy —4p2 |

2.1
24 5760 (2.16)



and the Pontryagin classes are written in terms of the curvature of the corresponding
bundle as

1
N ((TrR2)2 - 2TrR4) . (2.17)
T

This charge cancellation is consistent with the dual interpretation of the D6-brane as a

. 1 .
P1=—¢ o Tr R?, P2 =

baryon vertex. For a non-vanishing magnetic flux the term | pe F2 AN F' A Ba A A contributes
however with —kA/ /4 units of F-string charge, as shown in [5]. Therefore, adding the N
units induced by the Fg flux,

S8 =2r T6/ PlFs)| NA=NTp /tht , (2.18)
RxP3

not captured by the other branes, we find that the total F-string charge carried by the
D6-brane is given by

NN -2
gpe = N + k ( 3 ) (2.19)
Note that this is always an integer due to the quantization condition
1 N
F = 7 2.20
2w / 2 < ( )

3 Varying the number of fundamental strings

It was shown in [8, 9] that the baryon vertex in AdS5 x S° can be generalized such that
the number of quarks [ lies in the interval 5N/8 < I < N. These configurations are not
only perfect classical solutions to the equations of motion but for 0.813 N < [ < N are
stable against fluctuations [10]. In this section we generalize the construction in [8, 9] to
the baryon vertex like configurations discussed in the previous section. We will see that in
all cases there exist configurations with a reduced number of quarks that are solutions to
the classical equations of motion.

We consider a classical configuration consisting on a Dp-brane wrapped on C'P Z27, lo-
cated at p = po, [ strings stretching from pgy to the boundary of AdS, and (¢ — ) straight
strings that go from pg to 0. The configuration is depicted in figure 1. Further, we switch
on the magnetic flux F = NJ, with J the Kéhler form of the CP3. Taking the gauge
T =t, 0 = p for the worldsheet coordinates of the string, the Nambu-Goto action of the [
fundamental strings is given by [20]

16p*

Sypt = —1Tp /dtdp \/1 + LZ 2 (3.1)
where r is the radius of the configuration at the boundary of AdS,. The equations of
motion then reduce to w )

16 4
pr4 e Lp; (3.2)
L4 \/1 + 12’2 r'?

where the constant has been fixed demanding that ' = oo at the turning point of each
string, p;. The turning point is such that 0 < p; < po. From (3.2)

2 2
/ L*py _
=Ta

o - (3.3)
4p%\/p* = pi
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Figure 1. A baryon configuration with l-external quarks placed on a circle of radius ¢ at the
boundary of AdS space, each connected to a Dp-brane wrapped on a C P2 located at p = po, and
q — | straight strings ending at 0.

Defining a = é, the boundary equation reads

1 1—-a ot
1— 32 =4/1=-"1 3.4
NI \/ i (34)
where we defined [5]
2Q
1— 032 = L 3.5
V1i-8 LT (3.5)
We then must have 20
P< (3.6)
LqTp

in order to find a stable configuration. Since @, (and also g, for the D4 and D6-branes), are
functions of A/ this condition imposes a bound on the magnetic flux that can be dissolved
on the worldvolume. For the D2 and D6-branes N must lie below some upper bound, for
which 8 = 0. For the D4 the magnetic flux must also lie above a lower bound, for which
[ =0 as well. This is consistent with the fact that the D4-brane with fundamental strings
attached only exists for non-zero magnetic flux.

For the values of the magnetic flux allowed by equation (3.6) we must still fulfill the
boundary equation (3.4), and this implies that

W1-3+q-1<I N l>;](1+\/1—52)=lmin (3.7)



This condition determines the minimum value of strings that can form the baryon vertex
like configuration. Note that [, is a function of the magnetic flux, and is such that it
decreases with 3. For the D2 and D6-branes [ is maximum for zero magnetic flux, for
which Ipi, reaches its minimum value: Iy, = $(1+ 217r), Imin = 9(1 + 617T), respectively.

Recall that for this value of the magnetic ﬁux the configuration is maximally stable [5].
N _

L2 = o
configuration. For this value of the magnetic flux /g is minimum!, and one finds the

For the D4-brane 3 is maximum when which also corresponds to the most stable
maximum range of values allowed for I: (1 + 27r) <[ < q. Again, thls range is maximum
for the most stable configuration. On the contrary, when § = 0 we can only have [ = ¢,
and therefore it is not possible to reduce the number of quarks. For this value of the
magnetic flux the strings are no longer bounded and the configurations reduce to ¢ free
quarks. Indeed, 8 = 0, | = ¢ implies p; = py — p' = oo, i.e. the fundamental strings
become radial. Note as well that when [ = l,;, the strings become radial for any value of
the magnetic flux. The conclusion is that the (I, N') parameter space for which the classical
configurations exist is bounded by those values corresponding to the free quarks case.
Equations (3.3) and (3.4) allow to calculate the radius of the configuration,

L L 137 pt 1 lmin Linin
/ p; 2F1 Y 40 4 p}l ) pi =4 1- ) (38)
1298 \/ 1208 2°47 4" pg 06 l l

where we have changed the integration variable as follows z = p’; and oF(a,b,c;x) is a

.;:.

hypergeometric function. This expression has the same form than the size of the baryon
vertex in AdSs x S [8, 21] and the ¢ system [20, 22]. Note that the dependence on the
location of the Dp-brane, pg, and on L? is also the same. This is a non-trivial prediction
of the AdS/CFT correspondence for the strongly coupled CS-matter theory. Note as well
that (3.8) reduces to the expression found in [5] when [ = q.

The total on-shell energy is in turn given by

E = Epp+ Eip + Eg-yr
q ) 00 22 q-— l 1
= 1 Tr, po l\/1—5 + [ d + dz | . (3.9)
1 \/24 _ pi 0
Po

The binding energy can then be obtained by subtracting the (divergent) energy of the
constituents. Note that, as we have discussed before, the free quarks configuration is
degenerate, since it can be reached in three cases: when the Dp-brane is located at pg =0
(at this location the energy of the Dp vanishes), as in [8], when § = 0 (< [ = ¢) and pg
is arbitrary, and when [ = Iy, for any 8 and any pg. In all these cases the constituents
contribute with an energy {1 fooo dp and the binding energy is given by:

113 lmln lmin lmin
Ebin:lTFlpo{_2F1< RPN (1— ; >>+2 ; —1}. (3.10)

'Recall that in this case ¢ = kN/2.
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Figure 2. Positivity of f(z) as a function of x

This expression has again the same form than the corresponding expressions in [5, 8, 20—
22].2 Setting = = I/l the configurations are maximally stable when z is minimum, i.e.
when [ = g and 3 reaches its maximum value. This happens for zero magnetic flux for the
D2 and D6-branes, and for £§ = 217r for the DA4.

From (3.8) and (3.10) we have that for all [ and A the binding energy of the

baryon reads

N 2/5
By = — ()" e) <0 (3.11)
since f(z) > 0. The behavior of f(x) is depicted in figure 2. Moreover the binding energy
dE d’FE

satisfies the concavity condition < 0. Therefore the force is manifestly at-

>0,° "
tractive and increasing in magnitu%lé. Note however that this was not necessarily expected
for baryons, since in this case there is no analogue of the concavity condition for heavy
quark-antiquark pairs [23, 24]. The 1/¢ behavior is that dictated by conformal invariance,
whereas the non-analytical dependence on the ’t Hooft coupling A is the one predicted
in [25-31], which hints at a universal behavior based on the conformal symmetry of the

gauge theory.

4 Stability analysis

We shall next consider the stability analysis of the classical solution. We know from [10]
that the instabilities can emerge only from longitudinal fluctuations of the [ strings, since
only these possess a non-divergent zero mode, which is a sign of instability. To study the
fluctuations about the classical solution we perturb the embedding according to

r=ra+0r(p) (4.1)
and expand the Nambu-Goto action to quadratic order in the fluctuations. dr is then

d ((p*=p})*? d
_ 4.2
dp( p*  dp =0 (42)

2In this case we have added the on-shell energy of the Dp-brane.

solved from the equation



from where we find

[e§) 2 4
p A 337 pi
or :A/p dp(pﬂ‘—p‘ll)?’/z =, 3 2F1< . (4.3)

Supplementing with the boundary condition (eq. (3.12) in [10])

4
poy2or + 2(1+ 72)57° =0 at p=py where ~= \/1 — ,Oi , (4.4)
Po
we find that
337 3
F i1 —A%) = . 4.5
? 1<2’4’4’ K ) 2v(1+12) (45)

The numerical result for v is then 7, = 0.538. The critical value for a can be read from (3.4),
and we find it is a function of the magnetic flux

1 1— 32
L+
Therefore, for the various configurations with magnetic flux there is a bound for the

number of F-strings coming from stability

q
> 1+%(1+\/1—62) (4.7)

which is more restrictive than the bound imposed by the existence of a classical solution
1> g(1+\/1—52). (4.8)

Note that in fact the stability condition (4.7) imposes a bound on the magnetic flux 1 +
/1= (2 < 1+ 7. which is also more restrictive than the one coming from (3.6), since
now (3 > \/ 1 —~2 and therefore 3 = 0, which was setting the condition for the maximum
(and minimum, if applicable) magnetic flux, is not reached. Therefore stability further
restricts the allowed values for the magnetic flux coming from the analysis of the equations
of motion.

Finally, we turn to the fluctuations of the Dp-brane. We perturb the embedding
according to

leaving the position of the Dp-brane at p = pg intact due to the gauge choice p = o for
the strings. To be more precise, the p-fluctuations can be proven to be decoupled from
the others both in the equations of motion and in the boundary equations; being periodic
in the angles of CP:. Moreover, leaving the position of the brane at p = py can also be
proven to be allowed for spaces for which gy ~ p? (as in AdS,) at zero mode of the angular
fluctuations, whereas for higher modes the dp fluctuations are stable. Moreover, for the

,10,



CP' and CP? cases we have kept fixed the D2 and D4 embeddings on the CP3. We then
find that to second order in the fluctuations the expansion of the Dp-brane action reads

T
Spp = _gpr(1 +c)i /dtde\/—gtt\/w x (4.10)
Guv af v v . .V _ 2
1 00 02*0pd ozt o ) =(2 )
X{ +2(1+c)7 oot +2gttx x} ¢= )

where ¢ = (2r(N —1))? for the D2 and D6-branes, ¢ = (2rA)? for the D4, 7,5 is the metric
of CP% and the action is calculated at p = po. The subscripts «, u refer to the angles of
CP2 and to the x,1y coordinates, respectively. Expanding the fluctuations in terms of the
spherical harmonics of the C'P 2 coset manifold? as

Sah(t,00) = 52 ()W ,(0,) | (4.11)

we find from the Euler-Lagrange equations for the action that

A2t

e L 2o, (4.12)

Cl+4c
Note that there are no boundary conditions for these fluctuations, the reason being that
the R x C P2 space has no boundary. The conclusion is that the Dp-brane is also stable

against fluctuations.

5 The microscopical description

In the previous sections we have described magnetically charged baryon vertex like con-
figurations with varying number of quarks using the probe brane approximation. This
description is valid in the supergravity limit L > 1 (in string units), equivalently when
k < N, and in the weakly coupled region in which g, < 1, equivalently when N < k°. In
this section we show that it is possible to give a description for finite 't Hooft coupling in
terms of fuzzy CP 2 manifolds built up out of dielectrically expanded DO-branes.

The fact that the magnetic flux induces D0-brane charge on the Dp-branes wrapped
on C'P2 suggests a close analogy with the dielectric effect of [13, 32]. We then expect
that a complementary description in terms of coincident DO-branes expanded into fuzzy
CP% manifolds should be possible. This would be the ‘microscopical’ realization of the
‘macroscopical’ Dp-branes wrapping classical CP3 spaces with magnetic flux. It is well
known that the macroscopical and microscopical descriptions have complementary ranges
of validity [13]. The first is valid in the supergravity limit L > 1, whereas the second is a
good description when the mutual separation of the expanding D0-branes is much small?r
than the string length. For n expanding such branes this is fixed by the condition L < nr.
The two descriptions are then complementary for finite n and should agree in the large n
limit, where they have a common range of validity. In AdSy x C'P3 the regime of validity

3Satisfying the eigenvalue equation V?,\Ilg = —w? W, where w} is positive since the Laplace operator is
defined on a compact manifold.
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of the microscopical description is fixed by the condition that N <« nf’ k. Therefore this
description allows to explore the region of finite 't Hooft coupling.

Dielectric branes expanding into fuzzy coset manifolds have been discussed in the lit-
erature in different contexts [21, 33-36]. G/H coset manifolds can be described as fuzzy
surfaces if H is the isotropy group of the lowest weight state of a given irreducible repre-
sentation of G [33, 37]. Since different irreducible representations have associated differ-
ent isotropy subgroups they can give rise to different cosets G/H. For instance, C' P? has
G =SU(3), H = U(2), and this is precisely the isotropy group of the SU(3) irreducible rep-
resentations (m,0), (0,m), where we parameterize the irreducible representations of SU(3)
by two integers (n, m) corresponding to the number of fundamental and anti-fundamental
indices. Any other choice of (n,m) has isotropy group U(1) x U(1) and therefore yields
a different coset, SU(3)/(U(1) x U(1)). One can also take a more geometrical view more
suitable for our purposes. Using the fact that CP 2 spaces can be defined as the subman-
ifolds of R 7 determined by a given set of p?/4 constraints, a fuzzy version arises by
promoting the Cartesian coordinates that embed the CP2 in Rpf *P to SU(} + 1) matri-
ces in the irreducible totally symmetric representations (m,0) or (0,m). Indeed only for
these representations can the set of p?/4 constraints be realized at the level of matrices.
The Cartesian coordinates are then taken to play the role of the non-Abelian transverse
scalars that couple in Myers action for coincident D-branes. Using this action one can then
provide a microscopical description of a Dg-brane wrapped on the classical C' P 2 space in
terms of D(q — p)-branes expanding into a fuzzy C'P 2. Exact agreement between the two
descriptions is found in the large m limit.

5.1 The DBI action in the microscopical description

The DBI action describing the dynamics of n coincident D0-branes is given by [13]

Seho = — / dr STr{M\/ |det (P[EW +Eu(Q' - 6)ijEjkEky])detQ|} (5.1)

where E' = g + B,
Q=0+, (X7, X" Ey; (5.2)

and we have set the tension of the DO-branes to 1. We take g,, to be the metric in
AdS, x CP3 and By = —2mJ, as in appendix A. The number of DO-branes, n, is related
to the magnetic flux of the macroscopical description by (2.11), with s =0

NP
n= o . . (5.3)
22(3)!
We now let these DO-branes expand into a fuzzy C'P 3 space to build up a Dp-brane.

We find that
1

2
SDBI -, / dr Lp STry/det(Q) . (5.4)

s
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As we have mentioned, a fuzzy version of C'P 2 is well-known. Here we will mainly fol-

low [38]. C'P? is the coset manifold SU(5+1)/U(%), and can be defined by the submanifold

2
of R"t P determined by the set of p? /4 constraints

p2 p2

v v pq

Z o'zt =1, Z dikgigh = 2 x' (5.5)
i=1 jh=1 \/i(é’ +1)

where d7* are the components of the totally symmetric SU(% + 1)-invariant tensor. The
Fubini-Study metric of the C'P 3 is given by

P

2 _ i\2

dscpg =A@+ g (dz")=. (5.6)
i=1

A fuzzy version of CP? can then be obtained by imposing the conditions (5.5) at the
. 2

level of matrices. This is achieved with a set of coordinates X* (i = 1,...,% + p) in the

irreducible totally symmetric representation of order m, (m,0), satisfying

1
pm? P
\/4(g+1) +ym

with fj;x the structure constants in the algebra of the generalized Gell-Mann matrices of

(X%, X] = i) Fie X" Ay = (5.7)

SU(% +1). The dimension of the (m,0) representation is given by

. (m+7)!
dim(m,0) = mi(?) (5.8)
The Kahler form of the fuzzy CP 2 is given by (see appendix B):
1 P k
i = X .
% ’2’+1\/4(§+1)f”’“ (5:9)

Substituting this non-commutative ansatz in (5.4) we can compute det(Q). This is
however a difficult computation to perform in general, since Qij = 5ij + M ij with M
given by

, 1 pL? D
M’ =— Ay fira X' & — m X" 5.10
J 127+ 1 (m)flkl < 8r 7 4(12) + 1)fkjm ) ( )
and one has to compute traces of powers of M using the constraints above as well as (B).
Given this we are going to start by making the comparison with the macroscopical calcu-
lation. For this purpose it is enough to work to leading order in m, to which the second
term in (5.10), coming from Bs, does not contribute. This should match the macroscopical
result for By = 0. Indeed, recall from section 2.1 that Bs contributes to (2.4) to order

O(1/N). Already in this case we find that

p (5 +1)
Tr(M)=0,  Tr(M?) = ~o1 2"l Tr(M3) = —i 2727T3L2 2, (5.11)
4 P 2 p p 2 3
(MY = 0 T ((2 +1) —4)7“ I,
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with

L4
r= . (5.12)
m(m+ 5 +1)
However, in the limit
L4
L>1, m>1, with r~ ", =finite, (5.13)
m

some terms in the traces of higher powers of M drop out, and we find

n n r " n
Te(M?") = p(—1) (16W2) I, Te(M*1)=0. (5.14)
Substituting in (5.4) we then obtain that
p
r 2
det(Q) = (1 + 167T2> I. (5.15)

The DBI action of n DO-branes expanding into a fuzzy C'P 2 is then given to leading
order in m by

L i 2p
shpr— " (1 /d 5.16
where n = dim(m, 0) arises as dim(m,0) = STrI. Note that in the regime of validity of

4
the microscopical description L < nll’ — L* < m?, and we could expand in powers of L2.
We will see however that the agreement with the macroscopical description still holdswfl’or
the entire expression in (5.16). We encountered already this situation in the microscopical
descriptions of giant gravitons in [34, 36, 39, 40]. Taking into account (5.8) and (5.3) we
have that to leading order in m the label of the irreducible representation and the unit of
magnetic flux are related through

m o~ N (5.17)
2
and (5.16) becomes
T, 4 2
= —gp Vol(cp‘z’)(L4 + (2771\/)2) ! / dr L’” , (5.18)

which exactly matches the result (2.4) of the macroscopical calculation for By = 0. Note
that A/ ~ 2m is in agreement with the quantization condition N € 27Z.

