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Abstract The problem of ranking different candidates or alternatives according to
the preferences of different voters or experts is a common study subject in the fields
of social choice theory and preference modelling. Whereas the former field nor-
mally restricts its attention to preferences given in the form of rankings (with ties),
the latter field embraces the use of (partially specified) reciprocal relations. In this
contribution, we study the notions of dominance relation, covering relation and su-
percovering relation, which are widely studied in the setting in which we are dealing
with rankings (with ties), and adapt them to the setting in which we are dealing with
partially specified reciprocal relations by using a tool similar to stochastic domi-
nance.
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1 Introduction

The aggregation of preferences (on a set of candidates) given in the form of a
list of rankings has been a popular topic in the field of social choice theory for
centuries [6, 9]. This field has witnessed its greatest period of splendor since the
appearence of Arrow’s impossibility theorem [1, 2], which states that there is no
method for aggregating a given list of rankings into a single ranking in a way that
satisfies some desirable properties. One should note that Arrow’s impossibility the-
orem only arises in the presence of three or more candidates since in the case of
two candidates the simple majority rule [11, 17, 21, 31]' fulfills the aforementioned
desirable properties. Unfortunately, in case three or more candidates are considered,
it is known that the simple majority rule might yield a cyclical relation — a phe-
nomenon usually referred to as the Condorcet paradox — and, thus, lead to Arrow’s
impossibility theorem.

Once it is established there is no perfect method for the aggregation of rankings,
different study subjects arise. For instance, we could take a totally different approach
and abandon the aggregation of rankings by asking the voters to evaluate the can-
didates individually, thus obtaining an aggregated utility value for each candidate,
which could be used for ranking all the candidates. This problem has been addressed
by many authors, especially in the context of bargaining [23], decision making [24]
and voting [3, 4]. If one would like to stick to the problem of the aggregation of rank-
ings, one could focus on the proposal of different methods fulfilling other desirable
properties not listed by Arrow (e.g. the method of Kemeny [19] can be interpreted as
a maximum-likelihood estimator of a true unobservable ranking [34] or the method
of ranked pairs [33, 35] and the method of Schulze [30] have been proved to be
independent of clones). Another option is to admit as a possible outcome of the
aggregation any possible binary relation. For instance, one could simply consider
the dominance relation given by the simple majority rule, which amounts to com-
puting the (smallest) median relation [5]. More elaborate options are the covering
relation [22] and the supercovering relation [25], which are typically quite sparse.

Nobel-prize laureate Sen [32] expressed: “it is certainly arguable that what mat-
ters is not merely the number who prefer x to y and the number who prefer y to x,
but also by how much each prefers one alternative to the other”. In this direction, the
field of (fuzzy) preference modelling [13, 29] has also built on some similar foun-
dations as social choice theory, while now allowing the voters to express different
intensities of preference in terms of, for instance, (valued) reciprocal relations or
linguistic labels. Prominent notions in social choice theory have been analysed in
the setting in which voters express different intensities of preference, e.g., the sim-
ple majority rule [14], the Borda count [16], approval voting [15] and the covering
relation [28].

! We recall that a candidate is said to defeat another candidate by simple majority if the number of
voters who prefer the former candidate to the latter one is greater than the number of voters who
prefer the latter candidate to the former one.
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In this paper, we follow the direction started in [27] and discuss the setting in
which each voter expresses a partially specified reciprocal relation. In particular,
we recall the most important notions from [27] in Section 2 and discuss how the
covering relation and the supercovering relation could be defined in this setting in
Section 3. We end with some conclusions in Section 4.

2 Preliminaries

We consider the problem setting in which r voters/experts” are asked to compare k
candidates/alternatives? and the goal is to obtain a collective comparison of the dif-
ferent candidates (preferably by ranking them from best to worst). In our particular
problem setting, each voter expresses his/her own personal partially specified recip-
rocal relation [7, 10, 18] on the set of candidates ¥’. This means that, for at least
one couple of candidates, but not necessarily for all possible couples of candidates,
the voter expresses a value in the unit interval®. The value 0.5 represents indiffer-
ence between two candidates and the closer to 1 (resp. 0), the stronger the degree
of preference of the first (resp. second) candidate over the second (resp. first) one.
It is assumed that every two candidates are compared by at least one voter. In that
way, each voter expresses a relation P’ : > — [0, 1] where, for any £ € {1,...,r}
and any (a;,a;) € €, it holds that P*(a;,a;) + P'(aj,a;) = 1 or that both P(a;,a;)
and P'(aj,a;) are undefined. By convention, P!(a;,a;) is considered undefined for
any £ € {1,...,r} and any @; € €. The fact that an element P’(a;,a;) is undefined
is denoted by P*(a;,a;) = 0. Forany ¢ € {1,...,r} and any a;,a; € €, P (a;,a;) is
referred to as the degree of preference of the /-th voter for candidate a; over candi-
date a;.

