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Abstract

The purpose of this survey is to discuss Poisson and contact brackets and related
infinite dimensional superalgebras. All vector spaces are considered over the field of
complex numbers C.

Keywords Bracket - Superalgebra - Conformal algebra

Mathematics Subject Classification 17B68 - 17B63 - 17C90

1 Brackets

Let A be an associative commutative algebra. A binary bilinear operation [ , ] :
A X A — Aiscalled a Poisson bracket if

(1) (A, [, ] isalLie algebra,
(2) lab, c] = a[b, c] + la, c]b for arbitrary elements a, b, c € A.

Example1 Let A be a polynomial algebra in 2n variables A = Clp1,..., pn,
q1,---,4qn]. Then
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is a Poisson bracket.

Example 2 Let g be a Lie algebra. Let A = Sym(g) be the symmetric tensor algebra
over g. Then the Lie bracket on g extends to a Poisson bracket on A.

A binary bilinear product [, ]: A x A — A is called a contact bracket if

3) (A, [, ] isalLie algebra,
(4) the linear transformation D : a +> [a, 1], a € A, is a derivation of the algebra A,
(5) lab, c] = a[b, c] + la, c]lb + abD(c) for arbitrary elements a, b, c € A.

Example 3 Every Poisson bracket is a contact bracket with derivation D = 0.

Example 4 Let A be an associative commutative algebra with a derivation D. Then
[a, b] = D(a)b — aD(b) is a contact bracket (of vector field type).

Example5 Let A = (C[ <oy Pnsq1s - -+ qn, t] be a polynomial algebra in 2n + 1
variables. Let D = 81 In view of the formula (5) a contact bracket is uniquely
determined by its values on generators (including 1). However, not all values on
generators extend to a contact bracket. The values

1 1
[pi,qil =dij, t, pil = ED(t)Pi, [z, qi] = §D(I)Qi

extend to a contact bracket on A.

Question1 Ler (A, [, 11), (B, [, ]2) be Poisson and contact brackets on algebras A,
B respectively. Is there always a way to define a contact bracket on A ® B extending
[, hand[, 12?

Examples 1 and 5 lead to the infinite dimensional Lie algebras H (2rn) and K (2n+1)
of Hamiltonian and contact types respectively. They should be viewed in the context
of the family of Lie algebras of Cartan type together with W (n) = Der Clty, ..., t,]
and

S(n):{ Zf,(t],..., o €W

divd = Z 0fi = 0}

The Lie algebras W(n), S(n), H(2n), K(2n + 1) are simple and finitely presented
(see [9)).

Question 2 Find reasonable conditions on a Poisson (resp. contact) bracket [, ] forthe
Lie algebra L = (A, [, 1) or [L, L] to be (i) finitely generated, (ii) finitely presented.

Question 3 To which extent does the Lie algebra L = (A, [, ]) determine the bracket?
More precisely, is an isomorphism of the Lie algebras (A, [, 11) — (B, [, ]») always
extendable to an isomorphism of brackets in some sense?
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2 Superalgebras

By a superalgebra we mean an algebra A = Aj+ A7 graded by the cyclic group Z /27
of order 2.

Example 6 Let m,n > 1. Then the decomposition

Mm+n<<t:>=<§2)f + (2;)

defines the structure of a superalgebra on the algebra of (m + n) x (m + n) matrices.

Example 7 Grassmann (exterior) algebra. Consider the algebra G(n) presented by
generators and relations

Gn) = (1,61, ....& | &E +&& =0, & =0).
Then the set of ordered products 1, &, - -+ &,, i1 < --- < ik, is a basis of G(n). Let

Gg(n) = span(1, &, --- &, kiseven),
G1(n) = span(§;, ---&;, kisodd),

G(n) = Gg(n) + Gi(n) is a superalgebra. Let G be the union of the ascending chain
G(1) C GQ2) C ....Clearly, G = G5+ Gy, where

Gs=JGm. Gi=[]JGim.
n>1 n>1
Definition For a superalgebra A = Ag + Aj the subalgebra
GA)=A®Gy+A1 9G] <ARG
is called the Grassmann envelope of A.
Let V be a variety of algebras, i.e. a class of algebras defined by identities.
Definition We say that a superalgebra A is a V-superalgebra if G(A) € V.

Considering the varieties of associative commutative, Lie, Jordan algebras we get
classes of associative commutative, Lie, Jordan superalgebras.

These classes can be defined by graded identities. If the variety V is defined by
multilinear identities and in some term of one of these identities variables x;, x; are
permuted then this term has to be multiplied by (— 1)Mil"*il where |x;|, |x ;| are the
parities of the variables x;, x;.

