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Abstract---In this work, a simplified model of a 2x25kV bi-level
traction power system for feeding high-speed trains is presented.
A Modified Nodal Analysis (MNA) based algorithm for solving
the system with and adaptive damping factor is also explained.
The main novelties of this work are the inclusion of train
protections (over-current and over-voltage) in the model and the
development of the MNA solving procedure that increases the
stability and robustness of the iterative solving process. Another
important feature of the model is that it can be easily adapted
to a single voltage feeding systems by deactivation of specific
parameters. The accuracy and performance of the proposed
simulator is compared and verified relative to the derivative
based solvers.

Index Terms---2x25kV AC railway, Adaptive Damping Factor,
Backward/Forward Swept, High-Speed Railway, Modified Nodal
Analysis, Newton-Raphson, Power Flow, Railways, Traction
Power Systems.

I. INTRODUCTION

ACCORDING to the International Association of Public
Transport (UITP) [1], 400 billion of trips are made each

year in the European Union and 15% of those trips are made
using public transport. Among those, 45% are made using
railway systems. Railway transportation is recognized as the
most environmental friendly form of mass transport with an
average consumption of 0.12 kWh per passenger and kilometer
and it is also the safest transportation system. Among all kind
of railway transportation systems, high-speed railways (HSR)
for connecting major cities became quite popular around the
world with more than 8.9 billion of passengers each year and
more than 38000km of electrification. China accounts for more
than two-thirds of those kilometers and it will reach 30000km
by 2020, but the degree of development of HRS is also very
high in Europe (nearly 9000km) and in Japan. In other countries
like United States and Australia the debate about these kind
of transportation systems is already open.

In this context, the number of researchers working on this
topic in the last years has grown in a significant way. Many
efforts have been invested not only in the development of
technologies applied to vehicles but also in the development
of the power systems that feed them, that are an essential part
of the the necessary infrastructure.

Many of the works presented in the last years were devoted to
study the impact of new technologies in the traction network or
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Fig. 1: 2x25kV AC traction section with two cells and a train
placed at the second cell.

the impact of the traction network over the main distribution or
transport grid. For instance, in [2], a methodology to optimize
the off-board hybrid energy storage systems in AC rails is
proposed. The same authors studied the effect of adding
renewable generation inside the traction network in [3]. In
[4], the traditional AC traction networks are replaced by 24kV
DC traction systems using multilevel converters. [5] proposed
the use of power electronic links between the neutral zones
of 2x25kV AC traction systems to reduce the losses and the
investment cost and [6] developed an optimization methodology
to study the impact over the electrical grid of a railway corridor
composed of 8 railway substations connected to the primary
grid and 10 lines.

For carrying out the different studies, it is crucial the
development of accurate and effective mathematical models of
all elements present in the infrastructure. The degree of detail
of the different models varies depending on their application.
In the case of power quality studies, we can find very detailed
models of the electrical infrastructure and the trains. Very good
examples of the integration of a detailed model of train plus
high speed infrastructure are the ones proposed in [7], [8], [9].
The model presented in [10] has been specifically designed for
studying the problem of low frequency oscillations in traction
networks.

A common feature of all of the above-mentioned models
is that all of them are very complex and accurate models
suitable for being used in transient simulations with a low
number of lines and trains. However, they are not appropriate
for planning purposes with long simulation periods and a large
number of trains, lines and substations. For this kind of studies,
simplified models solved using time-varying curves in quasi-
static simulations are the more suitable. We can find in the
literature many steady state models for DC traction systems
[11], [12] and also for AC traction systems. As far as high
speed systems are concerned there can be several types of
feeding systems. An analysis of most of them can be found in
[13]. By far the most common is the so called 2x25kV bi-level
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power system like the one represented in Fig. 1. As it can be
observed, the transformer connecting the AC traction system
with the main grid has the secondary winding split in two,
the central point (grounded) is connected to the rails while
the other two points are connected to the overhead feeding
system (catenary from now on) and the return conductor. By
means of autotransformers, the sections are divided in different
cells. A section is fed by a power transformer and the different
sections are separated by dead-zones or neutral-zones. The
train is electrically connected between the catenary and the
rails. With this system, the energy is transported at 50kV in
the cells without trains reducing the losses and the number of
required substations.