Given the partially specified reciprocal relations (Pﬁ );_, given by the voters, we
denote by D(a;,a;) the multi-set of all degrees of preference expressed for a candi-
date g; over a candidate a;, i.e.,

D(aj,aj) = {Pé(ai,aj) RAS {1,...,r}/\P€(a,-,aj) £0}.

We refer to D(a;,a;) as the preference distribution for candidate a; over candidate
a; or, equivalently, as the preference distribution for the couple (a;,a;). Multi-sets,
which are sets of elements where duplicated elements are allowed, are denoted with
double curly brackets { }.

Example 1. Consider the set ¢ = {a,b,c,d} of k = 4 candidates and the following
partially specified reciprocal relations given by r = 4 voters, represented as matrices

2 The terms ‘voter’ and ‘candidate’ are commonly used in the field of social choice, whereas the
terms ‘expert’ and ‘alternative’ are more extended in the field of preference modelling. We stick to
the former notation throughout the remainder of this paper.

3 Admittedly, a voter should not be expected to provide a large variety of values in the unit interval.
However, a broad range of values might be a result of a prior process for making uniform the
information provided by the different voters [8].
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P!, where the element at the i-th row and the j-th column represents the degree of
preference of the /-th voter for the i-th candidate over the j-th candidate (candidates
are indexed in alphabetical order):

0061 0 0 070 1

pi_ |04 0040 2|03 0004
006 0 06| 0o 000 |°
0 0 04 0 0060 0
00 0 1 00 0 1

pi_ |00 080 pi_[000 0
002 0 06| 00 0 0.7
00 040 0003 0

For the couple (a,b), the first voter has expressed a degree of preference of 0.6 for
a over b (thus, 0.4 for b over a), whereas the second voter has expressed a degree of
preference of 0.7 for a over b (thus, 0.3 for b over a). Note that the third voter and the
fourth voter have not expressed any preference for a over b (nor for b over a). There-
fore, the preference distribution for a over b is the multi-set D(a,b) = {0.6,0.7}.
Since we are dealing with reciprocal relations, the preference distribution for b over
a is the multi-set D(b,a) = {0.3,0.4}. We can calculate the preference distribution
of any couple in ¢ = {(a,d') € €* | a # d'} and obtain:

D(a,b) = {0.6,0.7}, D(b,a) = {0.3,0.4},

D(a,c) = {1}, D(c,a) = {0},
D(a,d)={1,1,1}, D(d,a) = {0,0,0},

D(b,c) = {0.4,0.8}, D(c,b) = {0.2,0.6} ,

D(b,d) = {0.4}, D(d,b) = {0.6},

D(c,d) = {0.6,0.6,0.7}, D(d,c) = {0.3,0.4,04}. <

Based on the notion of stochastic dominance [20], which is a popular stochas-
tic order for the comparison of probability distributions, we can consider a dom-
inance relation between the preference distributions for two different couples of
candidates [27].

Definition 1. Let € be a set of k candidates, r be the number of voters and (P’)}_,
be the partially specified reciprocal relations given by the voters with associ-
ated preference distributions {D(“ivaj)}(a,v,a_,v)e%;- For any (a;,,a;, ), (ai,,aj,) € %;
we say that D(a;,,a;j ) weakly dominates D(aj,,a},), denoted as D(a; ,aj,) >
D(aiy,aj,), if, for any p € [0,1], it holds that
Fa)il,ajl (p) S F(/ltz,ajz (p) I

where, for any (a;,a;) € Cﬁi, F:,-,a,- is the cumulative preference distribution defined
by, for any p € [0,1]:
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 #ld e Dlavay) |d < p}
o #D(a,-,aj) '

Fai,aj (p)

If D(aj,,a;j,) > D(ai,,aj,) and D(a;,,a;,)*D(a;, ,a;, ), then we say that D(a;,,a;,)
(strictly) dominates D(aj,,aj, ), denoted as D(a;, ,a;,) > D(aj;,,aj,).

Example 2. We continue with Example 1. Let us consider the preference distribu-
tions of (a,b) and (b,a):

D(a,b) = {0.6,0.7},
D(b,a) = {0.3,0.4}.