Example 8 The Grassmann algebra G = G + Gj is an associative commutative
superalgebra.
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Example9 1f A € Vthen A® G = A® Gy + A ® Gy is a V-superalgebra.

The notions of Poisson and contact brackets can be easily “superized” in accordance
with the above rule.

Definition Let A = A5+ Aj be an associative commutative superalgebra. A graded
binary bilinear product [, ] : A x A — A is called a Poisson bracket it

(6) (A, [, ] isalLie superalgebra,
(7) lab, c] = alb, c] + (—1)“""‘“‘[61, c]b for arbitrary elements a, b, c € Ag U Aj.

Definition A graded binary bilinear product [ , ] : A x A — A is called a contact
bracket if

(8) (A, [, ] isaLie superalgebra,
(9) the linear transformation D : a +— [a, 1], a € A, is an even derivation of A,
(10) [ab, c] = a[b, c] + (—=1)PMll[a, ¢]b + abD(c) for arbitrary elements a, b, ¢ €
A() U AI'

Example 10 The bracket

719/ 38

[f.gl=) (=1
; 0&; 9§;

is a Poisson bracket on the Grassmann superalgebra G.

Let Clty, £ 1, U S 11 be the algebra of Laurent polynomials in m variables.
Consider the associative commutative superalgebra

Am:n) =Cl, 17 ooty 1, 1@ G() = A(m : n)g + A(m : n)y;
AGmin); =Clr, i7" ot 1, 1@ Gz, i =0or 1.

Example 11 Let m = 2k,
Am:n)=Clpr.py' o pg gy o ak g Er L Gl

Then

dpi 9qi  dp; 3q; 0&; 0§

i=1 i=

Lrof g g " af 9
[f,g]=Z<_f_g__g_f>+Z(_1)f|_f_g
1

is a Poisson bracket. It gives rise to the Hamiltonian Lie superalgebra H(m : n) =

(A(m:n), [, D.
Example 12 Letm = 2k + 1,

Am:n)=Clpi.py . opep anar kg EL G
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Let

D Neveu—Schwarz type,

0
_ )
t% Ramond type.
Let [pi, pjl = lgi.qj] = O, [pi,g;] = &, [t,pil = 3DWpi, [t,q]] =

§Dgi, [1,&] = DM, [pi, &l = lgi,&] = 0, [€,&] = 8¢ for all
1<i,j<k;1<¢ s <n.These values extend to a contact bracket on A(m : n).
The bracket gives rise to the Lie superalgebra K (m : n) = (A(m : n), [, ]).

Along with superalgebras H (m : n) and K (m : n) we can consider other superal-
gebras of Cartan type. Denote

m n
d 0
W(m :n) =Der A(m : n) = E fig-y E gja?-
i=1 L=l J

For an m-tuple @ = (a1, ..., o), @ € Cand t* = tf” ...t consider the subsu-
peralgebra S(m : n, @) =

m o, n (%
D e W(m:n) le(Z‘aD)ZZa(;—tlf)_i_Z(_l)\gj\ (;%_fj) -0
i=1 j=1

of W(im : n).
Moreover, some even variables #; may appear without their inverses. Denote

T <ism]
QCltj |m +1=<j<m+m]®G(n);
W(my : my : n) = Der A(my : my : n);
S(my:my:n,a)={D € W@m; :my :n)|div(t* D) = 0}.

A(my :my:n)=Cl[y,t

The superalgebras H(m : my : n) and K(m1 : my : n) can be viewed as subsu-
peralgebras of H(m + m»> : n) and K (m1 + m» : n) respectively whose underlying
subspace is A(m1 : my : n).

Let us discuss connections between brackets and Jordan superalgebras.

Kantor [14] noticed that if A is an associative commutative superalgebra with a
Poisson bracket [ , ] then the vector space /J = A + Av with an operation that
extends the operation on A and a(bv) = abv, (bv)a = (=Dl(ba)v, (av)(bv) =
(— 1)|b‘[a,b]; a,b € Aj U Ay is a Jordan superalgebra. J; = Ay + Ajv, J; =
A + Agv, J = Jy + J;. We call it the Kantor double of the bracket [ , ] and
denote it by K(A, [, ]). There exist, however, non-Poisson brackets whose Kantor
doubles are Jordan superalgebras. We call such brackets Jordan brackets. Cantarini
and Kac [4] noticed that Jordan brackets are in 1-1 correspondence with contact
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brackets. More precisely, if [a, D] is a contact bracket with derivation D(a) = [a, 1]
then (a, b) = [a, b] — %(D(a)b — aD(b)) is a Jordan bracket.