This paper is going to be devoted to the development of
a simplified model and a quasi-static solving procedure for
this kind of system, but the same model can be used for
single-voltage systems just by deactivation of some specific
elements. It is not the first attempt or proposal to model
and solve the 2x25kV networks. For instance, in [14], an
equivalent monovoltage system of the classic 2x25kV system
is proposed by using the Fortescue theorem. As the authors
mentioned, the solution is elegant, accurate and it reduces the
computation time but it is really complicated to use and it
must be mentioned that it only works under the assumption
that positive and negative catenaries are balanced, which
could not be true in a general case. [15] used the Carson
equations to model together the rails and the soil in a simplified
manner. A modified current injection method for solving
these kind of systems was presented in [16], and in [17],
the authors used a backward/forward swept (BFS) method. In
[18], the authors demonstrated that the BFS algorithm is faster
than the conventional derivative based algorithms. However,
BFS algorithms present serious convergence problems in the
presence of non-reversible substations (in case of DC systems)
and other non-smooth characteristic loads/generators, like for
instance, trains with over-voltage and over-current protections.

The proposed model, unlike those discussed above, considers
the use of an over-current and over-voltage protections in the
trains and it is specially designed for being used in massive
simulations with long simulation periods and a large number
of trains and substations. The solver is based on a modified
nodal analysis (MNA) algorithm with an adaptive damping
factor making it much more stable and robust in terms of
convergence but still much faster than those derivative based
as it will be demonstrated. The paper is structured as follows.
In the next section, the models of the different devices present
in the network are described as well as the train model. The
integration procedure of these devices and trains inside the
network model is also explained in the next section. Section III
describes the solving procedure. In section IV, a set of cases
of study are presented and analyzed. Finally, in section V the
conclusions are stated.

II. MATHEMATICAL MODEL

Through the different subsections of this section we will
describe the different mathematical models of the devices
present in the network and the trains. After that, we will
describe how to integrate all of them within the network model.
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Fig. 2: The feeding system of 2x25 AC railways [19], [20]

To integrate all the equations in the system in a compact
way, the connection matrix (Γ) described below is used
repeatedly throughout the article. Γ is used to generate a linear
combination from a given input vector. The element Γ(m,n)
represents the participation factor of input (n) in the output
(m). The incidence matrix is a connection matrix where rows
represent devices (line impedances, train, sources, ...) and
columns represent nodes. All elements in Γ are cleared to zero
except the elements of positive and negative nodes, that are
set to 1 and -1 respectively as defined in Equation 1.

Γ(m,n) =





1 n = Positive node of device m
−1 n = Negative node of device m

0 otherwise
(1)

For instance, the device voltage vector (Vd) and the injection
current vector (I) contain respectively the voltage drop in all
devices of the system and the current injected at each node.
They can be calculated as a function of the nodal voltage
vector(V ) containing the voltage in all nodes of the system with
respect to ground and the device current vector (Id) containing
the current through all devices respectively by means of the
incidence matrix as shown in Equation 2 and Equation 3.

Vd = Γ ×V (2)
I = ΓT×Id (3)

A. Catenary sections description

The wiring layout in 2x25kV system is quite complex and
there are many conductors and electrical paths involved. A very
detailed description of the system with all possible variations
can be found in Chapter 4 of reference [21]. In Fig. 2, a
simplified scheme is represented. In most of the cases, for
describing the different feeder of the system in a simple way,
a lumped model like the one proposed in [22] and [20] is
used. The so called positive feeder (marked as P in Fig. 1 and
Fig. 2) or overhead conductor is formed by the catenary plus
the contact wire that are usually connected by droppers and
switching wires. The ground path (marked as G in Fig.1 and Fig.
4) is formed by the rails, the overhead and the buried ground
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conductors. Finally, the return path, also called negative feeder
for analogy with the DC systems (marked as N in Fig. 1 and
Fig. 2) is formed by the return conductor. As it can be observed,
the wires can be grouped creating three sets of conductors.
The first set represents the positive feeder (P), the second set
represents the ground feeder (G) and the third set represents
the negative feeder (N). As it was demonstrated in [22] it is
possible to reduce the whole system to a lumped parameters
model using a reduction method based on the reduction of
a group of conductors at the same potential to an equivalent
conductor. This equipotential assumption holds for all cases
where a set of conductors is bonded together like in the 2x25kV
systems [22]. The obtained simplified lumped parameters
model is formed by three longitudinal elements representing
the inductances and resistances of the lines plus transversal
resistive/capacitive elements. As it is demonstrated in this
reference, the error obtained neglecting the resistive/capacitive
transversal elements is less than 1%, so the system can be
represented by three resistive/inductive longitudinal elements
representing the self-impedances of the positive, ground and
negative feeders plus the couplings between them, that can be
considered purely inductive. This lumped parameter circuit or
a small variation of it, is used for most of the researchers that
develop power flow algorithms for these kind of systems. There
are many researchers that also neglect the mutual impedances
[23], [24], [25], [26], [14], [27], [28], [16], [5], [29], [30]
simplifying the system to the limit removing the off diagonal
terms of admittance matrix. The system is much lighter from the
computational point of view, but the accuracy of the calculation
is lower since the effect of the inductive couplings is not
negligible. On the other side, many authors propose or use
very complicated models considering the couplings as it can
be observed for instance in [31], [32], [7], [8], [33], [19], [34].
These models are very accurate but also complex from the
point of view of their computational burden, which is a very
important drawback for making extensive calculations. The
approach adopted by the authors is the one presented in [35],
[20]. This approach considers the mutual couplings between
the longitudinal elements, but taking advantage of the fact that
the ratios between specific currents in the system are always
real numbers since those currents are in phase or shifted 180
degrees. Using these current ratios is possible to reduce the
system with couplings to an equivalent system using a modified
set of the self-inductances. In this case and without losing any
generality, we will use this approach that we will allow us
to consider the couplings maintaining the simplicity of the
mathematical model.