Let us now include the effect of the By field. We know from the macroscopical cal-
culation that By produces a shift N'— A — 1 in the D2 and D6-branes, and cancels the
contribution of the Freed-Witten worldvolume flux in the D4-brane. Its effect is therefore
O(1/m), and this is why we could ignore it in the leading order calculation above. Analyti-
cal and numerical results for By # 0 and the agreement with the macroscopical calculation
suggest that the complete expression for the determinant to order O(1/m) can be obtained
from the expansion of

2 2
1 T

det(Q) = 1- +
e( ) 2\/m(m—{—g—|—1) 1672

(5.19)
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This is the exact result for p = 2 in the limit (5.13) and correctly matches the macroscopical
result to this order for all p. Indeed, using (5.19) we find that

2 4
1 L 2p
SpBI _ T n /dT . (5.20
o 9s 2\/m(m +2 1) 1672m(m + § +1) L 020
which to order O(1/m) yields
DBI T N 2 p %\ i 2p
Sypbo = ~ Vol(CP2)| L* + (2m)*| 2m + 5 +1-1 dr [ (5.21)

Here we have not cancelled the two ones inside the parenthesis to emphasize their different
origin, coming from the 1/m expansion of the second term in (5.20) (the +1) and the Bs
contribution (the -1). Comparing to the macroscopical calculation for By # 0 this result

suggests a redefinition of N'= N (m) to order O(1/m):
N=2m+_+1 for p=2,6 (5.22)

N =2m + for p=4 (5.23)

RSl VL]

With these redefinitions we can, on the one hand, obtain a magnetic flux properly quan-
tized, i.e. such that N' € 2Z, and, on the other hand, reproduce the expected shift of
N, N —- N —1, for p=2,6. The p = 4 case is more interesting. Recall that in the
macroscopical analysis By was introduced in order to cancel the flux of the (Freed-Witten)
vector field required by the Freed-Witten anomaly, such that F = Fry + 217T By =04
Microscopically we should see, in the absence of Bs, an obstacle to the expansion of the
DO0-branes into a C' P2, which should be absent for the C P! and C' P3. However, since the
Freed-Witten field strength cannot couple in the worldvolume of DO-branes it is not clear
a priori how exactly a non-vanishing By could allow the construction of the CP?. We
have found through a simple classical computation that B is required in order to get an
even N, that is later interpreted as (twice) the units of magnetic flux in the macroscopical
description. This clarifies the precise way in which the flat half-integer By allows for the
correct construction of the di-baryon with magnetic charge at the microscopical level. We
will see in the next section that the analysis of the charges carried by the different branes
confirms the redefinitions (5.22), (5.23).

In conclusion, we have seen that it is indeed possible to give a microscopical description
of the magnetic baryon vertex like configurations of [5] in terms of DO-branes expanding
into fuzzy CP 5. This expansion is caused by the couplings in the Born-Infeld part of the
action, and therefore it is entirely due to a gravitational dielectric effect, analogous to the
one described in [21, 41]. The regime of validity is fixed by the condition

(m + g)!] »
(2!

“In fact, the original argument supporting this B-field in [14] had to do with the analysis of the

Nk (524)

supergravity charges, while the analysis of the D4-brane worldvolume dynamics arose as a consistency
check. We refer to the original paper for more details.
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Therefore for finite m this description allows to explore the region of finite 't Hooft coupling.
Note however that for Bs # 0 we have not been able to give exact analytical expressions

beyond the constant term in a 1/m expansion.

5.2 The F-strings in the microscopical description

An essential part of the baryon vertex-like configurations described in this paper are the
fundamental strings that stretch from the Dp-brane to the boundary of AdS;. In this
section we show how these strings arise in the microscopic setup.

The CS action for n coincident DO-branes is given by

Scs = / STr{p<ez’;(ixix) e eBQ>eQ7rF} : (5.25)
R q

In this expression the dependence of the background potentials on the non-Abelian scalars
occurs through the Taylor expansion [42]

Co(t, X) = Cy(t) + X*0,C, (1) + ;Xlxkalakcq(t) +o (5.26)

and it is implicit that the pull-backs into the worldline are taken with gauge covariant
derivatives Dy X" = 0, X" + i[ Ay, X*].
In the AdS,; x CP? background we have

2L L°
Fy = J, Fs = JNINJT, By = —27J (5.27)
s Js

with J the Kihler form of the CP3. Therefore taking into account (5.26) the relevant CS
couplings in this background are

Scs = z/dTSTr{ [(ZXZX)FQ - (272 (ZXZ)()?’FG + o (ZXZX)2F2 A By —
11
9 (27‘()2 (lex)gFQ A By A B2:| AT} . (5.28)

These terms arise, respectively, from

Scs —/STI“{ <Cl— (2711_)2 (iXiX)205+2Z7T (ixix)cl /\BQ—;JL: (2711_)2 (ixix)ch/\BQ A By
(5.29)
n (5.25).

The first coupling in (5.28) is non-vanishing when the DO-branes expand into a fuzzy
CP', which can be that in which a D2-brane is wrapped or any of the CP' cycles of a
CP? D4-brane or a C'P3 D6-brane. Since the Kihler form for a fuzzy CP 2 is given by (see
the appendix B)

1 P k
- X .
Jij 12)+1\/4(;2)+1)fzjk (5.30)

we find that

Scs, = i/STr{(iXiX)Fg AAY = k‘(m <m + 127 + 1)>_1/2 (”T:L@%)!)! /dTAT (5.31)
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which gives in the large m limit

mg_l
Scs, =k (®)! /dTAT (5.32)
5)!

Taking into account that the dimension of the irreducible representation is related to the

N
92

previous section, we find that the number of fundamental string charge in each C'P! is

units of magnetic flux of the macroscopical description by m = as we showed in the

given by:

2 Nzl
k

= 5.33
P22 (B 1) (5.33)

q

which is in agreement with the macroscopical result (2.12).

Let us now look at the second term in (5.28). This term is non-vanishing when the
DO0-branes expand into a fuzzy C'P3, so it should give the fundamental string charge carried
by the CP? D6-brane in the large m limit. The explicit computation gives

=3/2(m + 3)!
m!

Ses, = — (22)2 / STr{(ixix)Fs A A} = N (m(m +4)) / drd,  (5.34)

and, in the large m limit
Sos, = N / drA. (5.35)

in agreement with the macroscopical result.

The third and fourth terms in (5.28) contribute when we take into account the Bs
field that is necessary to compensate the Freed-Witten worldvolume field of the DA4-
brane. Therefore they contribute to the k charge to order O(1/m) relative to (5.32).
We find, explicitly:

1 “Lm + Pl
Sosy = —, /STT{(iXiX)ZFz A By /\A} = —k‘<m<m+ ]29 + 1>> (:Z' (pz),) /dTAT
1(2)!

(5.36)
and

i1 o
565, =~y (g /STr{(zXzX) FyAByABy A A

_ ?;!k<m <m -0 1>>3/2 (Z!g?;?! / dr A, (5.37)

These yield in the large m limit

mg_Q
Sosy = —k "0 / dr A, (5.39)
(5!
and b
| _
8 (5!

respectively. In order to find the total k charge to this (lower) order in m (relative to (5.32))
we have to add the contributions to this order coming from (5.31), that we have ignored
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in (5.32). Doing this we find that the total F-string charge for p = 2 is still k, but for p = 4
and p = 6 it is given by k(m + 1), N + g((m +2)2—m—2+ }1), respectively. Taking into
account the redefinitions (5.22) and (5.23) we find precisely the kAN /2 units of F-string
charge of the C'P? D4-brane and the N + k:N(Agﬂ) units of F-string charge of the CP3
D6-brane, given respectively by equations (2.12) (for p = 4) and (2.19). Note that we find
in addition a k/8 contribution for the D6, coming from Scg,. Macroscopically we already
encountered this charge when computing the contribution of the coupling | peF2 N B2 A
By A A to the D6-brane tadpole. Given that this charge was cancelled from the anomalous

higher curvature coupling

e LT CYN P 0

a similar cancellation should occur microscopically. We will discuss in the next section how
this can be achieved. Coming back to the D4-brane it is interesting that we need again
at the classical level a flat half-integer By in order to recover the right fundamental string

charge of the macroscopic D4-brane.

5.3 Dielectric higher-curvature terms

In this section we show that generalizing the microscopical Chern-Simons action in [13] to
include higher curvature terms [17-19] we can predict the existence of a dielectric higher
curvature coupling in the action for multiple D0O-branes that exactly cancels the k/8 con-
tribution to the D6-brane tadpole that we obtained above.

Generalizing the Chern-Simons action for multiple Dp-branes in [13] to include higher

Q= \/%(T) . (5.41)
. A(N)

curvature terms we find

She. =T, / dPrre Str

P <e2ir(iXiX) ZC‘J B2 Q) eQWF]
q

p+

Keeping the first term in the A-roof (Dirac) genus expansion, a general term of the previous
expression for D0-branes has the following form

[(ixix)"Cy (Bo)FQUIAFY,  (n,0,k) €N, (5.42)
(g+2(k—n)+4)+20=1,
~ ;,0 -

where 24 is given in term of the Pontryagin classes of the normal and the tangent bundle

of the three C'P? circles of the C'P? manifold [43, 44]; Q4 = 3(1 — 3) (f;r);J A J. To find
the term of the expansion that contributes for the CP? we proceed as follows: We first
note that ¢ = 0 and that in the macroscopic limit only terms with n +1 =3 — n = 2
contribute, thus we have to solve ¢ + 2k = 1, which has solution (k,¢) = (0,1). Thus the
term reads

She. = —2(2177)2 /R Pllixix P01 A = = 1, /R (ixix) (P AQJA  (5.43)
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and substituting F» and y:

She = =" (m(m + 4))-32 M T 3! / drA, ~ " / drA, (5.44)
8 m! R 8 Jr
where we took into account that there are three CP? circles in CP3. Thus this higher
curvature coupling cancels the Scg, contribution as in the macroscopical case.

Anomalous dielectric couplings as those predicted by (5.41) have, to the best of our
knowledge, not been discussed before in the literature. Furthermore, acting with T-duality
on the A-roof in (5.41) one can obtain dielectric terms that couple the RR-potentials to
derivatives of By and the metric that generalize the anomalous terms derived in [45, 46]
for a single Dp-brane. It would be interesting to confirm the existence of all these new
couplings through string amplitude calculations.

5.4 Stability analysis

The study of the stability goes along the same lines than in the macroscopical set-up. Note
that also in the microscopical description the DBI action can be written as (2.4), where
@, depends now on the label of the irreducible representation, m, in the precise way given
by (5.20). The number of F-strings that must end on the Dp-brane is in turn given by
the sum of the contributions from equations (5.31), (5.34), (5.36) and (5.37), where some
of these terms have to be multiplied by the number of CP! or CP? cycles in the CP? as
appropriate. Other than these differences we can vary the number of quarks, study the
dynamics and the stability exactly along the same lines as in sections 3 and 4. Only now
equation (3.6) will impose a bound on m, that is, on the number of D0-branes that can
expand into a fuzzy C'P 3 by Myers dielectric effect. In the large m limit this is the bound
that we encountered for A/ in the macroscopical description. As in there the existence of
this bound should be related in some way to the stringy exclusion principle of [16], although
we have not been able to find a direct interpretation.

The conclusion is that also in the microscopical set-up there exist perfect baryon vertex
classical solutions to the equations of motion that are stable against fluctuations.

6 Conclusions

We have analyzed various configurations of magnetically charged particle-like branes in
ABJM with reduced number of quarks. We have shown that 't Hooft monopole, di-baryon
and baryon vertex configurations with magnetic charge and reduced number of quarks can
be constructed which are not only perfect classical solutions to the equations of motion
but also stable against small fluctuations.

The magnetic flux has to satisfy some upper bound (also some lower bound for the
di-baryon, consistently with the fact that the D4 with fundamental strings only exists for
non-zero magnetic flux), and once this bound is fixed it is possible to reduce the number
of quarks to a minimum value determined by N (or 3):

1> 51+ V1= )
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From here we can see that the number of quarks is maximally reduced when the energy of
the configuration is minimum, that is, for those values of the flux for which g = 0.

The analysis of the stability against small fluctuations reveals that the configurations

are stable if
q 2

12, 0+V1=5)
where 7, is fixed numerically to 7. = 0.538. Stability therefore increases the classical lower
bound for each value of the magnetic flux. This is the same effect encountered in [10]
for asymptotically AdSs x S° spaces. It is worth mentioning that in fact following [10]
it is trivial to extend our analysis to asymptotically AdS,; x C'P? backgrounds and non-
zero temperature.

The previous analysis is based on a probe brane approximation, and is therefore valid
in the supergravity limit £ < N. Using the fact that we can consistently add dissolved DO-
branes to the configurations we have given an alternative description in terms of D0-branes
expanded into fuzzy C'P 2 spaces that allows to explore the finite 't Hooft coupling region.
In this description the expansion is caused by a purely gravitational dielectric effect, while
the Chern-Simons terms only indicate the need to introduce the number of fundamental
strings required to build up the (generalized) vertex. The microscopical analysis confirms
the existence of non-singlet classical stable solutions for finite 't Hooft coupling.

An output of this analysis is the prediction of dielectric higher curvature couplings
that to the best of our knowledge have not been considered before in the literature. The
particular explicit coupling in the action for multiple DO-branes that has come out in our
analysis is necessary in order to obtain the right fundamental string charge of the baryon
vertex. For the rest of branes they are predicted by T-duality. These couplings imply in
turn new couplings of the RR-potentials to derivatives of By and the metric, along the
lines in [45, 46|, with further implications for other branes via S and U dualities. It would
be interesting to explore more closely these implications.

Finally, it would be interesting to extend the existence of non-singlet baryon vertex
like configurations like the ones considered in this paper to theories with reduced super-
symmetry, like the Klebanov-Strassler backgrounds [47], where the internal geometry is the
T conifold.
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A Review of the AdS, x CP3? background

In this appendix we give a short review of the AdS, x C'P? background. In our conventions
the AdS, x C'P? metric reads

1
ds? — .2 <4ds?4ds4 + dsépg,) , (A.1)

with L the radius of curvature in string units

2 1/4
I— (3271' N) (A2)
k
and where we have normalized the two factors such that R, = —3g,, and 8g,s for AdSy

and CP3, respectively. The explicit parameterization of AdS; we use in the main text is

dp?