Tits [28,29] made the following observation. Let L be a Lie (super)algebra, Lj
contains sly = Ce + Cf + Ch, [e, f] = h, [h,e] = 2e, [h, f] = —2f (we
call such triple e, f, h an sly- triple). Suppose that the operator ad(h):L — L is
diagonalizable and has eigenvalues —2,0,2,s0 L = L_» + Lo + L» is a direct sum
of eigenspaces. Then J = (L, a - b = [[a, f], b]) is a Jordan (super)algebra.

Moreover, Tits [28,29], Kantor [13] and Koecher [16] showed that every Jordan
(super)algebra can be obtained in this way. The corresponding Lie (super)algebra
L is not unique, but any two such Lie superalgebras are centrally isogenous. Let
L = TKK(J) be the universal Lie (super)algebra in this class (see [19]).

Let [ , ] be the Poisson bracket of Example 11 on A(m : n), if m is even, or
corresponds to the contact bracket of Example 12 on A(m : n), if m is odd. Consider
the Kantor double J(m : n) = K(A(m : n), [, ]). Then

TKK(J(m : n)) = K(m : n + 3).

3 Superconformal algebras
3.1 Basic examples

The centerless Virasoro algebra is the algebra of derivations of Laurent polynomials,
. _1 0
Vir = DerC[t, 7' ] = f(t)g .

In view of importance of the Virasoro algebra and (especially) its central extensions
in Physics Neveu, Schwarz [24], Ramond [25] and others considered superextensions
of the algebra Vir. These superextensions became known as superconformal algebras.
In [11] Kac and van de Leur put the theory on a more formal footing and recognized
that all known superconformal algebras are in fact infinite dimensional superalgebras
of Cartan type considered in [9]. Following [11] we call a Z-graded Lie superalgebra
L =)",.; Li asuperconformal algebra if

(i) L is graded simple,
(ii) Vir C Lg,
(iii) the dimensions dim L;, i € Z, are uniformly bounded.

Example 13 The superalgebra W(1 : n) = DerCl[r, 7!, &, ..., &,] graded by
degrees in ¢ is a superconformal algebra.

Example 14 Leta € C,

S(n,a) ={D e W :n) | divt*D) =0} < W(l : n).
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The superalgebra S(n, ) is simple unless @ € Z. If « € Z then [S(n, ), S(n, @)] is a
proper ideal in S(n, @) and the superalgebra [S(n, o], S(n, )] is simple. In this case
we will change the notation

Sn,a) :=[Sh,a), S, a)].

Also S(n,a) = S(n, B) if and only if « — B € Z, so this family of superalgebras
is parametrized by o € C/Z. It appeared in Physics literature [1,27] under the name
“SU,-superconformal algebras”.

Example 15 Consider the superalgebras K (1 : n). Abusing notation we will denote
them as K (n). The superalgebra K (n) is simple except for n = 4.

For n = 4 the commutator ideal [K (4), K (4)] has codimension 1 in K (4) and
[K(4), K (4)] is a simple superalgebra. We will denote K (4) :=[K(4), K(4)].

The superalgebras K (n) are Z-graded. In the Ramond case they are graded by
degrees in ¢. In the Neveu—Schwarz case we define deg(z‘iéil ) =2(04+1) —r.
We remark that this grading is not induced by a grading of an associative commutative
superalgebra A(1 : n).

Thus, K(n), n > 1, is another family of superconformal algebras. In Physics
literature it is known as the family of “SO,-superconformal algebras” [1,26]. The
superalgebras K (1) are just the Neveu—Schwarz and Ramond superalgebras. We
remark that in the Neveu—Schwarz case the embedding Vir < K (n)g is not graded
as Vir; — K(”)('),zi-

Along with superalgebras K (n) we consider their twisted versions. Let &1, ..., &,
be the Grassmann variables involved, [&;,&;] = §; ;. The algebra A(1 : n) =
Clt,t7 &1, ...,&] is Z/2Z-graded: A(1 : n) = C[t,t7 " &, ..., E1] +
Clt,t7 &, .. & 1)E = A0 in— 1)+ Al :n — DE,.

Consider the (twisted) algebra K(n,1) = A(1 :n — 1)+ A :n — 1)t%$n with
the bracket on it. For even n the superalgebra K (n, 1) is not isomorphic to any of the
superalgebras K (n) considered above.

Example 16 In 1996 Cheng—Kac [5] and, independently, Grozman-Leites—Shchepo-
chkina [8] introduced a new family of superconformal algebras. Following [5] we will
denote it as CK(6). In [22] for an arbitrary associative commutative superalgebra R
and an even derivation D of R we constructed a superalgebra CK(R, d) such that
CK(C[z, t71, %) = CK(6). Let us briefly recall the construction.