It is easily verified that Fa’ib and Fy’, are respectively given by:

)

,if p €[0,0.6],
,if p €10.6,0.7],
Lif pe[0.7,1],

N
¥
>
—
<
<

—_— =

and

)

if p € [0,0.3],
F.(p)=<% .ifpe[0.3,04],
1 Lifpe04,1].
As illustrated in Fig. 1, we can see that F*, (p) < F;,(p) for any p € [0,1] with
the inequality being strict for p € [0.3,0.7[. We conclude that D(a,b) t> D(b,a) and,

thus, D(b,a) P D(a,b). q
1+ 0 assssss====
| |
| |
| |
| |
| |
| |
| |
F*(p) 3t == —
| |
| |
| |
Fbﬁa : : Fa*,h
L L
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0 0.3 0.4 0.6 0.7 1
p

Fig. 1 Graphical representation of F, and F;, .
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We say that a candidate a; dominates another candidate a; if the preference dis-
tribution for a; over a; dominates the preference distribution for a; over a;.

Definition 2. Let % be a set of k candidates, r be the number of voters and (P[ )211
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(ai,a;)} aj)e?- We say that a candidate a; € € domi-

nates another candidate a; € ¢, denoted by a; > a;, if it holds that
D(ai,aj) DD(aj,ai) .

One should note that neither [> defines a strict order relation on the set of prefer-
ence distributions, nor > defines a strict order relation on the set of candidates. The
former is transitive but does not fulfill the antisymmetry property, whereas the latter
is antisymmetric (actually asymmetric) but might be cyclical, as can be seen in the
following example.

Example 3. We continue with Example 1. As discussed in Example 2, it holds that
D(a,b)r>D(b,a), thus, a> b. In general, > is given by:

»={(a,b),(a,¢),(a,d), (b;c),(c,d),(d,b)}.

We find the cycle b>c¢, c>-d and d > b. N

3 Introducing some ideas from the field of social choice theory

The setting in which each voter expresses his/her partially specified reciprocal rela-
tion in the form of a strict order relation (or ranking) on % has been addressed sys-
tematically in the field of social choice theory. In this setting, the dominance a; > a;
is equivalent to the fact that the number of voters preferring a; over a; is greater than
the number of voters preferring a; over a; (for more details, we refer to Section 5
of [27]). The latter fact is commonly referred to as ‘candidate a; defeats candidate a;
by simple majority’ [21, 31, 17, 11]. It is known that the simple majority relation on
the set of candidates might be cyclical. This phenomenon in which all voters express
a strict order relation on the set of candidates but the simple majority relation turns
out to be cyclical is called ‘the Condorcet paradox’ or ‘the voting paradox’ [9]. For
this reason, there has been quite some interest in the study of a candidate that de-
feats all other candidates by simple majority. Such candidate is commonly referred
to as the Condorcet candidate. This notion could be easily extended to our setting in
which we are dealing with multiple partially specified reciprocal relations.

Definition 3. Let % be a set of k candidates, r be the number of voters and (P[ )211
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(a;,a;)},, a)e?- Consider the dominance relation >
defined as in Definition 2. A candidate a; € % is called the Condorcet winner if, for
any a; € ¢\{a;}, it holds that a; > a;.
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Example 4. We continue with Example 1. As discussed in Example 3, it holds that
a> b, a> c and a>d. Thus, candidate a is the Condorcet winner. <

Along the same vein, we could also extend the notions of covering relation [22]
and supercovering relation [25] to the setting of multiple partially specified rela-
tions.

Definition 4. Let & be a set of k candidates, r be the number of voters and (P);_,
be the partially specified reciprocal relations given by the voters with associated

preference distributions {D(ai,a;)} ,, . yew?- We say that a candidate a; € ¢’ covers
iaj

another candidate a; € ¢, denoted by a; > a;, if it holds that
D(aj,aj)>D(aj,a;),
and, for any ay € €\{a;,a;},
D(aj,a;)>D(ag,a;) = D(ai,ar) > D(ag,a;) .

Definition 5. Let % be a set of k candidates, r be the number of voters and (P") 1
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(a;,a f)}(a,ua,‘) ew?: We say that a candidate a; € € super-

covers another candidate a; € ¢, denoted by a; > a;, if it holds that
D(aj,a;)>D(aj,q;),

and, for any a; € €\{a;,a,},
D(aj,a;) > D(aj,ay).

As in the original setting of social choice theory, the supercovering relation can
be proved to further restrict the covering relation.