16 p?
ds’ys, = Lg di? + L " A7 = —dr? + da? + do? . (A.3)

For the metric on C'P3 we use the parameterization in [48, 49]
1
ds(%ﬂj>3 = du® + sin® p |do® + 4 sin? a (Cos2 o (dip — cos 0 dg)? + db? + sin? 6 d¢2)
1
—{—4 cos? p (dx + sin® a (dyp — cos 0 d¢))2 , (A.4)

where

0<,u,oz<2, 0<O0<m, 0<op<2r, 0L, x <dr. (A.5)

Inside C P? there is a CP! for 4 = a = m/2 and fixed y and v and also a C'P? for fixed 6
and ¢.
In these coordinates the connection in ds%7 = (dr+ A)? + dséIPS reads

1
A= 5 sin” p (dx +sin® o (dyp — cos 6 dgb)) . (A.6)
The Kéhler form 1
J = 2d.A, (A.7)
is then normalized such that
/ J=m, / JNJ=n2, / JNITNJT =73, (A.8)
CcP! CcP? CcP3
Therefore,
1 3
o JANTNT =dVol(B*)  and  Vol(CP?) = 7; . (A.9)
The AdS,; x CP? background fluxes can then be written as
2L 3L3 6 L°
Py = . J, Fyi= 8 dVol(AdSy),  Fs=—(xFy) = ; dVol(P?),  (A.10)

— 21 —



L
where g5 = . The flux integrals satisfy

/ Fs =321 N, / Fy=2rk. (A.11)
cp3 cpl

The flat By-field that is needed to compensate for the Freed-Witten worldvolume flux in
the D4-brane is given by [14]
By =—2mJ . (A.12)

B Computation of the Kéhler form for fuzzy C P>

In this appendix we compute the Kahler form for the fuzzy CP 5 spaces considered in the
paper. The Kahler form is given in terms of the exterior derivative of the one form U(1)
gauge field [50, 51]

4 1 p
1
J= JyLin L, Li = —i Tr(tig~dg), geSU (12’ n 1) ,
where ¢; are the generators of SU(5+1) in the adjoint representation, (¢;)jr = —ifi;r. Using

P
that Tr(t;t;) = (5 4+ 1)ds; , Te(titty) =i 2;1fijk, which result from the identities [52]

N N% -4
JikmJikm = Noij,  fiaj[ivkfrei = — 5 fabes  diajdjok frei = o\ fabe
N
fiajfjbkfkcmfmdi = 5ab50d + 5ad5bc + 4 (dabedcde + dadedbce - dacedbde) ) (BQ)

we compute the Kahler form as follows

_Z p -1 —1 k e p 1
J_Q\/§+1Tr(t’fg dg g~ dg) X", ZLth—(2+1) g 'dg

-3
(3 P Tr(titjtk) k
= J = Xk L;NL;,
2\/’2’+1 (5+1)2 B

1

p k
= kX B.
- §+1\/4(72’+1)ka (B:3)

Then, for the n DO-branes expanding into a fuzzy C'P 2 we find that

e NT— xixiT. - p
(ixix)J = XIX'T,, 2\/4(,2,”) A, (B.4)
. p
7 ? — pl _Z p :
i g0 I 80 g = (5 (<o gy Bem) T
2terms

so that the interior products are constant.
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1 Introduction

Giant gravitons [1] have proven to be very useful in the context of the AdS/CFT cor-
respondence in matching D-brane configurations in string/M theory with gauge-invariant
operators in the dual gauge theory. In particular, the fact that ; BPS giant gravitons are
dual to Schur polynomials [2-4] have helped elucidating that many properties such as the
stringy exclusion principle of [5] or details about the global and local geometries of the
dual branes are encoded in the gauge theory [6-10].

In the context of the more recent duality between Type IIA in AdSy x CP3 and the 3-
dimensional N' = 6 Chern-Simons-matter theory with gauge group U(N ), x U(N)_ known
as the ABJM theory [11], giant graviton configurations in both the Type ITA and gauge
theory sides have been studied in [12-17]. The Penrose limit has been analyzed in [18].

In the gravity side of the Type IIA/ABJM correspondence a D2-brane spherical gi-
ant graviton with analogous properties' to the usual dual giant gravitons in AdS,, x S™
backgrounds [19, 20] was constructed in [13, 15]. The corresponding field theory dual was
worked out in [14, 21]. A new dual graviton D2-brane solution specific to the AdSy x CP3
background was also constructed in [13]. This D2-brane was obtained by taking the orbifold

!See however [15].



reduction of a spinning dual giant graviton in AdS; x S7/Z;,, constructed by generalizing
the usual dual giant graviton ansatz to include a winding number along an angular direction
in AdS;. The angular momentum leads to D0-brane charge after the reduction, whereas
the winding number gives F-string charge. The spinning D2-brane can then be regarded as
a bound state of a D2-brane, DO-branes and F-strings. Since the D0-branes and F-strings
generate magnetic and electric flux, a Poynting vector is generated that produces an an-
gular momentum. This spinning D2-brane preserves some fraction of the supersymmetry,
has finite energy for a toroidal topology, and for large angular momentum approaches a
ring-like object. The identification of the dual BPS operator in this case is a difficult task,
since it should not only encode Gauss’ law [6] but also the non-zero genus. Some steps in
this direction were taken in [14] (see also [22]).

Supersymmetric states in the dual ABJM theory have also been predicted by reducing
on the orbifold giant graviton solutions in AdSy x S”/Zs,. One such example is the spherical
D2-brane with DO-charge contained in the AdS, part of AdS; x C'P3, constructed in [13].
In this paper we work out another example by reducing on the orbifold the spherical M5-
brane giant graviton expanding in S7/Zj. This solution gives rise to a supersymmetric
static NS5-brane wrapping a twisted 5-sphere with DO-brane charge. In the maximal case
the energy of the solution can be accounted for both by a bound state of k& D4-branes
wrapping the C'P?, which suggests a realization in the dual field theory in terms of k
dibaryons, and N DO-branes, which suggests a field theory realization in terms of N 't
Hooft monopoles. This is in agreement with the field theory, where we need to consider
representations labelled by Young diagrams with N rows and k columns, where a single
row gives a DO-brane and a single column a D4-brane [11]. Further, it was pointed out
in [11] that this instability could be realized in the string theory side in terms of a NS5-
brane instanton that turns the k D4-branes into N D0-branes. Our NS5-brane construction
provides an explicit realization of this idea. In the non-maximal case the field theory dual
to the NS5-brane with D0O-charge should be given in terms of smaller subdeterminants [12].

The paper is organized as follows. In section 2 we describe the 5-sphere giant graviton
in AdSy x S7 /7y, using the action for an M5-brane wrapped on an isometric direction given
in [23]. Given that the M2-branes that end on this brane must also be wrapped on the
isometric direction the action does not contain a self-dual worldvolume 2-form but a vector
field, and a closed form can be given. For an M5-brane with the topology of an S the
isometric direction is the coordinate along the fibre in the decomposition of the S° as a
U(1) fibre over the CP2. We provide a generalization of this construction by inducing
further angular momenta and by taking the M5-brane wrapped instead on the S'/Zj
orbifold direction, this with an aim at getting giant graviton solutions in the reduction to
Type ITA. We show however that only the maximal case can be given an interpretation in
terms of giant gravitons. Together with this so-called macroscopical description, in terms
of spherical M5-branes with momentum charge, we provide in section 3 the complementary
microscopical description in terms of M-theory gravitons expanding into fuzzy submanifolds
of S7/Z;. due to Myers dielectric effect [24]. In Type IIA this description allows to explore
the region of finite 't Hooft coupling. In section 4 we dimensionally reduce the M5-brane
giant graviton solution to produce a static NS5-brane expanding into a twisted 5-sphere



inside the C'P3 with DO-brane charge. This configuration is described macroscopically in
terms of the action describing wrapped NS5-branes in Type ITA. We also show in this
section that the reduction of the M5-brane wrapped on the S'/Z; direction gives rise to
a D4-brane wrapped on a deformed CP? with momentum charge which cannot however
be interpreted as a giant graviton away from the maximal case. In section 5 we provide
the complementary description of the NS5-brane configuration in terms of dielectric Type
ITA gravitons, and sketch the description of the D4-brane wrapped on the C'P? in terms
of expanding DO-branes with angular momentum. We discuss these results and future

directions in section 6.

2 Giant gravitons in AdS, x S7/Z,

In this section we construct the M5-brane giant graviton solution in AdSy x S7/7Z; using
the action for a wrapped Mb5-brane given in [23]. In this action the direction in which
the Mb5-brane is wrapped occurs as a special isometric direction, so its use is limited to
backgrounds with Abelian isometries. In our particular example we take the Mb-brane
wrapped on the S° C S7/7Z; and propagating along the S'/Z; direction. The isometry
is then that associated to translations along the fibre in the decomposition of the S° as a
U(1) fibration over the CP2. In the last section we interchange the role played by the S1
and S!/Z; directions, and show that the resulting configuration cannot be interpreted as
a giant graviton away from the maximal case.
We start by collecting some useful formulae of the AdS,; x S7/Z; background.

2.1 The background

In our conventions the AdSy x S7/7; metric reads:

2 r? 2 dr? 2 12 2,2
ds® = — 1+4R2 dt +1 o TrodS + Ridsgr g, (2.1)
4R2

with R the radius of curvature in Planck units,
R = (3212Nk)'/® (2.2)

This is a good description of the gravity dual of the U(N); x U(N)_; CS-matter theory
of [11] when N > k/°. Writing the S7/Z;, metric in coordinates adapted to its decompo-
sition as an S'/Z;, bundle over the C'P? we have

1 2
iz, = (tr+4) o+ ditps 23)

where 7 € [0, 27]. The metric of the CP? can in turn be written as (e.g. [25])
dstps = du® +sin? p [doz2 + sin?a (cos2 o (dp — cos 0 dg)* + db* + sin” 0 d¢2)

+ cos® p (dx + sin® a (dyp — cos 0 dgb))2 (2.4)

>



where

ogﬂ,agg, 0<h<m, 0<¢p<2r, 0<uo,x<dr, (2.5)
while the connection A reads
1
A= 5 sin? (dx + sin® o (dyp — cos Hdgb)) . (2.6)
Taking the ansatz p = constant in dsQCP;), and redefining x = /2 we find that (15%7/21c
reduces to 1 5
ds%UZk =12 dr? + f sin? pdr(dy + A) + sin® pu ds%s (2.7)
where now 1
A= ) sin? o (dvp — cos Od) (2.8)

and the S° is written in coordinates adapted to its decomposition as an S' bundle over
the C'P?:

dsys = (dx + A)? + dst ps (2.9)
where ds?,p, is the Fubini-Study metric of the CP? (e.g. [26]):

1
dst pe = da’ + 1 sin? o [cos2 o (dip — cos 0dp)? + db* + sin? 0 d¢? (2.10)

The 6-form potential of the AdS; x S”/7Z; background reads, in turn:
RG

Co=",

sin® yudy A dr A dVol(C'P?) (2.11)

2.2 The 5-sphere giant graviton

Let us now take an M5-brane wrapping the S° with radius Rsin p in (2.7), located at 7 = 0
in AdS,, and propagating on the S'/Z; fibre direction, 7:

ds? = —dt* + R? ]:2 dr? + ]i sin? pdr(dy + A) + sin® p ds%s (2.12)

Note that y is an isometric direction, parameterizing the S* bundle of the S°. There-
fore, we can use the action constructed in [23] in order to study the Mb5-brane in this
background. This action was successfully used in the description of the 5-sphere giant [1]
and dual giant graviton [19, 20] solutions in AdS; x S7 and AdS7 x S*, respectively. The
action for the Type ITA D4-brane arises from this action when reducing along the isomet-
ric direction.

We can describe a wrapped M5-brane in the AdSy x S7/7Z; background with the
action [23]:

S = T4/d5§{—k\/

Here k* is an Abelian Killing vector that points on the isometric U(1) direction, G is

k

det <P[g] + 2”;?) ' + PlirCe] + ;(27r)2P[k:’2k1] ANF A }"} (2.13)

the reduced metric G, = g — k:_kaukz,, and 7;C), denotes the interior product of the



C) potential with the Killing vector. The action is therefore manifestly isometric under
translations along the Killing direction. F is the field strength associated to M2-branes,
wrapped on the isometric direction, ending on the Mb5-brane: F = F + 217TP [ixC3]. When
reducing along the isometric direction it gives the BI field strength of the D4-brane. We
have denoted Ty the tension of the brane to explicitly take into account that its spatial
worldvolume is effectively 4-dimensional.

k=2k; is, explicitly, Gux/Gxx dxt, in coordinates adapted to the isometry, k* = i, and
is therefore identified as the momentum operator in the isometric direction. Momentum
along this direction can then be turned on by a convenient choice of F, such that [ FAF
is non-vanishing. Since our giant graviton solution will only propagate along the S'/Zj
direction we will for the moment switch F to zero.

Note that the 6-form potential of the AdSy x S7/Z; background couples in the ac-
tion through

PliyCs) =C© + (2.14)

XTQT...04

where a;, i = 1,...,4 span the CP? directions.
Substituting the background fields in (2.13) and integrating over the C'P? we find:

Nk 2
S:/dt[— B sin5,u\/1— ]:2 cosQui'Q—l—Nsin("u%} (2.15)

where we have taken units in which the tension of a 0-brane is equal to one.
The Hamiltonian reads, in turn:

k N 2
He:Rfy¢1+tmﬂu<1—}%$ﬂﬂQ (2.16)

in terms of the conserved 7 conjugate momentum, P,. Clearly, the minimum energy
solution is reached when p =0 or

P /4
Lo (Pr 2.1
sin y4 <N> (2.17)
In both cases the BPS bound .
E= P (2.18)

is reached, and therefore the two solutions correspond, respectively, to the point-like and
giant gravitons [1] of the AdS, x S7/Z; background. The giant graviton solution satisfies
that P, < N, as in [1]. Therefore the bound for the angular momentum depends only on
the rank of the gauge group, in agreement with the stringy exclusion principle of [5]. The
size of the giant graviton is maximal when p = 7/2, for which the angular momentum
reaches its maximum value P, = N, and E = kN/R. The full energy of the maximal
giant graviton can then be accounted for either by a bound state of P, = N gravitons (or
MO-branes), with energy k/R, or by a bound state of k& M5-branes wrapped on the S, with
energy N/R. Since in the quotient space the k M5-branes reduce to k D4-branes wrapping
the C'P? the maximal giant is dual to k dibaryons [11, 12, 14].



As we will see in detail in section 4, the giant graviton M5-brane is realized in Type ITA
as an NS5-brane wrapping a twisted 5-sphere inside the CP3. This NS5-brane is motionless,
since the momentum along the M-theory circle gets replaced by DO-brane charge. The
stringy exclusion principle of [5] is then realized in the AdS; x C'P3 background in terms
of giant DO-branes expanded in a twisted NS5-brane.

From the previous discussion it is clear that if we want to obtain a moving brane
in Type IIA we need to induce momentum in the eleven dimensional configuration in
a direction different from the eleventh direction. In the next section we generalize the
previous Mb5-brane construction to include momentum along the isometric worldvolume
direction. Although as we will see the resulting configuration does not behave as a giant
graviton away from the maximal case it will be useful in section 3 in order to identify
the microscopical set-up that will allow to describe the expanded Mb-brane in terms of
dielectric gravitons.

2.3 The 5-sphere giant graviton with magnetic flux

Let us now generalize the giant graviton solution constructed before to include a magnetic
flux inducing momentum along the isometric direction.

As we discussed in the previous section momentum along this direction can be switched
on by a convenient choice of magnetic flux, such that

Ty

2 —2 _ —2
5 (2m) /RXCPQ Plk kl]/\}"/\}"—PX/RP[k: 1) (2.19)

This is achieved with F' = 2\/2PX J, with J the Kéhler form of the CP?, J = %dA. The
action (2.15) is then modified according to

1 : R? o : :
S:/dt[—RSinM(Nk81n6u+Px>\/1— 2 COSZMT2+k(NkSIH6/L+PX> T:| (2.20)

and the new Hamiltonian reads

k Nksin® o + P, 2
H= _Py/l+tan?p(1— ). 2.21
R T\/ o M( kP sin? > (2.21)

Written in this way it is clear that H(u) is minimum for x4 = 0 and sin u satisfying
Nksin® y — kP, sin? u+ P, =0, (2.22)

and that for both these point-like and expanded brane solutions

k
H= P, 2.23
R (2.23)

Since for P, # 0 the energy depends only on one of the two conserved charges the BPS
bound is not satisfied. Nonetheless in the maximal case the S!/Z; and S! directions
become parallel and we have from (2.22) that P, = N + P, /k, so in this case there is only
one independent conserved charge. A non-vanishing P, allows then the maximal giant to
propagate with an arbitrary angular momentum on the S'/Z;, direction.