The simple finite dimensional Lie superalgebra P(n — 1) is the superalgebra of

2n x 2n matrices of the type (Z

tr(a) = 0, kT = —k and hT = h. The superalgebras P (n) (the so-called “strange”
series), n > 3 are centrally closed. However, P(3) has a nontrivial central cover
F(3\). Its existence follows from the fact that the Lie algebra skews(C) of skew-
symmetric 4 x 4 matrices is a direct sum of two ideals skews = 51> (C) @ 51, (C). For
an arbitrary element k € skew4(C) we consider its decomposition k = k' + k" and

k .
r |, where a, k, h are n x n matrices over C,
—a

let (k) = k' — k”. The universal central cover P/(3\) of P(3) can be realized as the
superalgebra of 8 x 8 matrices over the polynomial algebra C[d] of the type
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a k
((p(k)d—l—h _aT>+Old~Ig

where a, k, h are 4 x 4 matrices over C, tr(a) = 0, Kl'=—k, hT =h, « € Cand
Ig is the identity matrix.

Consider the associative Weyl algebra W = }",_ Rd', where the variable d does
not commute with a coefficient a € R, but da = ad + d(a).

The superalgebra CK (R, d) is a subsuperalgebra of 8 x 8§ matrices over W generated
by P/(3\) and by all matrices (eij (@) 0 >, wherea € R, 1 <i # j <
0 —e Jji (a)

4, ejj(a) is the 4 x 4 matrix having the element a at the intersection of the i-th row
and j-th column, and zeros everywhere else.

A superalgebra CK(R, d) contains an sl>-triple e, f, h such thatad(h) has eigenval-
ues —2, 0, 2. Hence CK(R, d) is isomorphic to the Tits—Kantor—Koecher construction
of a certain Jordan superalgebra that we will denote as JCK(R, d),

CK(R, d) = TKKJCK(R, d)).

Conjecture (V. Kac-J. van de Leur) An arbitrary superconformal algebra is isomor-
phic to one of the superalgebras W(1 : n), S(n, ), « € C/Z, K (n), K(n, 1), CK(6).

In [10] we proved that if J = ) ,_, J; is a graded simple Jordan superalgebra
having all dimensions dim J;, i € Z uniformly bounded, then either J has finitely
many nonzero negative components or J has finitely many nonzero positive compo-
nents or J is a (twisted) superalgebra J(1 : n) (see Sect.2) or J is isomorphic to
JCK(C[t, 1711, d) whered = - or t 2.

This theorem implies that the only superconformal algebras coming from Jordan
superalgebras are K(n),n > 3, and CK(6) as envisioned by the Kac—van de Leur
Conjecture.

In the next section we will consider another important case when the Conjecture

has been proved.

3.2 Polynomiality assumption

Suppose that L = )" L; is a Z-graded Lie superalgebra, dimensions dim Ly, =

i€’
do, dim L{; = dy do not depend on i, d = do + di. Suppose further that there exist
bases ¢;1, ..., eig of L; such that all d> structural component functions

d
[eip’ ejq] = Z ypqr(i’ j)ei+j,r
r=1

are polynomials in 7, j.

Remark This assumption holds for all known superconformal algebras W, S, K,
CK(6).
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We will recall some definitions and facts concerning formal distributions (for more
details see [12]).
Let A be an arbitrary (not necessarily associative) algebra. By a formal distribution

a(z) = Za(i)z‘i_l € Allz.z7 ']
i€Z
we mean a power series over A that is infinite in both directions.

Definition Two formal distributions a(z), b(z) are said to be mutually local if there
exists an integer N = N (a, b) > 0 such that

a@bw)(z —w)" =bwa@)(z —w)" =0.
We will consider a countable family of operations
a(z) op b(z) = Resy a(w)b(z)(w —2)", n>0,n € Z.

Here Res,, denotes the coefficient at w~!.
If a(z), b(z) are mutually local then only finitely many products a o, b may be
different from zero.

Example 17 For L one of the Lie superalgebras discussed above, the Polynomiality

Assumption implies that the formal distributions e, (z) = > ep,-z_’_l, 1<p<d,
i€Z

are pairwise mutually local.

Definition A vector space C C A[[z, z~'1] is called a conformal algebra of formal

distributions if 0C C C, 0 = d%, C o, C C C for an arbitrary n > 0, and every two

elements from C are mutually local.

Dong Lemma (see [6,12]) Let A be an associative or Lie superalgebra and let distri-
butions a(z), b(z), c¢(z) € Allz, 2711 be pairwise mutually local. Then

(i) for an arbitrary n > 0 the distributions a o, b and ¢ are mutually local,
(ii) the distributions d%a(z) and b(z) are mutually local.