B. Substation Model

The traction substations connect the traction network with
the main grid. Each substation includes a power transformer
to adapt the HV at primary side to traction voltage at the
secondary side. Very detailed substations models are proposed
when the interaction between the railway feeding system and
the grid is required as it can be observed for instance in [7],
[8], but this is not what the authors try to model in the present
work.

Zin

Vin =⇒ YspIsp
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0

Fig. 3: Simulation model of a single supply substation
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Fig. 4: Simulation model of a dual supply substation

In Fig. 3 and Fig. 4 (left), the electrical model of the
traction substation for the single-voltage and bi-voltage cases
are depicted respectively. The presented model is equivalent
to the one using two voltage sources with series impedances
which has been widely used by many authors, see for instance
the references [22], [16], [25], [34], [33].

The high voltage side can be replaced by the Thévenin
equivalent circuit to simplify the model. The series impedance
(Zin) at the primary side of the transformer is calculated based
on the short circuit power of the substation and the leakage
inductance of the transformer. An extra impedance to simulate
the voltage drop in the transport network can be also added.
In the case of single feeding system, the substation model can
be simplified using the Norton equivalent circuit as shown
in Fig. 3 (right). The current source based model is more
suitable for the MNA algorithm because it provides a direct
current injection in the node. In bi-voltage feeding systems,
the primary side circuit can be divided symmetrically into two
voltage sources and two series impedances. Fig. 4 (right) shows
the simplified model obtained using the Norton equivalent of
a bi-voltage feeding system substation. The midpoint between
the two circuits is used as a ground reference. The voltage in
the terminals of the current sources must be defined depending
on the turn ration and in the general case, it should have the
same value since turn ratios of both windings are generally
equal.

We are going to refer to the no-load voltage between the
terminals 1 and 0 as positive voltage (Vsp), and the no-load
voltage between the terminals 0 and 2 as negative voltage
(Vsn). Both voltages will be expressed in p.u. and they can be
related by means of the turn ratio of their respective windings
(N) as follows:

Vsn = Vsp / N (4)

The primary to positive turn ratio (Np) and the primary to
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Fig. 5: Simulation model of autotransformer

negative turn ratio (Nn) can be obtained using

Np = (Vsp×Vb) / Vin (5)
Nn = (Vsn×Vb) / Vin (6)

Where Vb is the base voltage in (V) and Vin is the voltage
at the HV side of the substation in (V). The admittances Ysp

and Ysn in p.u. of the equivalent current sources (see Fig. 3
and Fig. 4 (right)) are obtained by means of

Ysp = Zb / (Zin×N2
p ) (7)

Ysn = Zb / (Zin×N2
n) (8)

Where Zb represents the base impedance in (Ω). Using the
previously defined impedances we can obtain the equivalent
current sources in p.u. of the substation Isp and Isn.

Isp = Ysp×Vsp (9)
Isn = Ysn×Vsn (10)

We will define a vector Ic with n positions, being n the
total number of nodes that will represent the nodal current
injection of all constant sources. Ic will have all zeros except
in the two first positions in which we will place −Isp and Isn
respectively.