In Type ITA language this expanded solution is realized in terms of a NS5-brane wrap-
ping a twisted 5-sphere submanifold of the C'P3, with D0O-brane charge P- and momentum
P,. As before, the energy only depends on the DO-brane charge, and therefore away from
the maximal case the configuration is not BPS. Moreover, it does not have an interpreta-
tion as a giant graviton. However, inspired by this result we can think of interchanging
the role played by the S!/Z;, and S! directions. Namely, we can take the M5-brane wrap-
ping the submanifold of S7/Z; spanned by 7 and the coordinates parameterizing the C' P2
and propagating on x. This configuration becomes a D4-brane wrapped on a “squashed”
CP? and propagating on x in Type IIA. We will see however that it does not have an
interpretation as a giant graviton away from the maximal case.

2.4 The giant graviton wrapped on the S'/Z; direction

As we have just mentioned we can similarly consider an M5-brane? wrapped on the sub-
manifold of S7/Z, with metric

1 2
dr? +

2 f sin® u Adr + sin? p (dsg pe + A?) (2.24)

ds* = R? [
and propagating on the y direction. Given that 7 is an isometric direction we can still use
the action (2.13) with k# = 5. For the sake of generality we also switch a magnetic flux
F = 2/2P. J on, inducing P, momentum through the coupling

Ty

) (2r)? AXM4P[k_2k1] ANFANF (2.25)

The configuration simplifies a lot if we also induce an electric flux proportional to the
connection on the CP% E; = Rsinpcosp A;. Then, substituting in the action (2.13)
we find:

1
S = /dt [—R(Nsin4u+ kPT> \/1 — R2sin® pcos? 2 + sinZM(Nsin4Iu + k:PT))'(]

(2:26)
and a Hamiltonian
He Pl an2 a1 Nt at kP 2 (2.27)
= n — .
Rsinp s P,

This expression is very similar to the Hamiltonian (2.21) describing the spherical M5-brane
with magnetic flux. However in this case one can easily see that there are no solutions for
which £ = P, /R unless u = 7/2, which leads us back to the maximal case. In this case
the M5-brane wraps a S°/Z;, submanifold of S”/Z; and the induced electric flux vanishes.
Also P, = N+kP;, and the brane is allowed to move with an arbitrary angular momentum
in the S' direction. For vanishing P, we recover the usual maximal giant graviton with
momentum reaching the bound imposed by the stringy exclusion principle, wrapped in
this case on a S°/Z;, submanifold. In the reduction to Type ITA the S! direction shrinks

2In our conventions we need to consider in fact an anti-M5-brane with opposite T-momentum.



to a point, and the N charge can no longer be interpreted as momentum charge. The
configuration is instead interpreted as a dibaryon with energy N/L. Our analysis shows
that the dibaryon arises in the gravity side as the limiting case of a D4-brane wrapping the
“squashed” C'P? included in

ds® = —dt* + L*sin® p |cos® u (dx + A)* + dsépg] (2.28)

and propagating along the x direction.

3 A description in terms of expanding gravitons

In this section we show that the previous configurations can alternatively be described in
terms of gravitons expanding into fuzzy M5-branes. This is the microscopical realization
of the macroscopical M5-branes wrapping classical submanifolds of S7/Z; with angular
momenta. This description is valid in the supergravity limit R > 1, whereas the micro-
scopical description is good when the mutual separation of the expanding gravitons is much
smaller than the string length. For A expanding gravitons this is fixed by the condition
R < N'Y% The two descriptions are then complementary for finite N and should agree
in the large A limit, where they have a common range of validity. In AdS; x CP? the
regime of validity of the microscopical description is fixed by the condition that N < N'k.
Therefore this description allows to explore the region of finite 't Hooft coupling. We will
see that the same conclusions regarding the existence of giant graviton configurations that
we reached in the macroscopical set-up will hold microscopically.

3.1 The action for M-theory gravitons

We start from the action for coincident gravitons, or gravitational waves, in M-theory
constructed in [27]. Using this action it was possible to describe microscopically the giant
and dual giant graviton solutions in AdS; x ST and AdS; x S* [23, 27], and to derive
Matrix theory in the maximally supersymmetric pp-wave background of M-theory [28]
with an extra non-perturbative coupling giving rise to the so-far elusive 5-sphere giant
graviton [29]. The BI part of the action is given by

Sppr = —/d§0 STT{k_l\/|P[Euu + Bui(Qt — 5)2EkjEju]detQ|} (3.1)

where E,,, = G, + k:_l(ikCg)W, G is the reduced metric defined in section 2, p, v denote
spacetime indices and 7,7 spatial ones, and @ is given by Q; = 6; + ;i [Xi,Xk]Ekj. The
CS action reads
- 0 9 { . 11 .. \2.

SCS = /df STI“{P[k kl] + QWP[(ZXZX)C?’] — 9 (QW)QP[(ZXZX) ZkCG] + ... } (3.2)
In this action k* is an Abelian Killing vector that points on the direction of propagation of
the waves. As in action (2.13) this direction is isometric because the background fields are
either contracted with the Killing vector or pulled-back in the worldvolume with covariant

derivatives relative to the isometry:

Do XH = 9y X+ — k 2k, Og X" kM (3.3)



In this way the dependence on the isometric direction is effectively eliminated from the
action. This action is in fact a gauge fixed action in which the U(N') vector field, associated
to M2-branes (wrapped on the direction of propagation) ending on the waves, has been
taken to vanish. In this gauge U(N') covariant derivatives reduce to ordinary derivatives,
and gauge covariant derivatives can be defined using ordinary derivatives as in (3.3).

The action given by (3.1) and (3.2) was constructed in [27] by uplifting to eleven di-
mensions the action for Type ITA gravitational waves derived in [30] using Matrix String
theory in a weakly curved background, and then going beyond the weakly curved back-
ground approximation by demanding agreement with Myers action for DO-branes when
the waves propagate along the eleventh direction. In the action for Type IIA waves the
circle in which Matrix theory is compactified in order to construct Matrix String theory
cannot be decompactified in the non-Abelian case [30]. In fact, the action exhibits a U(1)
isometry associated to translations along this direction, which by construction is also the
direction on which the waves propagate. A simple way to see this is to recall that the last
operation in the 9-11 flip involved in the construction of Matrix String theory is a T-duality
from fundamental strings wound around the 9th direction. Accordingly, in the action we
find a minimal coupling to g,9/g99, which is the momentum operator k—2k; in adapted
coordinates. Therefore, by construction, the sum of the actions (3.1) and (3.2) is designed
to describe BPS waves with momentum charge along the compact isometric direction. It
is important to mention that in the Abelian limit, when all dielectric couplings and U(N)
covariant derivatives disappear, the action can be Legendre transformed into an action in
which the dependence on the isometric direction has been restored. This action is precisely
the usual action for a massless particle written in terms of an auxiliary v metric (see [27]
and [30] for the details), where no information remains about the momentum charge carried
by the particle.

3.2 Expanded graviton configurations

Microscopically the spherical Mb5-brane described in the previous section is built up of
gravitons expanding into a fuzzy 5-sphere through Myers dielectric effect. In our construc-
tion the fuzzy S° will simply be defined as an S bundle over a fuzzy CP2%. As we will
see the existence of the S' direction is crucial in order to find the right dielectric coupling
that will cause the expansion of the gravitons. This construction of the fuzzy 5-sphere
has been successfully used in the microscopical description of various configurations in-
volving 5-spheres (see for instance [23, 29, 31, 32]). In all cases it brings back the right
macroscopical description when the number of constituents is large.

The calculation in this section is very similar to the microscopical description of giant
gravitons expanding in AdS; x S7 presented in [23].

The fuzzy C P? has been extensively studied in the literature in various contexts. In the
context of Myers dielectric effect it was first studied in [33] and then in [23, 29, 31, 32, 34].
In general G/H coset manifolds can be described as fuzzy surfaces if H is the isotropy group
of the lowest weight state of a given irreducible representation of G [33, 35]. Since different
irreducible representations have associated different isotropy groups they can give rise to
different cosets G/H. CP? has G = SU(3), H = U(2), and this is precisely the isotropy



group of the SU(3) irreducible representations (m,0), (0,m), where we parameterize the
irreducible representations of SU(3) by two integers (m,m’) corresponding to the number
of fundamental and anti-fundamental indices. One can also take a more geometrical view
more suitable for our purposes. Using the fact that C'P™ spaces can be defined as the
submanifolds of R *+2" determined by a given set of n? constraints, a fuzzy version arises
by promoting the Cartesian coordinates that embed the CP™ in R"+2" to SU(n + 1)
matrices in the irreducible totally symmetric representations (m,0) or (0,m). Indeed only
for these representations can the set of n? constraints be realized at the level of matrices.
The Cartesian coordinates are then taken to play the role of the non-Abelian transverse
scalars that couple in the action for coincident gravitons.
For the C'P? the 8 Cartesian coordinates that embed it in R® satisfy

8 8

. o 1 .
Zx%l =1 Z dikgigh = ° g (3.4)
i=1 j k=1 V3

where d7* are the components of the totally symmetric SU(3)-invariant tensor. In these
coordinates the Fubini-Study metric is given by

8
1 4
2 2

dsgp2 = > (da) (3.5)

i=1
This set of constraints can be implemented at the level of matrices if we choose the set of
coordinates X* (i = 1,...8) in the irreducible totally symmetric representation of order m,

(m,0), satisfying

(X, X7 = if ) fIEXE Ay = (3.6)

with f¥* the structure constants of SU(3), [\.M] = 2if%*\F. The dimension of the (m,0)
representation is given by
(m+2)(m+1)
2
In the AdSy x S7 /7, background we take the gravitons located in r» = 0 and expanding
into the fuzzy S° with radius Rsin @ inside S7/7Z;, described by the metric (2.12), in which

we take Cartesian coordinates to parameterize the CP2. We choose k* = 4%, so that the

N = (3.7)

gravitons carry by construction P, momentum, and take 7 = 7(¢) in order to induce P-
momentum. We then have that
2

k‘2
fin X", i,j=1,...,8. (3.8)

k = Rsinpu, Fop=-1+ cos® 2,
Qé _ 5; _ R3sin® p

27vm?2 + 3m
The determinant of ) can be computed as explained for instance in [34], with the result

RS sinS p 2
)> I (3.9)

det@ = (1
et ( +167?2(7712—|—3m
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As explained in [34] this expression is valid in the limit R > 1, m > 1, with R3/m finite.
Substituting in the DBI action (3.1) we find

N RS sin® p \/ R?
_ 1 dt\/1— 2 72 1
Spbr Rsinp ( * 1672 (m? + 3m)> / g2 O HT (3:.10)

where A arises as dim(m,0) = STrI. Using that

6 1,6
co= 1 21; Faxndrnang (3.11)
and that (see [34])
1
Jii = i xk 3.12
J 3\/3ka ( )
we find the CS action:
N RO sin® 1
Scs = [ dt 1 7 3.13
s / k ( * 1672(m? + 3m)>T (3:13)

In terms of the conserved conjugate momentum to 7 we have the Hamiltonian

k N 2Nk sinb 1\ \
H="P |1 +tan2pu(1— 1 3.14
R \/ tan M( kPTsin2,u< * m?+ 3m >> ( )

Taking into account that the P, momentum of the configuration is by definition
the number of gravitons A, in our units in which the tension is set to one, we can
rewrite (3.14) as

k 1 oN 2
H= _"P/1+tan?pu(1— P. Nk sin® 3.15
R \/ - tan ,u< kPTsin2M< X+m2+3m S ,u>> (3:.15)

from which it is clear that both Hamiltonians (3.15) and (2.21) exactly agree in the large
m limit, where ' ~ m?/2. Moreover, in the limit P, — 0 we can also describe the
giant graviton configuration of section 2.2, realized as a spherical Mb-brane with just P;
momentum, with the Hamiltonian

k 2N Nsintp 2
H= "Poy|l+tan2pu(1— , 3.16
R \/ +tan “( m2+3m P, > (3.16)

which agrees exactly with the Hamiltonian (2.16) in the large m limit. Note that the
difference between P, being zero or not is merely a coordinate transformation, a boost in
x. How to perform coordinate transformations in non-Abelian actions is however an open
problem [36-40]. In this case the way in which the limit P,, — 0 should be taken is dictated
by the agreement with the macroscopical description.

Finally, we can briefly sketch the microscopical description of the S°/7Z; maximal giant
graviton of section 2.4. In this case we take k# = 6%, so that the gravitons are wrapped
on 7 and carry by construction P; momentum, and take x = x(¢) in order to induce P,

— 11 —



momentum. The fuzzy S°/Z; on which the gravitons expand is then defined as an S'/Z;,
fibre over a fuzzy C'P?. Substituting in (3.1), (3.2) we find the Lagrangian

1 2N
L=kN| — ¢ ) {1 3.17
( R+X>< +k(m2—|—3m)> (3.17)
P, is simply given by P, = kN + ﬁgﬁgfm and H = ]:%‘. P, gives in the large m limit

P, = kN + N = kP; + N, in agreement with the result in section 2.4.

4 Dielectric branes in AdS,; x CP3

In this section we give the Type ITA description of the 5-sphere giant graviton solution of
section 2.2. We restrict to the zero flux case since we have already seen that away from
the maximal case introducing flux («» P, momentum) does not allow the construction of
more general giant graviton solutions. In Type ITA the 5-sphere giant graviton gives rise
to a NS5-brane expanding into a twisted 5-sphere inside the C'P3. Momentum along the
M-theory circle gets replaced by DO-brane charge, so the NS5-brane is motionless. The
energy of the ground state is then accounted for by a bound state of P, D0-branes. In the
maximal case the ground state is degenerate, and can be accounted for either by a bound
state of N DO-branes or by a bound state of k& dibaryons. This is a realization on the
gravity side of the duality of Young tableaux with N rows and k columns [11]. The stringy
exclusion principle is realized in this case in terms of giant DO-branes expanded in a twisted
5-sphere NS5-brane. We also provide the Type ITA realization of the M5-brane wrapped
on S'/7Z; discussed in section 2.4. This becomes a D4-brane wrapped on a “squashed”
CP? with angular momentum which can however only be interpreted as a giant graviton
in the maximal case. Still, this configuration allows to see the k dibaryons emerging as the
limiting case of D4-branes with angular momentum.

4.1 The NS5-brane with DO charge

The reduction of (2.12) to Type ITA gives the metric of a twisted 5-sphere, with cos i
parameterizing the twist between the S' and the C'P?:

ds? = —dt* + L?sin® 1 {cos2 w(dy + A)? + dsép2:| . (4.1)

Here A is given by (2.8) and L is the radius of curvature of the C'P? in string units:

292N 1/4
L= (3 T ) (4.2)
k
There is also a RR 1-form field
Oy = ksin® p (dy + A), (4.3)
a 5-form potential
Cs = L'ksin® pdy A dVolp2 (4.4)
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and a dilaton e?® = i .

We take the NS5-brane wrapped on the manifold with metric (4.1). Since the back-
ground is isometric in the x direction we can describe the NS5-brane using the action that
arises from (2.13) by reducing along a transverse direction. The (bosonic) worldvolume
field content of this action consists on 4 transverse scalars, a vector field, associated to
D2-branes wrapped on the isometric direction, and a scalar, coming from the reduction of
the eleventh direction. This scalar forms an invariant field strength with the RR 1-form
potential, and is therefore associated to DO-branes. We can therefore induce DO-brane
charge in the configuration through this field. Comparing to the action of the unwrapped
NS5-brane in Type IIA constructed in [41, 42] the self-dual 2-form field of the latter has
been replaced by a vector, and this allows to give a closed form for the action. The BI
part reads:

S5¢ =20 /1.2 | 26(; 2 20 k? 2
Sppr =~ | dP¢e k2 +€20(i,01)% | |det PO oy vy ™) | (45)

Here Fi is the field strength associated to DO-branes “ending” on the NS5-brane: F; =
dco + P[C4], where the pull-back is taken with gauge covariant derivatives, as defined

in (3.3). ¢o is the worldvolume scalar whose origin is the eleventh direction. We have
ignored for simplicity the contribution of the reduction of F, now associated to D2-branes
wrapped on Y, since this field will be vanishing in our background.

The relevant part of the CS action is given by:

Scs =Ty /ikC5 A dcg (4.6)

Substituting the background fields in the BI and CS actions and integrating over the
CP? we find:
Nk L?
S = /dt [— I sin® ,u\/l — 2 cos? jué3 + Nsinﬁuéo} (4.7)

where we have taken ¢y time-dependent in order to induce DO-brane charge in the NS5-
brane. This action is analogous to (2.15) with L < R, ¢y <> 7. The Hamiltonian is then

k N ?
H:LM\/1+tan2u<1—Msin4u> (4.8)

where we have denoted with M the ¢y conjugate momentum, which is conserved and is
now interpreted as DO-brane charge. As for the giant graviton in section 2.2, the minimum
energy solution is reached when p = 0 or

anu= ()" (19)

In both cases F = EM, and we find a BPS configuration of M DO0-branes with energy
k/L. For u = 0 the NS5-brane is point-like and can carry arbitrary D0O-brane charge, while
for p satisfying (4.9) it wraps the twisted 5-sphere described by the spatial part of the

,13,



metric (4.1) with radius Lsin g = (3272M/k)Y/*, and M has to satisfy M < N. Therefore
the stringy exclusion principle is realized in terms of giant DO-branes expanded into a
twisted 5-sphere inside the C'P3.