This lemma implies that if A is an associative or Lie superalgebra, then an arbi-
trary family {a;(z)} of pairwise mutually local distributions over A (we assume that
each g, (z) is also mutually local with itself) generates a conformal algebra of formal
distributions.

Example 18 In the superconformal algebras W, S, K, CK(6) the formal distributions

—i-1
ep(z) = Zepiz !

i€z

generate conformal algebras Conf W(1 : n), Conf S(n,«), Conf K(n) and
Conf CK(6).
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A conformal algebra is said to be of finite type if it is a finitely generated module
over C[0]. Fattori and Kac [7] proved that a simple Lie conformal superalgebra of
finite type is isomorphic to a current superalgebra Conf g ® C[¢, '] or to one of the
superalgebras Conf Vir, Conf W(1 : n), Conf S(n, o), Conf K (n) or Conf CK(6). In
the last two cases we include only the Neveu—Schwarz type. The conformal algebra
that corresponds to the Ramond superalgebra is not of finite type.

This confirms the Kac—van de Leur Conjecture for superconformal algebras that
correspond to conformal algebras of finite type.

3.3 Cartan subalgebras and roots

In each of the superalgebras W, S, K, CK(6) we will select an even toroidal subalgebra
of zero degree and describe root decompositions with respect to it.

331 InL=W(:n)= {f(t, 6L+ Y| filt, 5)3%-} consider the Cartan sub-
algebra H = {Z?:l Otiéia% ‘ aj € (C} and its subalgebra H® = { o ozié,-a%

Yiqai=0 } The subalgebra H® is spanned by elements &; % —§&; % We notice

. . 3 3 3 3
that for each 1 < i # j < n the elements gia—éj’ éia—si — ng’ éjg form an
slp-triple lying in Lg,.
Let w; € H* denote the functional <w,~, Z’}zl ajsj%) =o;, 1 <i < n.The
action of H on L defines a decomposition of L into the sum of the centralizer

9 " 9 9
_ -17,9 T -1, 9 -1
CL(H)=Clt,1 ]at+i§:l(C[t,t ]é‘ag,- Cl[t, ¢t ]at-i-(C[t,t 1H,

and a finite collection of eigenspaces

L=Cr(H)= ) La,

0F#aeA

n

A=A{w+ 4w, o+ -+, —wj} C P Zw;. Functionals « € A are called
i=1

roots. Foraroota = w;; +---4+w;,, 1 <ij <--- <i, <n wehave

d
Lo =Clt, 1" iy - & - +Clr, &, .. & H.

Foraroota = w; + -+ +w;, —wj, j¢{l,....i;},1 <i; <--- <i, <n,we
have
0
-1
Ly =Clt,1 ]Eil--fi,a—sj-
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n .
Now consider a functional f : @ Cw; — C, f(w;) = 201 1 <i<n. Clearly,
i=1

f(a) # 0 for an arbitrary root @ € A. Then A = A_UA ., where

A_={aeA]| fla) <0} ={w; + - +w, —wj, i <j}
Ay ={aeeA] fla) >0}

={wj + -+ o, o, + -+, -0, j<i)
Let

L_ = Z Ly, L= Z Ly, B=Cr(H)+L,.

aEA_ aEA L

The subsuperalgebra B is the Borel subalgebra of L.
33.2 Let L = S(n, y), y € C. For an arbitrary k € Z the elements

0 k41 0 d
e = — - — 4 utk (51— —i—éz—) and
2

ot 2 9| dE
e r"(si—éi) l<i#js<n
Lo’ Yog,  logp ) T -

liein S(n, y). We have [e;, ej] = (i — j)ej4j, hence ) ;_, Ce; = Vir.
The subalgebra H© = { Yo aiéi% ‘ Yo = O} lies in S(n, y) and

St,y)y= Y Smy)NW(l:n)g, ACPZo,

aeAU{0} i=1

n
which defines a € Zw;-grading on S(n, y). The centralizer of H © in S, y) is
i=1
Vir +C[z, t " 1H O,

Let
S(.y)e =Y S.y)NW(:n)g,
DlEA+
Sn.y)-= Y St.y)NW( :n),.
aeA_
Then

S(n,v) = S(n, ¥)4 + <Vir +Clr, t_l]H(O)) +Sm,y)_.

@ Springer



Sao Paulo Journal of Mathematical Sciences

333 Let L = K(2n), n > 1. Up to a change of a basis we can assume that the
Grassmann variables are &1, ..., &,, 01, ..., Ny, such that [§;,&;] = [n;, n;] = 0 and
&, njl=46ij, 1 <i,j<n.