C. Autotransformer Model
In bi-voltage feeding systems, each section (fed by a single

substation) is divided into cells. A cell can be defined as the
portion of the system located between two autotransformers or
between an autotransformer and a substation. In all cases, an
autotransformer is placed at the end of each cell (see Fig. 1).
The autotransformer has two windings (positive and negative)
and it is connected by three terminals (P,G and N) to the
overhead feeder, the rails and the return conductor respectively
(see Fig. 5 (left)). In most of the cases, the autotransformer
has unitary turn ratio. In asymmetrical feeding systems, the
negative voltage (Vn) maybe much higher than the positive
voltage (Vp) to reduce the losses of the negative feeder. The
model of an ideal autotransformer can be represented using two
dependent sources, a voltage and a current source as shown
in Fig. 5 (right). The leakage and magnetizing impedances of
the autotransformer are neglected to simplify the model. The
accuracy of the solution is acceptable because those impedances
are around 1% [20], [35]. In case that the user wants to model
a system with higher impedances, it would be recommended
to include them in the model. The power transferred between
the two windings is defined in Equation 11.

S = I∗p × Vp = −I∗n × Vn (11)

All autotransformers in the system can be defined by means
of two linear matrix equations, the voltage equation and the
current equation. In this case N will represent a diagonal
matrix with all autotransformer turn ratio. The voltage relation
between positive and negative ports is defined by Equation 12.
Each autotransformer adds its positive current (Ip) to the vector
of unknowns which includes also the node voltages (V ). The
negative current (In) can be substituted by the positive current
(Ip) using the Equation 13.

Vp = N × Vn (12)
In = −N × Ip (13)

The connections of autotransformers are represented by two
incidence matrices. The first one (ΓP ) represents the positive
windings connections on the top, while the connection of
the negative windings are represented by (ΓN ). The voltage
equation of the autotransformer expressed in Equation 12 can
be expressed for all the autotransformers in the system using
the nodal vector and the incidence matrix as follows:

0 = Γp × V − N × Γn × V = C × V (14)

Where (C) is a constant matrix C = Γp − N × Γn.
Equation 14 is added to the mathematical model to compensate
the additional unknowns added by Ip. The nodal injection
current of the autotransformer (Ia) is defined also based on
the positive port current (Ip) and the transpose of the (C)
matrix as shown in Equation 15.

Ia = ΓT
p × Ip − ΓT

n ×N × Ip = CT × Ip (15)

D. Train Model

The reference power profile (Pref ) of the train is given as
an input for the simulator via a file called XTP generated by an
external software containing a very detailed electro-mechanical
model of the train. For each trip, the XTP file contains the
position, the time respect to the start of the trip and the power
reference. Each profile represents a single run of a train on
a specific track which may consist of multiple of sections. A
similar approach can be found in [14], [30], [29], [35], [31],
[22], [33], [16], [34].

The distance of the XTP profile data must be consistent
of the total length of the track. The simulator reads the XTP
data and interpolate them on a fixed step time. The train is
located on its section and cell based on its position relative to
the track.

In Fig. 6, we can observe two different tracks, corresponding
with the trip of two trains, the trip of train 1 from A to B (track
1) and the trip of train 2 from B to A (track 2). Both tracks
have the same length of (52km) and both tracks goes through
sections 1 and 2 that are fed by the same substation. Both
sections have three cells of different lengths as expressed in
the figure. We consider that a train moves forward in a section
if it moves away from the substation that feeds that section,
otherwise the train would be moving in a reverse direction
inside this section. This is just a convention that we choose
to define the movement of the trains within the system. As it
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Fig. 6: Sections directions in dual track example

can be observed, for the track 1, the train will move first in
reverse direction in section 1 and then in forward direction in
section 2. For the track 2, the train will move first in reverse
direction in section 2 and then in forward direction in section
1. If we consider that the train 1 in Fig. 6 is travelling from
A to B (track 1) and it is placed at 30km from the beginning
of its track (point A), this means that it is placed in the cell
1 of the section 2 at 6km from the beginning of the cell (the
beginning of a cell is always the closest point to the substation
within the cell). This is how the position that the algorithm
will use to place the train in the system is defined, section 2,
cell 1, position inside the cell 6km (0.5 pu). In the case of the
train 2, it is in track 2 placed at 38km from B (starting point
of its track), that means that the train is in section 1, cell 2
and position 2km (0.25pu) from the beginning of its cell.

The train is connected to the network by two nodes (positive
and ground). The connection of all trains in the system is
defined by the train incidence matrix (Γt). Each train is
represented by a single row where the column of the positive
node is set to 1 and the column of the negative node is set to
-1.