In the maximal case, u = w/2, M = N and the energy can be accounted for both by a
bound state of N 't Hooft monopoles, with energy k/L, and a bound state of k dibaryons,
with energy N/L. In this case the circle of the twisted 5-sphere shrinks to a point, and the
NS5-brane collapses to a D4-brane wrapping the C'P2. This is so because when y = /2
the 7 and x directions in the eleven dimensional background become parallel, and therefore
the Mb5-brane wrapped on y, a NS5-brane in Type ITA, and the M5-brane wrapped on 7,
a D4-brane, become equivalent. We show explicitly in the next section how the maximal
giant in Type IIA can be realized as a D4-brane wrapping the CP? with momentum N.
As we have already mentioned this configuration cannot however be extended beyond the
maximal case to give more general D4-brane giant graviton configurations.

4.2 A D4-brane giant graviton

Let us now use the metric (4.1) to describe a D4-brane wrapped on the “squashed” C P?
(CP?)
]

ration is the ITA realization of the M5-brane wrapped on S'/Z;, discussed in section 2.4.

with metric g;; = g + cos? pA;Aj;, and propagating on the y direction. This configu-
As in that case the configuration is greatly simplified if we introduce an electric flux pro-
portional to the connection of the CP?, E; = Lsin yicos pu A;. The role of this electric flux
is to compensate the contribution of the cos? p A;A; part of the metric to the Born-Infeld
action. Since the inclusion of a magnetic flux inducing P, momentum in eleven dimensions
did not allow the construction of more general giant graviton configurations we will take in
this section Fj; = 0. More general configurations with non-vanishing DO-brane charge can
be considered if Fj; # 0 which do not have however an interpretation as giant gravitons.
Substituting in the DBI action for a single D4-brane we find

N
Sppr = —T4/d5£e¢\/|det(P[g] +27F)| = — I sin4,u/dt\/1 — L2sin? j1cos? px?
(4.10)

The CS action gives in turn

Scs = T4/P[C5] = Nsinﬁ,u/dt)'( (4.11)

Given that x is cyclic P, is conserved, and the Hamiltonian reads

2
H= Lgr(l,u\/l +tan2,u<1— gsin‘lu) (4.12)
This is analogous to expression (2.27), with R < L and P, = 0. As in that case the ground
state is reached when p = /2, for which P, = N and H = N/L. The S°/Z;, expanded
manifold reduces to a C'P? and the giant is simply realized in Type IIA as a dibaryon.
This analysis shows that the dibaryon arises in the gravity side as the limiting case of a
D4-brane wrapping the “squashed” CP? included in

ds® = —dt® + L?sin® p |cos® u (dx + A)? + dsép2:| (4.13)

and propagating along the x direction.
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5 The microscopical description in Type ITA

We have seen in section 3 that it is possible to describe the giant graviton configurations
studied in section 2 in terms of gravitons expanding into fuzzy S® or S°/Z;, manifolds inside
the S7/7Z;, part of the eleven dimensional background. Reducing to Type IIA we find that
the twisted NS5-brane with D0-brane charge is described in terms of Type ITA gravitons
with DO-charge expanding into a fuzzy twisted 5-sphere inside the C'P3. The S°/Z;, giant
graviton is described in turn in terms of D0-branes with y-momentum expanding into a
fuzzy CP?.

The action describing coincident gravitons in Type ITA was constructed in [43] by
reducing along a transverse direction the action for M-theory gravitons reviewed in section
3. Using this action it was possible to reproduce Matrix String theory in various Type ITA
pp-wave backgrounds. The BI part of the action reads:

1 .
Sppr = /d§0 STr{ V2 + €20 (1,012 \/<]I — (B + 2 (i C)?)leo, X]2> det@
} 6.

k2e2¢
4| PIE 2
\/‘ [ ] + k2 + 62(;5(1']901)2‘7:1

where
b
Euw =G+ VR 1 e26(i5C)? (ikC3)
Q! =6+ i[Xi,Xk]e_¢\/k2 +e20(ixC1)2Ey;,  i,j=1,...,8 (5.2)

co is the scalar field that comes from the reduction of the eleventh transverse direction and
JFi is its invariant field strength F; = dcg + P[C4], introduced in section 4.1. Therefore
o is associated to DO-branes ending on the waves. The first square root in the numerator
in (5.1) comes from the reduction of the determinant of the nine dimensional @) matrix,
whereas the second square root comes from the reduction of the pull-back of the metric.
The terms coming from the reduction of E,;(Q~! — 5)2Ekj Ej, have been omitted from this
action, since they will not contribute to the calculation in this section.
The relevant terms in the dimensional reduction of the CS action are

€2¢ik01 1 1

= 0STr¢ Plk—? —
Scs /d§ S r{ [k k1]+k2+e2¢(z’kcl)2f1 2 (27)

, Pllixix)*ixCs] A F} (5.3)
In the AdSy x CP3 background we take the gravitons located in 7 = 0 and expanding
into the fuzzy C'P? with radius L sin @ contained in the C'P3, which we parameterize with
Cartesian coordinates as in section 3. We choose k* = 4§ and take ¢y commuting and
time-dependent, in order to induce DO-brane charge in the configuration. We then have:

k = Lsin pcos p, ikC’lzkzsin2,u, FEgp = —1

4 - kL? sin? p

L=l — X ij=1,...,8 5.4
Q] j 27T\/m2+3mfzjk J ( )
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Computing the determinant and substituting in the DBI action we find
N k2 L* sin® \/ L?
Sppr = — 1 dty/1— 2 pucp? 5.5
bt Lsin p ( * 1672(m? + 3m)> / g2 0% He0 (5:5)
where N arises as dim(m,0) = STrI. The CS part reads in turn
N E2L*sin® p
Scs = [ dt 1 7 5.6
©s / k ( T 1672 (m2 +3m)>C° (5:6)

In terms of the conserved conjugate momentum to ¢y, interpreted as DO-brane charge, M,
we have the Hamiltonian

2Nk sin® 2
H:iM\/1+tan2M<1— N <1+ Fsin “)) (5.7)

kM sin? p m? + 3m

As discussed in section 3 we can describe NS5-branes with only DO-brane charge taking
the limit P, — 0, which gives

k NN sin? pu \?
H= M/1+tan?2pl1— 5.8
L \/ - tan ”( M(m2+3m)> (58)

in perfect agreememt with the Hamiltonian (4.8) in the large m limit.

Finally, we briefly sketch the microscopical description of the D4-brane maximal giant
graviton of section 4.2. In this case we should have DO-branes with y-momentum charge
expanding into a fuzzy C'P?. Substituting in Myers action for A coincident DO-branes

we find . 0N
L=k — ¢ | |1 .
N( L+X>< +k(m2+3m)> (5.9)
P, is simply given by P, = kN + W?Qﬁgfm and H = PLX. P, gives in the large m limit

P, = kN + N = kM + N, in agreement with the result in section 4.2.3

6 Conclusions

We have constructed various giant graviton configurations of M5-branes expanded in AdSy x
S7 /7y, and discussed their realization in Type IIA.

The first configuration is an M5-brane wrapping an S° C S7/Z; and propagating on
the S'/Z;, direction. This is the trivial extension of the giant graviton in AdS; x S” to the
AdS, x ST /7. background. This brane has been described using the action for M5-branes
wrapped on an isometric direction constructed in [23]. Since the M2-branes that end on
these branes must be wrapped on the isometric direction the self-dual 2-form is replaced
by a vector field and the action admits a closed form. This configuration becomes in
Type IIA a motionless NS5-brane expanding into a twisted 5-sphere inside the CP3. The
ground state is a BPS configuration of giant D0-branes satisfying the stringy exclusion
principle of [5].

3In section 4.2 we have taken M = 0 but Py = kM + N for M # 0.

,16,



The second configuration that we have analyzed is the extension of the former giant
graviton to include an additional momentum along the isometric direction. We have seen
however that although the ground state has the energy of a giant graviton propagating
on the orbifold direction it is not protected by supersymmetry. In the maximal case the
configuration becomes BPS and the additional angular momentum allows the giant graviton
to move with an arbitrary angular momentum.

The last configuration that we have discussed is an M5-brane whose isometric direction
points on the S'/7Z; direction, propagating both on this orbifold direction and the S!
fibre of the 5-sphere. The ground state corresponds to a giant graviton with maximum
size wrapping a S°/Z; submanifold of S7/Z;. The reduction to Type ITA gives a D4-
brane wrapped on a “squashed” C'P? inside the CP? and propagating along the S fibre

direction.*

The ground state corresponds again to the maximal giant, with the squashed
CP? becoming an ordinary C'P? and the direction of propagation collapsing to a point. The
configuration is then interpreted as a dibaryon, which arises through our analysis as the
limiting case of a D4-brane wrapping a squashed C'P? inside the CP? with non-vanishing
angular momentum.

We should point out that in all the cases that we have considered the branes are
effectively wrapped on a C'P? and are therefore subject to the Freed-Witten anomaly [44].
The branes then carry a half-integer worldvolume magnetic flux that is compensated by a
flat half-integer Ba-field to produce a vanishing field strength [45].

We have also addressed the microscopical description in terms of gravitons or DO-branes
expanding into fuzzy manifolds, which in all cases involve a fuzzy C'P2. This microscopical
description is complementary to the macroscopical one in terms of the expanded branes and
allows to explore the region with finite 't Hooft coupling. In the microscopical description
in terms of 0-branes the worldvolume magnetic flux needed to compensate the Freed-
Witten anomaly does not couple in the action, and therefore one has to take into account
the effect of the non-vanishing Bs. This was studied recently in [34] in the microscopical
description of baryon-vertex like configurations in AdSy x CP3. There it was shown that
the contribution of By is subleading in a 1/m expansion and has no counterpart in the
macroscopical set-up.

We should stress that we have not succeeded in finding a giant graviton expanding on
the CP3 in AdSy x CP3, other than the well-known dibaryon. The D4-brane wrapping
the squashed C'P? inside the CP? with non-vanishing momentum studied in section 4.2
is described by a Hamiltonian which is very similar to the one describing giant graviton
solutions in other backgrounds. However, the ground state corresponds to the maximal
giant, i.e. the dibaryon. It may be that inducing angular momentum on the NS5 or D4
brane configurations that we have analyzed by some mechanism similar to that used in [13]
in order to construct the spinning dual giant graviton one may be able to obtain the elusive
giant graviton solution in AdS; x C'P3. The fact that our NS5-brane wraps a non-trivial
twisted 5-sphere seems to be in agreement with the expectations in [46]. It would also

With an additional DO-brane charge coming from the reduction of the momentum on the orbifold
direction, although we have set this to zero in our calculation in section 4.2.

,17,



be interesting to explore the connection with the approach taken in [16], which, based on
the similarity between the Klebanov-Witten [47] and ABJM theories, tries to build a giant
graviton solution similar to the D3-brane graviton blown up on the 7! of the AdSs x T
background. We hope to report progress in these directions in the near future.
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1 Introduction

Baryon configurations were first suggested in the context of the AdS/CFT [1] correspon-
dence in [2, 3]. The gravitational dual of a bound state of N static external quarks in
N =4 SYM, the so-called baryon vertex, was found in terms of a D5-brane wrapping the
S® part of the spacetime geometry [2]. If the D5-brane is point-like in the AdSs space,
its Chern-Simons (CS) action is a tadpole term which can be canceled if we introduce
Chan-Paton factors for N-strings, whose endpoints at the boundary of AdS represent the
N external quarks. The classical solution corresponding to this configuration was found
in [4, 5] using a generalization of the techniques in [6, 7] for the heavy quark-antiquark
system. In this approach the influence of the F-strings has to be considered in order to
analyze the stability of the baryon vertex in the holographic AdS direction. The energy of
the system is then inversely proportional to the distance between the quarks and since the
proportionality constant is negative the configuration is stable in the AdS direction.

The description in [4, 5] suffices to deduce the basic properties of the system. However
strictly speaking it is only valid when the endpoints of the N F-strings are uniformly
distributed on the S®, so that the latter is not deformed and the probe brane approximation
holds. In this approximation all supersymmetries are broken, and this results in a non-
vanishing binding energy. In order to have some supersymmetries preserved all strings
should end on a point, and then the deformation caused by their tensions and charges
should be taken into account. Incorporating the gauge field on the brane the binding
energy becomes zero, reflecting the fact that the configuration is supersymmetric [8].

The usual baryon refers to a bound state of N-quarks which form the completely anti-
symmetric representation of SU(N). In the holographic description however it is possible
to construct a bound state of k-quarks with k& < N (figure 1). The bound state consists
of a D5 or D3-brane wrapping the internal space! located in the bulk, k strings stretched
between the brane and the boundary of AdS representing the quarks, and N — k straight
strings that go from the D5 or D3 brane deeper in the bulk to a minimum distance. The
bound on how low can the k& number go depends on a no-force condition along the AdS
direction, and a priori seems to be affected by the geometry of both the internal and the
AdS spaces. In the AdS; x S° background k should satisfy 5N/8 < k < N [4, 5]. A
stability analysis against fluctuations shows that the configurations are stable for a more
restricted number of quarks 0.813N < k < N [9]. An interesting question is what happens
to the bound when the supersymmetry is reduced or the conformal invariance is broken
and more particularly if confinement is present. A physical expectation would be that at
least the lower bound should increase. One of the motivations of this paper is to investi-
gate the bound dependence on the supersymmetry and confinement properties of the gauge
theory.

Baryon vertex configurations in AdSs x 7! [10] and AdSs x YP¢ [11-14] geome-
tries have been considered in [16] and [17], respectively. Using the full DBI description it
has been shown that they are non-supersymmetric. General properties of baryons in the
Klebanov-Strassler [18] and Maldacena-Nunez [19] models have also been discussed in [20]

LA submanifold of it in the case of the D3-brane.
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Figure 1. A baryon configuration with k-external quarks placed on a spherical shell of radius L at
the boundary of AdS space, each connected to the wrapped Dp-brane located at p = pg and N — k
straight strings ending at pmin.

(see also [21, 22]). In these confining backgrounds the baryon is also non-supersymmetric
and is significantly different than in the previous cases, with an energy linearly proportional
to its size.

In this paper we analyze the dynamics of non-singlet baryons in some of these back-
grounds in the probe brane approach. We show that stable configurations exist with
non-zero binding energy as long as the number of quarks k satisfies kpnin < kK < N. The
value of kpin = 5N/8 for all AdSs x Y5 backgrounds with Y5 an Einstein manifold bearing
five-form flux, and also for multi-3 deformed spaces [23, 24]. The analysis on the deformed
spaces basically gives the same undeformed results of N' =4 SYM. This is not unexpected
since classical properties like energy and temperature, string configurations, like the 1/4
BPS like Wilson loop, and brane configurations like particular giant gravitons remain also
non trivially undeformed [25-27]. A stability analysis confirms that the configurations are
stable for a number of quarks 0.813N < k < N, again the same interval found for the
AdSs5 x S® background [9]. These findings seem to contradict our expectations that non-
singlet states should be more constrained in theories with reduced supersymmetry. Rather,
their existence seems to be quite universal and independent on the amount of supersym-
metries preserved. We should however keep in mind that the approach taken here breaks
all the supersymmetries (see the conclusions for a further discussion on this point). The
same analysis for the A/ = 1 Maldacena-Nuniez background [19] confirms that non-singlet
holographic baryons also exist in confining theories. However broken conformal invariance
and more particularly confinement increases the minimum number of quarks.

More general baryon vertex configurations with a non-vanishing magnetic flux have
been suggested as a first step towards accessing the finite 't Hooft coupling region in the
dual CFT [28, 29]. Indeed, showing that these configurations exist for finite A is of special



interest when they are not BPS. Allowing for a non-trivial magnetic flux has the effect
of adding lower dimensional brane charges to the configuration. This in turn hints at
the existence of a microscopical description in terms of non-Abelian lower dimensional
branes expanding into the baryon vertex by means of Myers dielectric effect [30]. This
description allows to explore the configuration in the region R < n'/("=P) [, where p is
the dimensionality and n the number of expanding branes and r the dimensionality of the
resulting expanded brane, and is therefore complementary to the supergravity description
in terms of probe branes. Thus it is a first step towards exploring the finite 't Hooft
coupling region of the dual CFT from the gravity side.