The Cartan subalgebra of L is H = {Z?:l aiéini | o € C} . The centralizer of H
in L is

CL(H)=Clt,t "1+ Y Clt.t " Wmiy ... & i,

1<ij<---<iy<n

In the centralizer Cy (H) consider the nilpotent ideal

Rad C(H) = > Clt, e~ "V miy - &,

I<ij<-<ir<n, r=2

Then Cr(H) = C[t,t~'14+C[t, t~']H+Rad Cr (H). As above we consider function-
als w; € H*, (w;, £jn;) = &;;. The action of H on L defines the root decomposition

L=CL(H)+ ) La.

aeA
A:{a)il+...+a)ip_a)jl_..._a)jq;
l<ii<---<ip=nm 1=Zji<---<j;<n

{it,....ip} N {j1, .-, Jg} =0}
Fora = w; +--+wi, —wj — - — wj, we have
L, :CL(H)SU ~--§ip77j1 s Mg

As above, consider the functional f : H* — C, f(w;) = 2i=1 i < < n. Then
f(a) # 0 forall @ € A and therefore

A=ALUA_, AL ={aeA| fla)>0}, A_={aeA| f(a) <0},
L=L +CL(H)+Ly, L= Y Loy Ly= Y La,

aeA_ aeA

B = Cr(H) + L is the Borel subalgebra.

334 L =K(@2n+ 1), n > 1. Again, up to a change of basis we can assume that the
Grassmann variables are &1, ..., &,,n1, ..., Ny, 4; the bracket on &;, n; is the same
as in the case K (2n), [&, u] = [n;, u] =0and [u, u] = 1.
The Cartan subalgebra is the same,
o € C} s

H = {Zaiéim

i=1
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but
_ -1 -1
CL(H) = (Cle. 171+ Clr, 171w
+ Z (C[l‘,l‘_l]-f-(C[l,l_l]/,L) EiNiy -5 Mi,-
I<i<--<ir<n
As above
RadC ()= > (Clt 1+ Cleoe™ ) i . &,

1<ij<--<iy<n, r=2

CL(H)=C[t,t7 ', u]+Clr,t~', W]1H + Rad C.(H).

We remark that C[z, !, u] = K (1) is the Neveu—Schwarz or Ramond superalgebra.
The root system and the functional f:H* — C that defines the decomposition A =

A,L'JAJr are the same as in the case of K (2n). Fora = w;, +- - o, —wj;——oj,

we have Ly = Cr(H)&;, .. .E,‘pnjl e My

3.3.5 L = CK(6). Recall that the Lie superalgebra CK(R, d) has been realized as a

subsuperalgebra of 8 x 8 matrices over the Weyl algebra W = ), Rd'. The Cartan

subalgebra in this case is -

H = :dlag(al’ o, 03, 04, — 0], — 02, — U3, _a4)

i=1

4
o G(C, Zai:O}.
As above, define functionals w; € H* via

(wi, diag(ay, ..., 04, — a1, ..., —0q)) =a;, 1<i<4.

The dual space H* can be identified with
4
Z(Ca)i/(C(a)l + w2 + w3 + wy).
i=1
The coset of w; maps h = diag(ay, ..., 04, — a1, ..., —ag) toq; for 1 <i < 4.
Then the even roots are Ay = {w; —w; | 1 < i # j < 4}, and the odd roots are

Aj={witowj|l<i#j<4U{-wi—w;|1 =i, j<4}, A=AjUA;.
Consider the following root elements of CK(R, d):

_ [ €ij 0 _ eij(a) 0
e‘”i_“’f_<0 —eji)’ ewi_wj(a)_< 0 —eji(a))’

hw-—w- _ € —ejj 0
e 0 ejj — éij
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he—w; (@) = (Q’j(d) Z)ejj (@) 0 ) ’

ejj(a) — eii(a)

_ 0 eij —eji
Torto; = <<P(€ij —eji)d 0 '

where a € R.
In [20] it was shown that

CR(R, d)uy—0; = €00y (R). 1 =i #j <4
CK(R, d)—20; = q—20; (R);
CK(R, d)w,-+wj = [qco,’-i-wk7 Cwj—wy (R)] + q—or—awy (R),
where {i, j, k,l} = {1, 2, 3, 4}.

For an arbitrary element a € R consider the element

Vir(a) = [[ea)4—u)1 (a)9 C]w3+w1]7 Qw2+w1]

_ e1(a’) 0
"8(“")‘< 0 —e11<a/>+14(a/)>’

where ' = [a,d] = d(a), I,(a) = diag(a, ..., a).
———

n
The mapping Rd — Vir(R), ad — Vir(a) is an isomorphism from Vir to Vir(R).
In [20] it was shown that

Cek(r,a)(H) = Z he—w;(R) + Vir(R) = R ® H + Vir(R).
I<i#j<4

Consider the functional
4
f: chi/c(a)l +wr + w3 +wy) —> C
i=1
givenby f(w1) =5, f(wn) =—3, f(w3) =2, f(wg) = —4. Notice that f(+ w; £

w;) # O unless = w; £ w; = 0. This defines the decomposition A = AyUA_, and
the triangular decomposition

CK(R,d) = CK(R,d)- + Cck(r,a)(H) + CK(R, d) .