The protection curves described in the following paragraphs
allow us to simulate the trains control and their interaction with
the network, the same approach has been widely used among
the authors in DC railway systems, see for instance [11], [12]
and we extended the technique in this paper to the AC railways
systems. According to the standards IEC60850:2014 [36] and
CENELEC-EN50163 [37], we can define V1, V2, V3 and V4 as
the lowest non-permanent voltage, lowest permanent voltage,
highest permanent voltage and highest non-permanent voltage
respectively. Very low voltages must be avoided since the
train would need to extract a very high current for a specific
power damaging the power electronic equipment inside the
train. Very high voltages could put in risk the isolation of the
different devices of the infrastructure and also the trains. For

1

0

P

V1 V2 |Vt|

(a) Over-current protection

1

0

P

V4V3 |Vt|

(b) Over-voltage protection

Fig. 7: Protection curves

that purpose, the trains are provided with a set of mechanisms
that limit the current reducing the requested power in case of
low voltage scenario. In the other hand, the regenerated power
injected into the network should be also limited burning part
of it in the rheostatic system in case of high voltage scenario.
The protection curves represented in Fig. 6 summarize these
overcurrent protection systems in low voltage scenarios and
overvoltage protection systems in high voltage scenarios. Low
voltage scenarios are usually connected with trains working
in traction mode while high voltage scenarios usually imply a
surplus of regenerated power.

The reference power of the train may be limited in traction or
braking mode by the over-current and over-voltage protection
respectively. The over-current protection shown in Fig. 7a
is activated at low voltage profile, usually when the train
is in traction mode absorbing power from the catenary. If
the voltage magnitude is lower than (V2), the train power is
reduced linearly until it is blocked totally when the voltage
magnitude is lower than (V1). Fig. 7b shows the squeeze control
which protects the system from over-voltage by limiting the
regenerative braking power injected in the catenary when the
voltage magnitude is higher than (V3). For voltages higher
than (V4), the train can not inject any regenerated power into
the catenary. The blocked power is derived and burned by the
rheostatic braking system inside the train. Summarizing, the
train power (Pt) can be obtained as a function of the power
reference (Pref ), defined as an input in the XTP files and the
catenary voltage as follows:

Pt = PV(Vt, P ref) (16)

where the function PV represents the protection curves
previously defined. The simulator calculates the reference
value of the reactive power assuming specified power factor.
Equation 17 defines the (rqp) as a ratio between reactive Qt

and reactive Pt powers for a given power factor PF.

rqp =
√

(PF )−2 − 1 (17)

The train reactive power can be obtained as

Qt = |Pt| × rqp (18)

The train current is updated by Equation 19 based on the
apparent power (St) and the voltage (Vt).

It = conj (St � Vt) (19)

The � operator represent the phasor product. Finally, a vector
with all voltages between the catenary and the rails for all
trains can be obtained using Equation 20 and a vector with
all nodal currents injected by the train can be computed using
Equation 21.

Vt = Γt ×V (20)
Int = ΓT

t ×It (21)

Fig. 8 shows the block diagram of the train model which
updates the train current at each iteration of the solver.
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Fig. 8: Train current model based on protection curves

E. Network Model

The topology of the traction network is updated dynamically
based on the position of all trains at each instant. The solver will
divide the nodes in static and dynamic nodes. The static nodes
include the terminals of the substations and autotransformers.
We define the static lines as the connections between the
static nodes assuming the network without trains. The dynamic
network is reconstructed at each instant considering that the
trains split the static lines depending on their position. For
this purpose, an optimized line splitting procedure has been
designed and implemented. The line splitting procedure divides
the positive (catenary plus contact wire) and ground feeders
(rails) into line segments. It must be pointed out that the return
conductors remain always as a static lines.

For splitting a specific line, first trains are sorted and
classified according to their position on the line starting from
the source node. Then, trains are grouped and located at the
existing static nodes or new dynamically created nodes. Finally,
new dynamic lines are created by connecting the source and
destination nodes with the new dynamic nodes. The distances
from the source node are normalized relative to the line length
so the destination node will be located always at 1. The length
of line segments is limited to a minimum length (XMin to
prevent from creating ill conditioned systems. The splitting
algorithm may shift the trains to nearby nodes to avoid this
condition. (XMin must be less than half the length of the
trains to ensure the accuracy of the solution. The variable
(Pre) tracks the previous node number that is initialized as
the source node, while the variable (PreX ) stores its location.
The previous node is the starting point of all segments. The
last line segment ends with the destination node, while other
intermediate segments end with new nodes. The algorithm
adds the last line segment in all cases even when there are
no trains. An intermediate line segment is added for the new
node. The connections of the line segments are represented by
the incidence matrix (ΓL). Fig. 9 shows different cases faced
by the line splitting algorithm depending on the train positions.
The following paragraphs explain the case study shown in Fig.
9.