The paper is organized as follows. We start in section 2 with a brief review of the
holographic description of baryon vertices and their stability under small fluctuations for
a general class of backgrounds. In section 3 we use these results to study the dynamics of
the baryon vertex in AdSs x Y5, with Y5 an Einstein manifold bearing five-form flux. We
particularize to the AdSs x YP4 and AdSs x TH! geometries, where we switch on a non-
vanishing magnetic flux suitable for the microscopical description of the %! in section 6. In
section 4 the multi-g-deformed Frolov’s background is considered. In section 5 we analyze
the Maldacena-Nuniez background, where we confirm the existence of non-singlet baryons
for a more constrained interval for k£ due to confinement. We show that in this case the
stability requirement does not reduce the allowed interval. In section 6 we perform the
microscopical analysis, in terms of D1 or D3-branes, depending on the background. We
identify the CS couplings responsible for the F-string tadpoles of the configurations. In
section 7 we summarize our results and discuss further directions. Finally, in the appendix
we collect some properties of the Y74 and T"! geometries relevant for our analysis and
address the microscopical description of the baryon vertex in the Y?¢ geometries.

2 The holographic baryon vertex construction

In this section we review the holographic description of baryons in the general class of
backgrounds presented in [9], as well as the study of their stability against small fluctua-
tions. The first part generalizes the construction in [4, 5] to non-conformal cases like the
Maldacena-Nunez background that we will discuss in section 5.

We consider diagonal metrics of Lorentzian signature of the form

ds® = Gudt® + Guo(da® + dy? + dz°) + G ppdp® + R*dM (2.1)

where x,y and z denote cyclic coordinates and p denotes the radial direction playing the
role of an energy scale in the dual gauge theory. It extends from the UV at p — oo down
to the IR at some minimum value ppin determined by the geometry.

It is convenient to introduce the functions

flp) = —GuGas, g(p) = —GuGpp, h(p) = GuaGrp s (2.2)

which for AdSs x M5 with radii R read



As we have mentioned, a non-singlet baryon is described holographically in terms of
a Dp-brane wrapping the internal manifold M, with £ fundamental strings connecting
it to the boundary at p — oo. The remaining N — k straight strings go from the Dp-
brane straight up at pmin. The binding potential energy of the baryon is then given by
e BT = ¢S where Sy is the classical action of the holographic baryon. This action
consists of three terms, the Nambu-Goto action for the strings stretching from the baryon
vertex to the boundary at p — oo, the Nambu-Goto action for the straight strings stretching

between the brane and pni, and the Dirac-Born-Infeld action for the Dp-brane

1
SFl = —271_/de0' —detP(Gaﬁ)a

Spy = =T /R » d"*1¢ \/=det P(Gap + 27Fup — Bap) ,
P

where F' is the Born-Infeld field strength.
We first fix reparametrization invariance for each string by choosing

t=r1, p=o. (2.4)

For static solutions we consider the embedding of the S?-sphere on the D3-brane in spherical
coordinates (7,6, ¢)

r=r(p), (0, ¢) = const. , (2.5)

plus Mj,-angles = const., supplemented by the boundary condition
p(L) = 0. (2.6)

Then, the Nambu-Goto action for the strings stretching from the baryon vertex to the
boundary of AdS reads

[e.9]
S=—5r [ doValo T 1), (27)

T Jpo
where 71" denotes time and the prime denotes a derivative with respect to p. From the
Euler-Lagrange equations of motion we obtain

/
7']07‘(:1 = f1/2 — r,= s (28)

1 cl
Vot frd /

where p;p is the value of p at the turning point of each string, f1 = f(p1), fo = f(po) and

~gf
F_f_fl.

The N — k strings which extend from the baryon vertex to p = punin are straight, since

(2.9)

r’ = 0 is a solution of the equations of motion (with f; = 0) and satisfies the boundary
condition at the vertex. Integrating (2.8) we can express the radius of the spherical shell as

L= \/E/Oodp\/fﬁ. (2.10)



Next we fix the reparametrization invariance for the wrapped Dp-brane by choosing
t=r1, 0, = 0o, a=1,2,...,p. (2.11)

Finally, inserting the solution for r/, into (2.7) and subtracting the divergent energy of
its constituents we can write the binding energy of the baryon as

B k{/ood ~ Ooderl_a ﬁod\f+27rE } (2.12)
27r PO Pmin a Pmin aN ! P=pP0
where
k
a= -, 0<a<l. (2.13)

The expressions for the length and the energy, (2.10) and (2.12), depend on the arbitrary
parameter p; which should be expressed in terms of the baryon vertex position pg. The
most convenient way to find this is to impose that the net force at the baryon vertex is
zero [9, 31]

—a 2m 1
+=—=——9,Ep , 2.14
a (IN\/§ P pp:po ( )

cos® = 1—fi/fo,

where © is the angle between each of the k-strings and the p-axis at the baryon vertex,

cosO =

which determines p; in terms of pp. An alternative derivation of this expression can be
found by demanding that the physical length (2.10) does not depend on the arbitrary
parameter pi, in other words

oL Opo S [ Jo [, V9f
o =0 = 3p1_2tan@v90f1/po RATE SR (2.15)

Minimizing the energy (2.12) with respect to p; and using (2.15) we find the no-force
condition (2.14). Using (2.10), (2.12) and (2.14) it is also possible to see that

dE  kVFi dL

dpo 27 dpo

(2.16)

which will be useful when we study the Maldacena-Nunez background.

As we will see in the examples to follow, (2.14) has a solution for a parametric region
of (a,pg). However, in order to isolate parametric regions of physical interest a stability
analysis of the classical solution should be performed, which further restricts the allowed
region. We know from [9] that instabilities can only emerge from longitudinal fluctuations
of the k strings, since only these possess a non-divergent zero mode, which is a sign of
instability. To study the fluctuations about the classical solution the embedding should be
perturbed according to

r=rq+0r(p), (2.17)



and the Nambu-Goto action should be expanded to quadratic order in the fluctuations. ér
is then solved from the equation

d( gf d B

This has to be supplemented with the boundary condition for the dr fluctuations, given by
equation (3.12) in [9]
e g
o(f = poor' +or (2 = h- L) =0 wtp=m  @19)
As we will see in the examples to follow these conditions further restrict the parametric
region (a, pp) for which a classical non-singlet baryon solution exists.

3 The baryon vertex in AdSs X Y5 manifolds

The holographic description of the baryon vertex in AdSs X Y5 backgrounds with Y5 an
Einstein manifold bearing five-form flux is identical, in the probe brane approximation,
to that in AdSs x S° [4, 5]. Therefore non-singlet states exist for the same number of
fundamental strings 5N/8 < k < N. Spike solutions associated to the baryon vertices in
the AdSs x YP9 and AdSs x T! geometries have been discussed in [17] and [16], where it
has been shown that they break all the supersymmetries. Therefore we are certain that the
bound states found in the probe brane approximation will not become marginal due to su-
persymmetry once the backreaction is taken into account. In these two geometries we will
switch on a magnetic flux that will dissolve D1 and D3-brane charges in the configuration.
The vertex will then be described at finite 't Hooft coupling in terms of D1-branes expand-
ing into a fuzzy S? x S? submanifold of the T1! for the Klebanov-Witten background and
D3-branes expanding into a fuzzy S? submanifold of the Y74 for the Sasaki-Einstein. The
detailed microscopical analysis of these configurations will be performed in section 6 and
the appendix respectively.

3.1 The D5-brane baryon vertex
In our conventions the AdSs x Y5 metric reads

02

2 _
dS—ﬁ

RQ
dx%:)) + dez + Rst%,) , (3.1)

with R the radius of curvature in string units,

47t Ng
R = 2. 3.2
VOI(Y5) ( )
The AdSs x Y5 flux is given by F5 = (1 4 *19)F5, where
Fs = 4 R*dVol(Ys). (3.3)



A D5-brane wrapping the whole Y5 captures the F5 flux, and it requires the addition
of N fundamental strings to cancel the tadpole

S55 = 27TT5/ P[CyNF = —27rT5/ P[F5| AN A = —N/tht, (3.4)
RXY5 ]R><Y5

where A is the Born-Infeld vector field. The DBI action is in turn given by

TN
Sps' = —T5 / dS¢ e \/~detP(G) = ———po. (3.5)
RxYs 8

3.1.1 Classical solution

Given that the energy of the D5-brane is independent of the volume of the Einstein manifold
the classical solution in the probe brane approximation is the one found in [4, 5] for AdS; x
S5, Making contact with the analysis in the previous section we now have

0

—Gttzcmzc:p—;:ﬁ.

(3.6)

The radius and the energy are then given in terms of the position of the D5-brane pg and
the turning point p; of each string, as

R%p? kpo 5—4da
L= 7z E=—|- )
3p3 2 < J+ 4a > ’ (3.7)

with Z, J the hypergeometric functions

137 rd 113t
IT=-F(=° -1 N (e 3.8
2 l<2745477‘3)7 j 2 1< 4)2745ré>a ( )

exactly as in AdSs x S°. From (2.14) we find that the no-force condition on the p-axis
yields
5 —4a k

a=—. (3.9)

_  y2\1/4 —
P1 PO(l A ) ) A Aa ) N

Given that A < 1 a baryon configuration exists for a > a~ with ac = %. Finally, the

binding energy in terms of the physical length of the baryon reads

R 4a (3.10)

2
Rk:\/l)\2<j_ 54@)2‘
Thus it has both the expected behavior with 1/L dictated by conformal invariance and
the non-analyticity of square-root branch cut type in the 't Hooft parameter [4, 6, 7, 29].
We would also like to point out that our string and brane configurations satisfy the Sasaki-
Einstein constrains in the way studied in [32-34] and therefore our solutions are in this
sense valid.



3.1.2 Stability analysis
Again as in AdS5 x S° [9] the study of the stability against longitudinal fluctuations gives

e8] 2 4
p A 337 p]
o =A dp———=5 = s=2F1| .. = 3.11
’I”(p) /p p(p4_p411)3/2 3p32 1<4>274ap4 ( )
as the solution of equation (2.18). Substituting (3.9) and (3.11) in the boundary equa-
tion (2.19) the following transcendental equation must be satisfied

337 3
FlZ2 2 212 )=—__= 3.12
2 1(4’2’4’ ) 2A(1 + A2) (3.12)

Using (3.9) and (3.12) a critical value for a is found numerically, a ~ 0.813, below which
the system becomes unstable.

The conclusion of this analysis is that in the probe brane approximation non-singlet
baryons with 0.813 < £ < N may exist for all Einstein internal manifolds bearing five-form
flux. In the next subsection we take the internal manifold to be Sasaki-Finstein and we
switch on an instantonic magnetic flux proportional to the Kihler form. The 7" and S°
cases will be treated as particular examples, taking due care of the different periodicities.
The energy of the D5-brane will depend then on both the magnetic flux and the radius
of AdS, and the same calculation above shows that non-singlet states exist as long as the
number of quarks is larger than a minimum value that depends now on the volume of the
YP4, In fact the largest minimum value is reached for the S°, contrary to our expectations
that non-singlet baryons would be more restricted in less supersymmetric backgrounds.
We review some basic facts about the geometry of Y74 manifolds suitable for this study
in the appendix.

3.2 The baryon vertex in AdS; x Y?¢ with magnetic flux
Let us take the AdSs x YP9 geometry and add a magnetic flux

F=NJ, (3.13)

with J the Kéahler form of the 4 dimensional Kéhler-Einstein submanifold of the Y4, which
solves the equations of motion. As compared to the analysis in the previous subsection the
presence of the magnetic flux will turn the parametric region for which a classical solution
exists to depend on (a, pg, N).

For a non-vanishing F as above the energy of the D5-brane wrapped on the Y4 is modified
according to

4N 2) (3.14)

ED5 = %IOO <1 + T
where we have used (A.11), and the fact that J is self-dual and the determinant inside the
square root is a perfect square.

This magnetic flux dissolves irrational D1-brane charge in the YP4, as inferred from the
coupling

1 2 219 42_321/2
SS§:(27T)2T5/ conFnr="" _ap+ Up” — 37) 2]1211/ O
2 ExYpa 8 p2(3¢% — 2p* + p(4p* — 3¢1)Y%] " Jrxsy

(3.15)



This implies that the configuration will not allow a complementary description in terms
of D1-branes expanding into a fuzzy 4 dimensional submanifold of the YP9. We will
see however that it will be possible to provide such a description in terms of D3-branes
expanding into a fuzzy 2-sphere submanifold of the Y?-4. In this case the magnetic flux that
needs to be switched on will be proportional to the Kihler form on the S?. We postpone
this discussion to the appendix.

In the T! case (see appendix A.2 for a brief discussion of the T™! geometry) our
ansatz (3.13) dissolves N2/9 D1-brane charge in the 7!, as implied by

1 N2
RxT11 RXS&)

where we have used the second condition in (A.18). But in this case N2/9 is an integer
due to Dirac quantization condition plus the first equation in (A.18). In this case a mi-
croscopical description in terms of expanding D1-branes will make sense, as we will show
explicitly in section 6.

Note that in fact for the 7! we can take a more general ansatz for the magnetic flux,
namely F = N} J; + Ns Jo, with Jp, Jo the Kéhler forms on each of the S?’s contained in
the 711, In this case the magnetic flux is dissolving N7/3 and AN3/3 D3-brane charge in
each S2, and N1A3/9 Dl-brane charge in S2 x 52, as inferred from the couplings

SS§’=27rT5/ C4AF:N1T2/ C4+N2T2/ Cy (3.17)
RxTH1 3 Rx S}, xS3 3 Rx .S}, xS3

and 1
SS?Z(QW)QTB/ CoNFNF =
2 RxT1:1

Ng\& Tl/ Cs. (3.18)
RXS&)

Therefore N1,No € 3Z, in agreement with Dirac quantization condition, as implied
from (A.18). In this case the energy of the D5 is modified according to

N 42 N2 \/ A2 N2
Eps = —po\/1 Ly /1 2,
D5 = g P\ T TR

Coming back to the general case for Y4 manifolds, F' = ANJ, with J the Kéahler form
of the 4 dimensional Kéhler-Einstein submanifold of the Y74, from (2.14) we find that the
no-force condition on the p-axis yields

(3.19)

5 — daeg
p1 = po(l — )‘zﬁ)l/4’ Acft = 476 ) (3.20)
Qeff
where aeg includes now the magnetic flux
a
Aef = ———5 - 3.21
S 1 47;%/}1/2 ( )
Given that A\eg < 1 a baryon configuration exists for
. 5  m2N?
Qeff > Q< with A< = g + TR4 . (322)
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In terms of the volume of the Y9 this reads

5 N2
_ 2 D,q
Qe = 2+ o VoL Y), (3.23)

so the bound depends now on the volume of the internal manifold. The largest volume
given by the Y7 metrics occurs for the Y21, for which Vol(Y*!) ~ 0.2973. Therefore we
have that 7 = Vol(S%) > 16/27 73 = Vol(T'1) > Vol(Y*!) and a. is maximum for the
S, the maximally supersymmetric case. Note that since aeg < 1 there is also a bound on
the instanton number, namely
2
ac <1 = /]\%/4 < 43? ~ 0.0761. (3.24)

Finally, the binding energy in terms of the physical length of the baryon reads

2 ky/1— \2 _
Jop— o (j - 54%5)2. (3.25)

2nL 3 dacs

3.2.1 Stability analysis

The study of the stability against longitudinal fluctuations gives again 6r(p) as in (3.11)
where now 2F}(a, b, ¢; x) must satisfy [9]

337 3
) (N (A S — 3.26
2 1(4 274 eff) (1 + A2) (3.26)

The critical value for aog that is found numerically is again aeg =~ 0.813, below which the
system becomes unstable. This improves the above bound for the instanton number, in
comparison to the 't Hooft coupling, to

A2

Tt < 0.00291, (3.27)
that should be respected for the classical configuration not only to exist, but also to be
perturbatively stable. Thus, the stability analysis sets a low bound for a which is still less
than unity.

4 The baryon vertex in 3-deformed backgrounds

The description of the baryon vertex in these backgrounds is essentially identical to the one
performed in the previous section. Even though the Cs and Bs potentials are non-vanishing
the tadpole introduced with the brane has still charge N, so it has to be compensated with
the same number of fundamental strings attached. Moreover, the energy of the D5-brane
wrapped on the deformed S° is the same as the one wrapped on the S°. Therefore we find
the same bound for the number of quarks that can form non-singlet baryons.