4 Harish-Chandra modules and spectral gaps
Let L be a superconformal algebra. A Z-graded module V over L is called a Harish-

Chandra module if all homogeneous subspaces V;, i € Z are finite dimensional. It
looks as a natural class of representations for superconformal algebras.

@ Springer



Sao Paulo Journal of Mathematical Sciences

Let Vir be the central cover of the (centerless) Virasoro algebra Vir.

Mathieu [23] and Martin and Piard [21] (under an additional assumption) clas-
sified irreducible Harish-Chandra modules over Vir. Let V = Y icz Vi be an
irreducible Harish-Chandra module over Vir. Then {i > 0 | V; # (0)} is finite or
{i <0V # (0)}is finite or V is a so-called intermediate module (see [15]). Being
intermediate means that as a graded vector space V is identified with the space of

Laurent polynomials, V = C[t, ¢ —!] and there exist scalars o, 8 € C such that

d\ — 1
(f0k5>g0)=—vg“+aﬂg+ﬂ;fg

Denote V = Q(«, B). These modules are irreducible unless « € Z. For o« € Z we add
factors of these modules to the list of intermediate modules.

Let L be a superconformal algebra and let L be its central cover (in [11] Kac and
van de Leur described superconformal algebras W, S, K of small ranks that have
nontrivial central extensions).

Let S be the category of graded L-modules V = Y icz Vi such that

(i) the center of L acts trivially, so, in fact, we are talking about L-modules,
(ii) the dimensions dim V;, i € Z are uniformly bounded.

As in the case of modules over the Virasoro algebra the following proposition holds.

Proposition 1 Let V be an irreducible Harish-Chandra module over L. Then either
the set {i > 0| V; # (0)} is finite or the set {i < 0| V; # (0)} is finite or V belongs
to the category S.

From now on we will focus on irreducible modules from the category S.

4.1 Harish-Chandra modules over Neveu-Schwarz and Ramond superalgebras

Let A be an associative commutative superalgebra with a contact bracket [, ], L =
(A, [, D.Let B be an associative commutative superalgebra that contains A, v € Bg.
Suppose that the bracket [ , ] extends to a bracket on B and [A, Av] C Av. Then Av
is a module over the Lie algebra L. We call it a bracket module.

Intermediate modules 2(«, 8) are bracket modules. Indeed, Vir = (A, [, ]),
A=Cl[t,t71],

Lf (1), g = f'()gt) — f)g'(1).

Let B = C[r,t7 v | v2 = 0]. The bracket [ , ] extends to B via [1,v] = o +
B, [t, v] =2« + B. Then the Vir-module C[z, vis isomorphic to Q2 («, B).

Now we will introduce intermediate modules over Neveu—Schwarz and Ramond
superalgebras. These superalgebras are isomorphic to (A, [, ]), A = C[z, 1, £].
Consider the superalgebra B = C[t, 1o, & | v? = 0], where v is an even element
of degree 0. The bracket [ , ] extends to B via

1
(Lvl=a+p. [t.v]=Qa+prv, [§.v] =@+ p)év.
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The L-module Av is irreducible unless @ € Z. If « € Z then it has a one dimensional
submodule whose factor module is irreducible. The modules Av and their factors
(when applicable) are referred to as intermediate modules.

Theorem 4.1 Let L be a Neveu—Schwarz or Ramond superalgebra. An irreducible
L-module from the category S is intermediate.

4.2 Highest weight modules

Since irreducible modules V € S over superconformal algebras W, S, K, CK(6) of
higher ranks are induced from modules over Cy (H) we will start with irreducible
modules over Cy (H).

Let g be the Virasoro algebra (resp. Neveu—Schwarz or Ramond superalgebra).
Let H be a finite dimensional vector space. Since g naturally acts on C[z, r~!] (resp.
Clt, 71, u]) it follows that C[r, 1~ '] ® H (resp. C[t, t~!, u] ® H) is a module over
g.Let L = g+ M be the split extension, i.e. [M, M] = (0).

Theorem 4.2 Let V € S be a graded irreducible L-module. Then either MV = (0)

or V. = C[t,t7 ] (resp. C[t, t~, u]) and there exists a nonzero functional » € H*
such that

(F()®@h)p(t) = (A | h) f()p(2),
(f(t, W) ®h) pt, ) = (A | h) f{t, W)p(t, j1), respectively).