Proposition 1. Let € be a set of k candidates, r be the number of voters and (P") 71
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(aj,a;)} ,, aj)e For any two candidates a;,a; € €, it
holds that

ai>a; = a;>aj.

Proof. Consider a;,a; € € such that a; >> a;. It trivially holds that D(a;,a;) >
D(aj,a;). We only need to prove that, for any ay € €\{a;,a;},

D(aj,as)>D(ag,a;) = D(aj,ar) > D(ag,a;) .

Consider any ay € €\{a;,a;} and assume that D(a;,a¢) > D(ay,a;). It thus holds
that
D(a;,a¢) > D(aj,ae) > D(ag,a;)> D(ag,a;),

and the result finally follows from the transitivity of > and the definition of >. [J
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Example 5. We continue with Example 1. Since a is the Condorcet winner and the
other three candidates form a majority cycle, the covering relation is given by:

>={(a,b),(a,c),(a,d)}.

It thus remains to be seen whether a supercovers any of the other candidates. For b,
we have that

D(a,b) = {0.6,0.7} > {0.3,0.4} = D(b,a),
D(a,c) = {1} > {0.4,0.8} = D(b,c),
D(a,d) = {1,1,1}> {0.4} = D(b,d).

Thus, it holds that a >> b. Similarly, we have that

D(a,c) = {1} > {0} = D(c,a),
D(a,b) = {0.6,0.7% > {0.2,0.6} = D(c,b),
D(a,d) = {1,1,1}>{0.6,0.6,0.7% = D(c,d),

and

D(a,d)={1,1,1} > {0,0,0} = D(d,a),
D(a,b) = {0.6,0.7} > {0.6} = D(d,b),
D(a,c) = {1}>{0.3,0.4,0.4} =D(d,c).

Thus, it holds that a > ¢ and a => d. We conclude that
>={(a,b),(a,c),(a,d)}.
As anticipated in Proposition 1, it holds that >>C>C »>-. N

Interestingly, unlike the dominance relation >-, the covering relation > defines
an order relation on %. In the sense of social choice theory, it is known that the
Condorcet winner is equivalently defined by using the covering relation rather than
the dominance relation. This result is also immediately extended to the setting of
multiple partially specified reciprocal relations.

Proposition 2. Let € be a set of k candidates, r be the number of voters and (P( )/
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(ai,a;)} ,. a))e e Consider the covering relation > de-

fined as in Definition 4. A candidate a; € € is the Condorcet winner if and only if,
forany aj € €\{a;}, it holds that a; > a;.

Proof. On the one hand, let a; be the Condorcet winner. Consider any a; € €'\ {a;,a;}
such that a > a,. By definition, it holds that a;>a; for any a; € €'\ {a;}, thus, a; > ay.
We conclude that a; > aj.
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On the other hand, let a; be such that ¢; > a; for any a; € €\ {a;}. By definition
of >, it follows that a; > a; for any a; € €\{a;}, which exactly is the definition of
a Condorcet winner. O

Unlike with the dominance relation > and the covering relation >>, requiring a
candidate to supercover all other candidates yields a stronger type of winner than
the Condorcet winner: the pairwise winner [25].

Definition 6. Let % be a set of k candidates, r be the number of voters and (P") =1
be the partially specified reciprocal relations given by the voters with associated
preference distributions {D(aj,a;)}, aj)e?: Consider the supercovering relation
> defined as in Definition 5. A candidate a; € € is called the pairwise winner if,
for any a; € €\{a;}, it holds that a; > a;.

Obviously, if a pairwise winner exists, a Condorcet winner exists and needs to
coincide with this pairwise winner.

Example 6. We continue with Example 1. From Example 5, we conclude that a is
both the Condorcet winner and the pairwise winner. <

4 Conclusions

In this contribution, we have brought the notions of dominance relation, covering
relation and supercovering relation to the field of preference modelling. In particular,
we have adapted these three notions to the setting in which each voter provides a
partially specified reciprocal relation. There is a clear analogy between this setting
and the one in social choice theory due to the preorder nature of the considered
dominance relation on the set of preference distributions for couples of candidates.

Future research is anticipated in two directions. Firstly, one could follow the di-
rection in [27] and study how to act in case the covering and supercovering relations
are sparse and, thus, there does not exist a pairwise/Condorcet winner. Secondly,
one could study the notions of Borda-dominance relation [12] and superdominance
relation [26], which relate to the positionalistic point of view of social choice the-
ory (usually attributed to Borda [6]), in the context of multiple partially specified
reciprocal relations, following a similar direction to that of [15, 16].
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