1) Train located near the source node (T1): If the distance
(X1) is less than (XMin), the train is shifted to the
source node.

2) Train located far from any node (T2): If the distance
with the previous node (X2) is greater than (XMin, the

Src Dst

T1 T2 T3 T4

New

X1

X2

X3

X4

dX1 dX2

Node

Fig. 9: Example of different cases of line splitting

train is located at a new node. A new line segment is
added to connect the previous node with the new one.

3) Train located near the previous node (T3): If the distance
between the train and the previous node (dX1) is less
than the (XMin, the train is located at the previous node.

4) Train located near the destination node (T4): If the
distance between the train and the destination node (dX2)
is less than the (XMin, the splitting algorithm shifts the
train to destination node.

III. SOLVING PROCEDURE

It must be remarked that, as it was previously mentioned,
each substation can feed different sections that are separated
from other sections fed by different substations by neutral zones
without any electrical connection. The proposed simulator,
labeled for commercial use as ACTS, solves each network fed
by an individual substation independently in a sequential way
but this process can be parallelized. Taking advantage of this
feature, the speed of the solving procedure can be increased.

In all the representations in this paper, we will assume the
positive current reference when the direction of the current is
to the right part of the scheme. The voltage measurements are
relative to the ground node. All currents and voltages are in
rms value. The mathematical model is based on the MNA as
defined in Equation 22. A similar approach was used to solve
DC traction systems in [12]. However, in this case the solver is
extended and modified in order to deal with complex variables
and with the complex specific topology of the 2x25kV AC
systems.

A × x = b


Yn CT

C 0


×




V

Ip


 =




Ib

0




KCL

Equation 14
(22)

The vector of unknowns (x) includes the voltage of all nodes
(V ) and the current of the positive port of the autotransformers
(Ip). The equations of the mathematical model are classified
into two groups. The first group represents the Kirchhoff’s
Current Law (KCL) at each node. The second group represents
the voltage equation of the autotransformers (Equation 14). The
nodal admittance matrix (Yn) is used to model the constant
admittance of the lines segments and shunt elements as defined
in Equation 23. The (Yn) matrix is built based on the line
splitting procedure and it changes dynamically as the train
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moves. However, the matrix (A) is constant during all iterations
of a single instant of the simulation.

Yn = ΓT
L × YL × ΓL + Ysh, (23)

YL is a diagonal matrix with the diagonal terms representing
the admittances of the lines. Ysh is also a diagonal matrix
with terms in the diagonal representing all shunt admittances
present in the system. Ib represents all current injections of
the trains as well as the constant sources of the substations, it
can be calculated as

Ib = Ic + Int (24)

where (Ic) stands for the constant current of the substations
and (Int) represents the nonlinear current of the trains.

We must emphasize that the line splitting algorithm is
responsible for creating the dynamic node and line segments
based on the position of the train. The impedance of the
line segment is proportional to the segment length and the
total impedance of the line. If the line segment is too short,
the impedance will be a small value which leads to huge
admittance. High variation in the admittances will produce ill-
conditioned systems, so the solver needs to deal very carefully
with this dynamic node creation in order to avoid this critical
effect. In order to do overcome this problem the solver use
the next strategy. The length of the line segments is limited
to a minimum length to avoid short segments. This minimum
length can be modified from the configuration parameters to
be suitable for all cases. When two or more elements are
closer than the predefined minimum distance, the solver merge
the models of the elements in a single element model that
is split after the solution is obtained. Apart from that, all
matrix operations use 64-bit floating point for high accuracy
and the KLU linear solver is selected to solve the linear
system described in Fig. 10 and in the eq. 22. KLU is
specially designed to solve linear systems generated form the
mathematical models of electric circuits and it can sort and
scale the matrix to improve the accuracy of the solution [38].
It is designed to solve huge sparse matrices even under ill-
condition. In our specific case we use the lower-upper (LU)
factorization implemented in the above-mentioned KLU linear
solver. In addition, it must be mentioned that off-course, all
impedances and electrical variables use the per unit system in
order to homogenize the values and improve the accuracy of
the calculations.

At the initialization stage, the solver factorizes the (A) matrix
into lower (L) and upper (U) matrices. During each iteration,
the solver updates the (Ib) vector based on the nonlinear current
model of the trains. Then, the linear system is solved by two
steps of substitutions as shown in Equation 25. The lower
triangle matrix is solved by forward substitution, while the
backward substitution is used for solving the upper triangle
matrix.