We discuss the general case of multi §;-deformations [24], from which the one- param-
eter Lunin-Maldacena background [23] is obtained for all 4; equal. As we have mentioned,
in this background the baryon vertex is described in terms of a D5-brane wrapped on the
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deformed S°, with N fundamental strings attached. In the last subsection we will switch on
a magnetic flux that on the one hand will increase the parametric space on which classical
solutions exist and on the other hand will allow a complementary description in terms of
expanding D3-branes suitable for the discussion of the finite 't Hooft coupling regime of
the dual gauge theory.

The multi-9; deformed background reads in string frame [24]

2
ds? = R? [dsidss S+ GuRdg?) + Gy ( S qusi) ] | (4.1)

e’ =G, G =145 puips + AT il + 5 uEe

By = R*G (43 pips dn A dey + A1 papes dpg A dps + 32 pzpi dps A depr)
Cy = —4R%wi A (rdgr + Fadda + A3dds)

Cy = wy +4AR*Gwi Addy Adda A dos,

where p; and ¢; parameterize a deformed five-sphere, so that we can write:

3
1 = cosa, Ho = sina cosd i3 = sinasinf, =1,
Z Z (42)
(o,0) € [0,7/2],  dw; = cosasin® asinfcosfda Adf, dwy = wags; -

For equal 4; parameters 41 = 49 = 43 = 7, 7 is related to the deformation parameter 8 of
the gauge theory through [35]:
4=RB. (4.3)

4.1 The D5-brane baryon vertex

Let us now consider a D5-brane wrapping the deformed S° in (4.1). This brane captures
the F5 — F3 A By flux of the background but still requires N fundamental strings to cancel
the tadpole

SS§:2WT5/ P[C4—Cg/\B2]/\F:—27rT5/ P[Fs —F3 ABy] AN A=

Rx S5 Rx S5
_ N / di A, (4.4)
since
Fy— F3 A\ By = WAdS; + 4R* dwi N dor Adops N\ dos (4.5)

as in the AdSs x S° case. Therefore the CS part of the action is undeformed. The DBI
action is in turn given by

SpEt = —T; /R ~d5¢e™?\/—det P(G + 21F — Bs). (4.6)

x S5

For F' = 0 the determinant of the pull-back of G — By can be written as

Al = GttGaaGgg detT’ y (47)
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where T' is a 3 x 3 matrix of the form G, — By for the three U(1) directions. We then get
Ay = Gy R sin® avcos? aesin® 0 cos? 0 G, (4.8)

such that the DBI action remains also undeformed.

Given that the AdS part of the background remains untouched by the deformation
the contribution of the fundamental strings stretching from the D5 to the boundary of
AdS is the same as in the undeformed case. The only issue here would be that the binding
energy was modified due to the dependence of the D5-brane on the deformation parameter.
We have shown however that this dependence drops out both in the CS and DBI actions.
Therefore the size and binding energy of the baryon remain undeformed, and coincide with
those in N/ = 4. The classical solution and its stability analysis are therefore identical to
those performed in section 3. Last but not least, we should mention that for marginally-
deformed backgrounds there are cases on which the classical solution coincides with N = 4,
does not depend on the deformation parameter, but the stability analysis even for the
conformal case requires an upper value on the imaginary part of the deformation parameter
o as in the case of mesons [36].

4.1.1 Adding a magnetic flux

Finally we can switch on a magnetic flux F' = NJ, with N’ € Z/2 and J the Kéhler form
of the S? parameterized by (o, ), dissolving 2\ units of D3-brane charge in the baryon.
This will allow a microscopical description in terms of expanding D3-branes from which
the finite 't Hooft coupling region can be studied. The DBI action changes as

TN A2 N2

In the presence of a magnetic flux the minimum number of quarks forming a non-singlet
baryon is modified and there is a maximum on the magnetic flux that can be dissolved in
the baryon, in parallel with what we have found in the previous section.

5 The baryon vertex in the Maldacena-Nunez background

The Maldacena-Nunez background [19] is a solution to Type IIB supergravity dual to a
N = 1 supersymmetric confining gauge theory. It can be obtained as a solution of seven
dimensional gauged supergravity [37, 38|, uplifted to ten dimensions. Given that this
background is confining we expect that the universality of the baryon vertex configurations
found in the previous conformal examples (in the absence of a magnetic flux) is lost. This
is indeed confirmed by the analysis in this section.

5.1 The Maldacena-Nunez background

The ten-dimensional metric reads in the string frame

1 . )
ds?y, = e? {dm%,g + gsN<e%(d9% + sin? 01d¢?) + dp? + 7' = Al)2>] : (5.1)
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where ¢ is the dilaton, h is a function of the radial coordinate p, the one-forms A? (i =
1,2,3) are the components of the non-abelian gauge vector field of the seven-dimensional
gauged supergravity,

Al = —a(p)dhy,  A®=a(p)sinbidey, A3 = —cosbidoy, (5.2)

and the w'’s are the right-invariant Maurer-Cartan dreibeins of SU(2), satisfying dw® =
—% Eijk wl AwF. They define a three-sphere that can be parameterized as

w' = cos 1) dhy + sin ) sin Oy dos (5.3)
w? = —sin ) dfy 4 cos ) sin Oy do
w? = dip + cos Oz depy .

The angles 0, ¢o , o« = 1,2 and 9 take values in the intervals 0; € [0, 7], ¢; € [0,27] and
Y € [0, 4x]. The functions a(p), h(p) and the dilaton ¢(p) are given by

a(p) = Sif}fzp | e2h — peoth2p — Sinﬁz 5 i, (5.4)
e = ¢ 2% % =e2%A(p), e*0 =g N . (5.5)
In particular, A(p) satisfies
e2p
A(p) ~ i when p>1 (5.6)
and
Alp) =1+ 89/02 +0(ph), when p<1. (5.7)
The solution also includes a Ramond-Ramond three-form given by
Py = QZN { —(w! = AY A (P~ A2 A (w0~ A+ Y FA (0 - Ai)} , (5.8)

where I is the field strength of the SU(2) gauge field A?, defined as F’ = dAi—f-%sijk AINAF,

5.2 The D3-brane baryon vertex

A D3-brane wrapping the 3-sphere parameterized by (02, ¢2,1) introduces a tadpole that
needs to be canceled through the addition of N fundamental strings

SS?:QWT;;/ Cg/\F:—Zﬂ'Tg/ F3/\A:—N/tht. (5.9)
Rx.S3 Rx.S3
The DBI action of this D3-brane is given by:
DBI de —¢ TN
Sps = —T3 d*¢e —det P(G) = —4—\/1\(/)0). (5.10)
RxS3 ™
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Particularizing to this background the size of the vertex given by (2.10) we find

N ap (5.11)

PO \/ A(p)/A(p1) — 1
which is a decreasing function of pg. The binding energy of the baryon is in turn given by

=l [ v iy LA [ a0 J*w}@

Both integrals receive most of their contributions from the region p = p1 so it can be seen
that E is linearly proportional to L [20]. Also, from (2.16) we see that E' and L share the
same dependence on the position of the vertex:

dE _ kyEi dL
dpo  2m\/gsN dpo

min

(5.13)

The net-force condition is now
1—a 1 / A1
COS("‘) — u + @aﬂ ln A(p) - R COS @ = 1-— Aio . (514)
Taking into account that 9, In A(p) satisfies 9, In A(p) < 2—1/(2p)+O(1/p?) in the UV we
find that @ > a< with a~ = 3/4. Therefore the minimum value of the number of quarks is

restricted with respect to the one found in the previous conformal examples, in agreement

with our expectations.

5.2.1 Stability analysis
The study of the stability against longitudinal fluctuations gives

o0 A
5r(p) = AgN | dp—" 5.15
as the solution to equation (2.18). Substituting in the boundary equation (2.19) we find
2(A — Ay)or' + N(p)dr=0 at p=po, (5.16)
and using (5.14) we can write
-1 1
a<cos@+a )cos@Z: (5.17)
a 2
where A
/A _ )
Z= 0/ m s and Al = A[) sin“ © . (518)
From (5.17) we can now solve for a. Note that using (2.15) we find that
apo N 1
o1 52 cos© 0, lnA(p)‘p:p1 (5.19)
from where 5
Zcos®=———€[1,00). 5.20
G I A ) = 1) (5:20)

From (5.17) and (5.19) we then find @ > 1 + L7 = a > 3 + Bpolnf/\(po). Thus,

the stability analysis does not improve the bound imposed by the existence of a classical
solution, in contrast to what happened in the conformal examples previously discussed.
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5.2.2 Adding a magnetic flux

Finally, in order to compare with the microscopical analysis in section 6.3 we add a magnetic
flux to the baryon proportional to the Kéhler form on the 2-sphere parameterized by

(02, ¢2), F = NJ, with N' € 27Z. This flux dissolves N'/2 units of D1-brane charge in the
S3. The energy of the baryon is modified according to

N Am2N2
Eps = —4 /A . 5.21
D3 = - \/ (po) + 9N ( )

As in the previous cases the magnetic flux changes the minimum bound for the number of
quarks in the baryon. Moreover the flux has an upper bound.

6 The microscopical description

In the previous sections we have discussed generalizations of the baryon vertex constructions
to allow a magnetic flux dissolving lower dimensional brane charge in the configuration. By
analogy with Myers dielectric effect [30, 39] we expect that a complementary description
in terms of lower dimensional branes expanding into fuzzy baryons should then be possi-
ble. This would be the “microscopical” realization of the “macroscopical” baryons with
magnetic flux that we have just described. The interesting thing about the microscopical
description is that it allows to explore the finite 't Hooft coupling region, and this is es-
pecially relevant in those cases in which the baryons are non-supersymmetric, like those
considered in this paper, and are therefore not preserved by a BPS condition.

It is well known that the macroscopical and microscopical descriptions have comple-
mentary ranges of validity [30]. While the first is valid in the supergravity limit the second
is a good description when the mutual separation of the expanding branes is much smaller
than the string length, such that they can be taken to be coincident and therefore described
by the U(n) effective action constructed by Myers [30]. For n Dg-branes expanded into
an r-dimensional manifold of radius R, the volume per brane can be estimated as R"~%/n,
which must then be much smaller than [ ¢. Thus the condition

R<nrily, (6.1)

sets the regime of validity of the microscopical description. The macroscopical description
is in turn valid when R > 1. Therefore both descriptions are complementary for finite n,
but should agree in the large n limit, where they have a common range of validity. The
limit (6.1) is especially appealing in backgrounds with a CFT dual, like the AdS spacetimes
that we have considered in this paper. Indeed, in terms of the 't Hooft parameter of the
dual CFT the condition (6.1) reads

AL né (6.2)

The fact that A can be finite opens up the possibility of accessing the finite 't Hooft coupling
region of the dual CFT through the microscopical study of the corresponding dual brane
system.
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Dielectric branes expanding into fuzzy manifolds have been extensively studied in the
literature. From (6.2) the lower the dimensionality of the expanding branes the smaller the
't Hooft parameter can get. However for the manifolds that we have discussed in this paper
it will not always be possible to provide a description in terms of expanding D1-branes.
This is the case for the Y?¢ Sasaki-Finstein geometries, in which the natural microscopical
description would be in terms of D1-branes wrapped on the Reeb vector direction and
expanding into the remaining four dimensional Kahler-Einstein manifold. We are however
not aware of a fuzzy realization of these manifolds besides the C'P? case. Moreover, as we
have seen, the number of D1-branes in the macroscopical description is irrational, while
this should be an integer in the microscopical description. Still, we will be able to provide
a (less) microscopical description in terms of D3-branes expanding into a fuzzy 2-sphere.
For the #4; deformed backgrounds the natural thing is to dissolve D3-branes wrapped on the
(T")? through the addition of a magnetic flux proportional to the Kéhler form on the S,
as we did in section 4.1. The microscopical description will then be in terms of D3-branes
expanding into a fuzzy S2.

We start in section 6.1 with the analysis of the AdS5 x T background, for which a de-
scription in terms of D1-branes expanding into a fuzzy S? x S? manifold can be done. As we
will see this description exactly matches the macroscopical description in section 3.2. The
extension to arbitrary Y74 manifolds is more technical and it is postponed to the appendix.
In section 6.2 we discuss the 4; deformed backgrounds. We end with the Maldacena-Nunez
analysis in section 6.3, in terms of D1-branes expanding into a fuzzy S? baryon.

6.1 The AdS; x T"! background: D1-branes into fuzzy S? x S?

The DBI action describing the dynamics of n coincident D1-branes is given by [30]

Sppt = —Th / d*¢ STr{e*(ﬁ\/ |det (P[Eu + Ei(Q~' — 5)ian'kEky])detQ\} (6.3)

where £ = GG — By and ‘
Q=0+ %[Xi»Xk]Ekzj : (6.4)
™
Let us take the D1-branes wrapped on the U(1) fibre direction ¢ in (A.16) and expanding

into the fuzzy S? x S? submanifold parameterized by (6, ¢) and (w,v).
Using Cartesian coordinates for each S? we can impose the condition

Z(ﬂﬁ =1 (6.5)

at the level of matrices if the X are taken in the irreducible totally symmetric representa-
tion of order m, with dimension n = m + 1,
1

Xi= NoICE) Ji (6.6)

with J? the generators of SU(2), satisfying [J?, J7] = 2i€ijk<]k. Labeling with mq, mo the
irreps for each S? we have that the total number of expanding branes n = (mj+1)(ma+1),
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and substituting in the DBI action

SBEY = ~11 [ dP6/=GuGly Stuv/det Q 6.7)
we find
Npo (my +1)(m2 + 1) 3672my(my + 2) 367m2mg(me + 2)
Enp1 = 1+ . 1+ .
8 \/ml (m1 + 2)m2(m2 + 2) R R
(6.8)
where , ,
R R
det@Q = (1 1 I .
0= (4 g ). 9

and the (mj; + 1)(mg + 1) factor comes from computing the symmetrized trace. This

expression is exact in the limit
R2
R>1, m>1, with — = finite (6.10)
m

(see section 5.1 of [40] for the detailed discussion). Taking the large mi, mg limit we find
perfect match with the macroscopical result given by (3.19) if mq ~ N7 /3, ma ~ N3/3, in
agreement with (A.18).

6.1.1 The F-strings in the microscopical description

An essential part of the baryon vertex are the fundamental strings that stretch from the Dp-
brane to the boundary of AdSs. As we show in this section they arise from the non-Abelian
CS action.

The CS action for n coincident D1-branes is given by

Scs = /d2§ STr{P(meix) et eB2>62”F}. (6.11)
q

In this expression the dependence of the background potentials on the non-Abelian scalars
occurs through the Taylor expansion [41]

Col6, X) = Cyl6) + XF0Cy(€) + 5 X' XF00Cy(6) + .. (6.12)

and it is implicit that the pull-backs into the worldline are taken with gauge covariant
derivatives D¢ X# = 0c XH + i[A¢, X*].
The relevant CS couplings in the AdSs x T'%! background are

S8, = % d?¢ Str <iP[(in'X)C4] — %P[(ixixﬁal] A F> . (6.13)

Taking into account (6.12) and working in the gauge Ay, = 0 these couplings reduce to

1
S = [ dtsul(ixix B, (614
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where i, denotes the interior product with k* = 55} and we have integrated out v, the
spatial direction of the D1-branes. Taking into account that in Cartesian coordinates Fs,
as given by (A.20), reduces to

R4 ‘ .

iP5 = = 5o figm Fun X X"AX" A dXT A dX* A dX!, (6.15)

where the indices run from 1 to 3 for the first 2-sphere and from 4 to 6 for the second,

such that fi;, = gijm for 4,5,m = 1,...3 and ¢,5,m = 4,...,6 and zero otherwise, we
finally find

1 1
§C8, = (At Dma+ 1) /tht, (6.16)
\/ml(ml + 2)m2(m2 + 2)

again in perfect agreement with (3.4) in the large mq, mqy limit.

To finish this section we would like to point out that more general fuzzy realizations of
the T™! could in principle be considered. For instance one could think of substituting the
direct product of the two fuzzy 2-spheres by a Moyal-type of product, [X?, X7] = 16" where
i =1,...3 refers to the first 2-sphere and j = 4,...6 refers to the second. It is not clear in
any case how this would affect the description of the vertex beyond the supergravity limit.