A ×x = b 1) Solve Forward: L×y = b
L× U×x = b 2) Solve Backward: U×x = y

(25)

For the first iteration, the nodal voltages are initialized to the
substation open circuit voltage. During the iterative process

∑

Ic

IntTrainV

Damp

Vnew

Memory

Vold

Memory

Verr

Ib

Model

Solve(A,Ib)
V0

∑
norm

Ierr

Fig. 10: Block diagram of the solver function

(summarized in Fig. 10), the nodal voltage is updated based
on the adaptive damping algorithm represented in Fig. 11 to
avoid oscillations and divergence.

The damping factor (D) forces the algorithm to select an
intermediate point between the old (previous iteration) and
new voltage (current iteration) as defined in Equation 26. This
operation is performed in the ”Damp” block of Fig. 10.

V = D × Vnew + (1 − D)× Vold (26)

The Damping factor may vary between 0.01 and 1. When (D ≈
1), the solver jumps directly to the new voltage which may
improve the speed in normal cases. However, this condition
may lead to divergence in critical cases. Low values of damping
factor (D < 0.01) will slow down the convergence rate but the
algorithm becomes more robust. The solver modifies the value
of the damping factor dynamically based on the convergence
rate.

The error of each iteration is estimated as a norm combina-
tion of the per unit difference error for the nodal voltage and the
injection current as defined in Equation 27. The solver stops if
the error is less than given tolerance. It must be remarked that
the stopping criteria does not guaranty that the power absorbed
or injected is the one defined in the XTP file as a reference
power. However, we should also notice that the protection
curves relating power with voltage are also embedded in the
formulation as part of the model. If the voltage is between
V2 and V3 (see Fig 7), the stopping criteria together with the
equations provided by the curves guaranty that the power is
equal to the reference power. In case that a voltage of a train
is between V1 and V2 (Overcurrent protection activated) or
between V3 and V4 (Overvoltage protection activated), the
final result of the power will differ from the one specified in
the XTP files as reference power, but this is the desired effect
of the implementation of these protection curves.

Err = ‖ Vnew − Vold ‖︸ ︷︷ ︸
Verr

+ ‖ Inew − Iold ‖︸ ︷︷ ︸
Ierr

(27)

First, the solver initializes the damping factor to a low value
(D = 0.05) to achieve a robust convergence rate in the
first iterations. Then, the solver increases the damping factor
gradually when the case has a smooth convergence rate to
increase the convergence speed. The damping factor is reset to
the initial value if the solver detects any overshot or oscillation
of the error. Equation 28 defines the convergence rate (r) as
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D=0.05

Update Error

r = Errnew / Errold

Reset D Decrease D Increase D

r > 10 r > 2 r < 0.1

YesYes Yes

No No

No

Fig. 11: Flow chart for updating the damping factor

a ratio between the errors of successive iterations.

r =
Errnew
Errold

(28)

The numerical limits shown in the flow chart of Fig. 11 are
used to avoid overshooting and oscillation. Similar strategies
have been applied to derivative based methods. For example,
Levenberg-Marquardt method is known as damped least square
method which is widely used for solving the nonlinear systems
of equations [39], [40], [41]. However, it is not designed to
deal with non-smooth characteristics like the ones introduced
by the protection curves of the trains. In the following section,
the performance of the proposed algorithm is compared with
an improved version of the Levenberg-Marquardt algorithm.

IV. CASES OF STUDY

A. Test case of single section

Fig. 12 shows a simple network configuration of a single
section with three cells and two parallel catenaries that share
the same autotransformers and return conductor. The rails of
the two tracks are electrically connected so it can be considered
as an equivalent rail. The impedance parameters of this test
case are listed on Table I based on the reference [22]. When
the simulation starts, two trains from both terminals, connected
to different catenaries are launched. Both trains travel through
the section of 45km, the first one in forward direction and
the second one in reverse direction. The section is divided
in three cells, and as it can be observed in Fig. 12, the
autotransformers are placed each 15km. The substation is a
20MVA substation with an output voltage in open circuit of
±27.5kV. The total resistance of the substation is 1128.75mΩ
and the total inductance is 35.96mH. The impedance upstream
the substation has been set to 4514.98mΩ and 143.71mH
already referred to the 27.5kV voltage. Since the number of
trains in the system is not elevated and in order to force the

TABLE I: Impedance configuration of the test cases [22]