6.2 The B-deformed backgrounds: D3-branes into fuzzy 52

In this case we start with a system of n coincident D3-branes, whose dynamics is given
by the straightforward extension of (6.3) to a four dimensional worldvolume. We take the
branes wrapped on the 3-torus and expanding into the 2-sphere in (4.1) parameterized by
(cr,0). Given that the expansion is on a fuzzy 2-sphere we take the same ansatz (6.6) as in
the previous section. Substituting in the DBI action we have

SDBI_ 1, / d*e Str [e—¢\/ — det P[E,) det Q| (6.17)
with
R4

as in the previous section for each 2-sphere.? As explained there this expression is exact
in the limit (6.10). The only difference with the calculation in the previous section comes
from the fact that det P[E,,] depends now on the transverse scalars X’, and therefore it
contributes to the symmetrized trace. In order to compute this contribution we use that

1 /2 w/2 1
Str(p pops) ~ m4—|7;/0 dasin3acosa/0 df sin 6 cos 0 = Tr;; (6.19)

as implied by equation (4.44) in [42], which is valid in the limit m > 1. We then find that

Npp m+1 w2m(m + 2)

Enps = +
Ps 81 /m(m + 2) R*

This result for the energy is more approximate than the ones found in the rest of examples,

(6.20)

where det P[E,,,| does not depend on the transverse scalars. Still, it allows to compute 1/m
corrections to the macroscopical result. Taking the large m limit we find perfect agreement
with the macroscopical result (4.9) for m ~ 2N

2The different factor comes from the different radii in the two backgrounds.
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6.2.1 The F-strings

The relevant CS couplings in the non-Abelian action for D3-branes in the 4; deformed
backgrounds are

SE5, = T3/d4§ STr(P[Cy] +iP[(ixix)Ca) AN F — P[Ca A Bo] — iP[(ixix)(C2 A B2)| A F).
(6.21)
Using (6.12) and the definition of the gauge covariant pull-backs they reduce to

Sibs = Z'T:a/alllf STr(P[(ixix)Fs] — Plixix)Fs A Ba]) Ar (6.22)
where P denotes the gauge covariant pull-back over the spatial directions. Taking the

spatial components of the gauge field to vanish and using that

1

F
> 8w

R*Geijp XFdXT A dX7 N dpy A dpa A dgs (6.23)
and !

Fy = _8?R25iijkXm AdX7 A (’Ayld(m + Yadps + "A)/gdgb;;) , (6.24)
the F5 and F3 A Bs contributions combine to give

sCs, — N ML
" vm(m+ 2)

which is again in perfect agreement with (4.4) in the large m limit.

dtA, (6.25)

6.3 The Maldacena-Nunez background: D1-branes into fuzzy S

Let us now use the action (6.3) to describe n D1-branes wrapped on the v direction and
expanding into the 2-sphere in (5.1) parameterized by (62, ¢2). The expansion is again on
a fuzzy 2-sphere, so we take the same non-commutative ansatz (6.6) as in the previous
sections. Substituting in the DBI action we have

Srll)lljslI =-T /d2€\/—GttG¢»¢, Str\/det Q (6.26)
as in (6.7), with
9sNA(po)
=14+ -———""—|I. 2
det @ < * 16m2m(m + 2) (6.27)

The regime of validity of the determinant is again fixed by (6.10). Computing the sym-
metrized trace we finally arrive at

N m+1 1672m(m + 2)
————\[AP)) + ————,
AT\ /m(m + 2) gsN

which in the large m limit is in perfect agreement with the macroscopical result (5.21) for

m ~ N /2.

Enp1 = (6.28)
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6.3.1 The F-strings

The relevant CS couplings are in this case
S5, =T / Str (P[Ca] + iP[(ixix)Ca] A F) (6.29)
which can be rewritten as

S,%gl = Qi/dtSTr[(’ixix)ikFg]At (630)

where i3 denotes the interior product with k# = 55 and we have integrated over the v
direction. Using that

N . .
Fy = — e XX A dXT A dy (6.31)

we get
cs m 4+ 1

Snbi = = vm(m+ 2)

in perfect agreement with (5.9) in the large m limit.

dtA, (6.32)

The analysis performed in this section shows that the right description for the baryon
vertex (with magnetic flux) at finite 't Hooft coupling is in terms of D1- or D3-branes
expanding into a S x (S? x 52)fuzzy D5-brane, S?uzzy x T3 D5-brane or St x S?uzzy D3-
brane. As we have shown these branes introduce tadpoles that need to be cancelled with
the addition of fundamental strings. A full description of the D5, or D3, plus F1 system
valid at finite 't Hooft coupling would require however the construction of fuzzy spikes, so
that the o corrections coming from the F-strings would also be taken into account. See

the conclusions for a further discussion on this point.

7 Conclusions

In this paper we have discussed non-singlet baryon vertices in various Type IIB backgrounds
in order to investigate the dependence of the bound imposed on the number of quarks by
the existence and stability of the classical solution, on the supersymmetry and confinement
properties of the dual gauge theory.

Using the probe brane approximation [4, 5, 20] we have shown that this bound is the
same for all AdS; x Y5 backgrounds with Y5 an Einstein manifold bearing five form flux,
independently on the number of supersymmetries preserved. The same result holds true
for B-deformed and even non-supersymmetric multi-8 deformed backgrounds, pointing at
a universal behavior based on conformality. The same analysis in a confining background,
the Maldacena-Nunez model, shows that universality is lost when confinement is present.
In this case although non-singlet baryons still exist, the bound imposed on them is more
restrictive, in agreement with our expectations that non-singlet baryons should be more
constrained in more realistic gauge theories. It would be interesting to confirm this result
in other confining backgrounds, such as the Klebanov-Strassler [18] or the Sakai-Sugimoto
models [43].
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Although the probe brane analysis has proved to be enough in order to deduce the basic
properties of this type of systems (see for instance [4-7, 20]), the fact that all supersymme-
tries are broken in this approach could imply that it may not be sensitive enough to account
for the supersymmetries preserved by the different backgrounds. However previous results
in the literature on baryon vertices in AdSs x 71!, AdS5 x Y and the Klebanov-Strassler
and Maldacena-Nutiez backgrounds reveal that even when all fundamental strings are taken
to end on the same point of the wrapped D-brane supersymmetry is broken. Therefore
significant changes to the probe brane results should not be expected. At any event, the
different behaviors based on conformality should represent valid predictions.

We also note that we would expect the baryon analysis in S-deformed Sasaki-Einstein
manifolds to provide similar results to the undeformed case. Our string and brane con-
figurations do not seem to depend strongly on the deformation in the way encountered
in [44, 45], where important modifications due to the deformation appeared only in the 73
fibration description.

Using the fact that we can consistently add lower dimensional brane charges we have
provided an alternative description of the baryons in terms of lower dimensional branes
expanding into fuzzy baryon vertices. This description represents a first step towards
the analysis of holographic baryons at finite 't Hooft coupling. In this description the
expansion is caused by a purely gravitational dielectric effect, while the Chern-Simons
terms only indicate the need to introduce the number of fundamental strings required to
cancel the tadpole.

In order to be able to conclude that non-singlet baryons exist at finite 't Hooft coupling
we should take into account not only the o’ corrections coming from the microscopical
analysis of the brane but also the o corrections to the F-string Nambu-Goto action and
the background. This is therefore a difficult program, which we have only begun to explore.
An interesting next step in this direction would be to use the microscopical analysis to build
up spike solutions in these backgrounds. We expect to report progress in this direction in
the near future.
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A The AdSs; x YP9 background

In this appendix we collect some properties of Y manifolds useful for the description
of the baryon vertex in the AdSs x YP4 background. The Klebanov-Witten background

3 We also provide the detailed microscopical

is described thereof as a particular case.
description of the baryon vertex in AdSs x YP? in terms of D3-branes expanding into a

fuzzy 2-sphere.

A.1 Some properties of the AdSs x YP? geometry

In our conventions the AdSs x YP7 metric reads

”

ds® = R? (clsids5 + ds%p,q) = R

RQ
dat 5+ ?dpz + R%ds%p. (A1)

with R the radius of curvature in string units,

47 Ng
Rf= —— 7. A2
Vol(YP:9) (4.2)

For the Y79 we use the canonical form of the metric [11], given by:

1—cy
6

2
w(;)yq(y) + %W(y)qw)(dﬁ + ccos fdg)?

—|—%[dw + cos Bd¢ + y(dB + ccos0dg))* =
= P+ P+ @+ (P + (P, (A3)

dsype = (d6? + sin? 0d¢?) +

where the flinfbeins read

1—cy 1—-cy

e = do, e? = sinfde,
6 6
1
ey = ———dy, e = M(dﬂ + ccosfdo),
w(y)a(y) 6
1
e¥ = 3 (de) + cos0de + y(dB + ccos6dg)) , (A.4)
with ( 2) ) 5
2(a—y a— 3y* + 2cy
_ - 7 7T A5
w(y) ey a(y) PR R (A.5)
and the metric is normalized such that R,3 = 4G,3. The ranges of the coordinates

(0,0,9) are 0 < § <7, 0 < ¢ <27 and 0 < ¢ < 27. The parameter a is restricted to
0 < a < 1. By choosing this range the following conditions for y are satisfied: 3> < a,
w(y) > 0 and ¢(y) = 0. The coordinate y then ranges between the two smaller roots of the
cubic equation ¢(y) =0, y1 <y < yo. For ¢ # 0, y can always be rescaled such that ¢ =1
and the parameter a can be written in terms of two coprime integers p and ¢ as:

1 p*—3¢° 2 2
a:fprg\/élp —3¢2. (A.6)

2

3With the well-known subtleties regarding the periodicities.

— 23 —



In this case

1 1
yi=—2p—3¢— V4> —3¢°) <0, y=——(2p+3¢—VAp? —3¢%) >0. (A7)

4p 4p

Finally, 8 ranges between —27 (6] + ¢) < 8 < 0, where

l (A.8)

_ q
3¢% — 2p% + p\/4p? — 3¢*

Note that § needs not be periodic in general. The volume of the Y7 can be written in
terms of p, q as

2 412 — 302)]73
Vol(yray = 42+ v 31; 3¢ (A.9)
The canonical metric (A.3) takes the standard form
1 2
dstpq = dsiy, + <3d¢ + a> , (A.10)

where the Killing vector k* = 51‘2 is the Reeb vector and ds%4 is a local Kéahler-Einstein
metric with Kéhler form

1 1- 1
J = 5do = Y sinfdf Adg + dy A (dB + ccos 0dg) (A.11)
satisfying
3Vol(YP4
/ g = Vel (A.12)
My ™

This local property of the metric will be useful in order to induce an instantonic magnetic
flux proportional to the Kéahler form.
Finally, the AdSs x YP4 flux reads F5 = (1 + x19)F5, where

Fs = 4 R* dVol(YP7) (A.13)
and

1
dVol(YP9) = e Ne? AeV AeP Ne? = Tog (L~ cy)sin0do Adg Ady NdB Adp (A.14)

F’ is then such that

1
—_— Fs=N. Al
(27‘(‘)495 /Yp,q b ( 5)

A.2 The AdSs; x T"! case

As shown in [11] when ¢ = 0 the metric (A.3) reduces to the local form of the standard
homogeneous metric on 75!, Indeed, setting ¢ = 0 in (A.3), rescaling to set a = 3 and
introducing the coordinates cosw = y, v = — [ one gets

1 1 1
dsii, = §[d¢ — cos Bd¢ — cos wdv]* + 6(cze2 + sin? 0d¢?) + é(doﬂ +sinwdr?),  (A.16)
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which is the metric of the 7! in adapted coordinates to its realization as a U(1) bundle
over S? x S? [46], normalized such that R,3 = 4 Gap. Note however that although it is
possible to take the period of v equal to 27 the period of v is fixed to 27, so the manifold
that is being described in the ¢ = 0 case is the T%!/Zy orbifold. Still, we can study the
baryon vertex in T%! as a particular case of YP4 geometry if we account for the right
periodicity of 1) when relevant.

The Kihler form in the 7! reads

1
J = g(sin 0do N dp + sinw dw A dv) (A.17)
and some properties used in the main text are
2 3Vol(TH!
J=""T, Jag = VelT) (A.18)
92 3 T1,1 2
where the volume of the 71! is given by
1673
Vol(TH!) = ——. A19
T = = (4.19)
Finally, the 5-form field strength is F5 = (1 + *19)F5, where
R4
Fs = 4R*dVol(TH) = o7 SmOsinwdd A dw A dy A dg A dv (A.20)
and satisfies: .
—_— Fs=N. A21
(2m)%gs /Tl’l b ( )

A.3 The baryon vertex in AdS; x YP? with a magnetic flux proportional to
the Kihler form of the 52

The microscopical description of the baryon vertex in AdSs x YP¢ in terms of D3-branes
expanding into a fuzzy 2-sphere is complementary to a macroscopical D5-brane wrapped
on the Y74 with a magnetic flux proportional to the Kéhler form on the S2. This magnetic
flux dissolves D3-brane charge, with the D3’s spanned on the (y, 8,) directions.

The DBI action for the D5-brane in the Sasaki-Einstein background (A.3) reads

BB _, / ¢ e/~ det P(Garw + 27Farn) (A.22)
RxYPa

where M = (u;i) = (t,a;1), a = (y,5,v), i = (0,¢). Turning on a magnetic flux pro-
portional to the Kéhler form on the S? parameterized by 6 and ¢ in (A.3) it is easy to
prove that

det P(Gpn + 21 Fyn) = Gl J (A.23)
with I =det[(G+27F);],  J = det[Gap — Goi(G + 20F) 1G] .

The determinant I can be easily computed, with the result

I= G99G¢,¢(1 + (QTFN)QEQ) = G99G¢¢I, €

ok (A.24)
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For the computation of J we note that G®*Gp; = —0ay0ip cos . The result reads

e Oty cos? 6
G¢¢(1 + (27TN)2€2)

J = (det[Gap))® det |G — = det[Gop) T . (A.25)

Plugging these expressions in the DBI action we finally find

Y2 dy(1 — dfsin 0T T
EDS - N £0o Y1 y fO

, (A.26)
167 yy12 dy(1 —vy)

A.4 The microscopical construction

In this appendix we show that the baryon vertex with magnetic flux that we have just
discussed can be described at finite 't Hooft coupling in terms of D3-branes expanding into
a fuzzy 2-sphere. The geometry of the fuzzy D5-brane is then given by the twisted product
of the 3 dimensional manifold spanned by the (y, 3,%) directions and a fuzzy 2-sphere.
The DBI action describing the dynamics of n coincident D3-branes spanned on the
(y,8,%) directions and expanding onto the fuzzy S? parameterized by 6 and ¢ in (A.3) is

given by (I =1,2,3)
SBE = -1y [ dtesulety/-Gul ], (A27)

I=detQ';, J=detP[Gop+Gar(Q ' —0)""Gp). (A.28)

where

The determinant of Q! ; can be computed in a similar way as in the previous cases, and
the result reads

A
ﬂ €[KL XLGKJ R A(m) = (A.29)
27

IR 2
= (0 (35))

Next, we consider the determinant J and we note that

Qly=46,-

A A .
Qly =38l — 2 TN X Gy = GIK<G K- ;W)SKJLXL) — Q=G'Q. (A30)

Thus, we have to compute the inverse of @, which in the macroscopical limit (m > 1)

reads

. ~ 1

Qry=Gry+evt = QW= T2 (GU—i-vIUJ—EUKvK), (A.31)

A A 201 )2 R4
I (m) 1 2 I,.J m\ (1 —y)
! 2r ! 1 < 27 ) 36 ’

where the indices are raised using G'7. Next, we compute (Q~ — §)~// which reads

_ _ _ 1

(Q 1_5) IIJE(Q 1_ ) GKJ ﬁ( 2GIJ—|—U U €IJKUK). (A32)
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So, using the last equation and G®Gy,; = —0ay0ip cos O we find

5a1/} (5bw COS2 0

T 2 ab
= (det|G det |G’ — —"F———
d ( ¢ [ ab]) ¢ |: G¢¢(1 + U72)

] = det[Gop) T (A.33)

Putting all these ingredients together in (A.27) and using eq. (4.44) of [42]; so to find the
leading behavior for m > 1, we find

SDBI _ _7y / dest[e ) -Gul]] ~ - 2( m+ ! /S as? / aiefe —GttIJ}
_ \/% dS¢ [ \/—GttIJ} —

EDDBI m+1  po yz”f dy(1 — fo do 51n9\/I7
" m(m + 2) 167 yyf dy(1 —y) ’

(A.34)

which in the large m limit reproduces the macroscopical result and like as the 71! case it
is given by (A.26) with m = N/3, for which (Z,7) < (Z, ).

A.4.1 The F-strings

The CS action describing the dynamics of the n coincident D3-branes takes the form

SC8, = Tg/Str(P[C’4] +iP[(ixix)Ca] N F) = —iTg/Str(P[(iXiX)F5]) ANAy (A.35)

Fx reads, in Cartesian coordinates for the S?

5 _ R k
Fyspis = 57 (1 —y)eijrX (A.36)

Substituting in the action we find that

1
4Cs m +

nbs = \/Tw

which exactly matches the macroscopical result (3.4) in the large m limit.

(A.37)
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