Z R L
ZP 37.1 mΩ/km 0.43 mH/km
ZG 22.9 mΩ/km 0.22 mH/km
ZN 53.7 mΩ/km 0.63 mH/km

Fig. 12: Topology of AC traction network

algorithm, we considered a multiplication factor of 2 for the
impedance of the substation and a multiplication factor of 4
for the impedance of the positive, negative and ground feeders.
We assume that the neutral point of the autotransformers
is grounded with an impedance of 1 mΩ, higher ground
impedances would provoke higher circulating currents in the
rails of the sections without trains. As it can be observed the
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Fig. 13: The simulation results of the three trains test

model works fine even with a very small values of ground
impedances in the autotransforers, however, solid grounding
could cause ill conditioned systems. The voltages V1, V2, V3

and V4 of the protection curves has been set to 0.7, 0.76,
1.1 and 1.16 respectively (per unit values respect to 27.5kV).
The simulation represents 720 instants at each second. Each
instant is an individual network configuration based on trains
position and power. The printed version of Fig. 12 shows
a single instant at t=360s. However, the electronic version
include the 720 instants. It is possible to interact with the
graphical representation and select any of the 720 instants by
means of the controls placed at the bottom of the figure.

In this case, the power profiles of all trains are generated
by repeating patterns of acceleration and deceleration with
intervals of constant power between them. In Fig. 13, the
trains (T1 and T2) position, power, real and imaginary current,
catenary voltage drop from the substation to the train and
catenary voltage are represented. The peak power of the trains
is 12 MW for acceleration and 7 MW for braking. The power
factor has been set to 0.9 (lagging) for the whole simulation
but it could be defined as a complex function depending on
the active power reference. The actual power of the train
is following nearly the same reference profile because the
train voltage does not activate the protection curve in most
of the instants. However, it must be observed that in some

occasions, the grey dashed line representing the reference
power is different from the solid coloured line representing
the actual power. In this specific case, this is because the
overcurrent protection activation in a low voltage scenario.
The real and imaginary components of the train conjugated
current are represented in Fig. 13, the obtained profiles are
highly correlated to the active and reactive power of the train.

The voltage deviation (∆V ) can reach 25% in some cases.
The improvement of the voltage profile due to the autotrans-
former can be observed when the train passes at distances of
15 km and 30 km where the two first autotransformers are
placed. The minimum voltage is caused by a peak demand
power of more than 10 MW when the two trains are nearly in
the middle of the section.

B. Performance test

The proposed method is tested using a computer generated
network which includes 10 substations feeding a track of
1000 km divided into 20 sections of 50 km as shown in Fig. 14.
Each section includes two catenaries and 5 cells of the same
length and the same configuration as the one represented in Fig.
12 (two independent catenaries sharing the autotransformers
and the return conductor with the rails electrically connected).
A train is launched every ten minutes from both ends and the
simulation include 18000 instant with time step 1 second.

Fig. 15 compares the performance of the proposed solver
relative to LM (Levenberg-Marquardt) method based on the
percent of solved cases relative to the total time. The proposed
method takes less than 2 minutes to solve all instants while
LM method requires around 30 minutes. Table II shows the
results of the time per instant. Based on the average time per
instant, the proposed method is more than 15 times faster than
LM method with equivalent results and accuracy.

It must be remarked that this is not an algorithm to run in
real time but for planning purposes, and because of that reason,
CPU-time might not be critical. However, this solver is being
used in real train and infrastructure manufacturer companies
by the infrastructure design engineers. Before they get the
final design of the network, they need to make thousands of
simulations to check different network configurations, train
schedules, and other different scenarios. It is important for
them to have an agile tool in which they can make a variation
in the system and obtain the new results in a fast way. For
this reason, we think that it is important to develop not only
accurate but also fast algorithms.

V. CONCLUSION

A simplified model for solving AC traction systems was
presented in this paper, the model has been specifically

TABLE II: The time per instant of performance test

Time per instant Proposed LM
Minimum 1.85 ms 6.56 ms
Maximum 15.69 ms 422.92 ms
Mean 5.26 ms 99.60 ms
Standard Deviation 1.62 ms 88.71 ms
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Fig. 15: Performance of the proposed method relative to
Levenberg-Marquardt

designed for being used with bi-voltage high-speed traction
systems but it can be also adapted for solving single-voltage
AC systems. The solving procedure based on Modified Nodal
Analysis (MNA) is faster than the derivative based solvers
reaching the same level of accuracy. The implementation of
the adaptive damping factor makes the algorithm very robust
also in the presence of loads/generators with non-linear and
non-smooth characteristics like the ones that the over-voltage
and over-current protection of the trains add to the system.
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