If . = O then the module above is an intermediate g-module that corresponds to some
scalars a, B € C. If A # O then the module is Q2 («, B) for some a, B € C.
In any case we will denote it as Irr(A | «, B).

The subspace M acts on Irr(A | «, B) as described above.
Now let L be one of the superalgebras

Wl:n),n>2;, Sn,a), n>2; K(n), n>2; CK(6).

For each of them we have the decomposition L = L_ + Cr(H) + Ly, where H is
the Cartan subalgebra.

In the cases W, S, CK(6) we have Cr(H) = Vir+C[t,t~!] ® H. In the case
K (2n) we have Cp (H)/Rad Cp(H) = Vir +Cf[t, t~'1® H and, finally, in the case
K(2n + 1) we have C;(H)/RadCr(H) = g+ C[t,t!, u] ® H, where g is the
Neveu—Schwarz or Ramond superalgebra.

In all cases it allows us to view Irr(A | «, B) as an irreducible Cy (H)-module (in
the case K we assume Rad Cy (H) Irr(A | «, B) = (0)).

Let V(A | a, ) be the universal “Verma type” L-module generated by Irr (A | o, )
and defined by relations:

(1) LyTrr(x | «, B) = (0),
(i1) Cr(H) acts on Irr(A | «, B) as described above.
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The module V(A | a, B) has a largest submodule M (A | «, 8) such that M(1 |
o, B)NIrr(A | o, B) = (0). Consider the irreducible L-module

Vidla, )=V |a,B)/MA|a B)

over L.
Let V be a graded irreducible L-module from the category S. The action of the
Cartan subalgebra H on V is diagonalizable. For a functional v € H* denote

Vi={veV]|hv=(v]|hvforallh € H}.

The set of weights {v € H* | V,, # (0)} is finite. In the cases S, K, CK(6) it follows
from representation theory of sl (C). In the case W(1 : n) one has to verify that
the action of the element ) ;_, & % € H is diagonalizable and has finitely many
eigenvalues.

Hence there exists a maximal weight A. The eigenspace V), is an irreducible module
over Cr(H). In the cases W, S, CK(6) the centralizer C(H) = Vir+C[t,t"'1®@ H
is a split extension of Vir. In the case K we have Rad Cy(H)V), = (0), hence V; is
an irreducible module over Cy (H)/Rad Cr (H) = Vir +Cf[t, t~11® H for K (2n) or
g+ g ® H, where g is the Neveu—Schwarz or Ramond superalgebra for K (2n + 1).

In any case, we conclude that there exist scalars «, 8 € C such that

VEVQO|ap).

Now we will address the question for whichA € H*; «, 8 € Cthemodule V(A | &, B)
is a Harish-Chandra module?
We will discuss each case W, S, K, CK(6) separately.

43 L=W({ :n), n> 2.
For each 1 <i # j < n the elements
0 a a 0
Si—— &i— & —, §—
a&; 9§ 9g; 7 0&;

form an s(p-triple. It implies that for the module V (X | «, B) to be Harish-Chandra the
highest weight A has to be dominant, i.e.

g

Theorem 4.3 For an arbitrary dominant functional A and arbitrary scalars «, B € C
the module V (M | «, B) is a Harish-Chandra module.

0 0
Eia—si —Sja—éj> € Z>o

forl <j<i<n.

Thus graded irreducible W (1 : n)-modules from the category S are parametrized
by 3 continuous parameters
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"9
i— C,
Sk )

aecC/Z, BeC, y:<k

and n — 1 discrete parameters

<A
44 L =S(n,y), n>2.
We still call a functional A : H©® — C dominant if

<A
Thus the restriction of a dominant functional on H (in the case of W(1 : n)) to
H© is dominant.

Clearly, for a module V(A | «, B) to be Harish-Chandra the functional A has to be
dominant.

d J
& 1——5—>, l<i<n-—1.
Hogg g

0 0
éia—si—éja—gj

>eZZo, 1<j<i<n.

Theorem 4.4 For an arbitrary dominant functional » € (H©)* and arbitrary scalars
a, B € Cthe S(n, y)-module V(A | a, B) is a Harish-Chandra module.

45 L =K(n), n > 2.
We will consider separately the cases n =2, n =3 and n > 4.

4.5.1 L = K(2). The Cartan subalgebra H = C&# in this case is one dimensional.
The action of the element ;17 on V has finitely many eigenvalues. If A is the maximal
eigenvalue, then V = V(A | «, B) for some «, B € C. Forany «, 8, A € C the module
V(M | a, B) is a Harish-Chandra module over L = K (2).

452 L = K@3) = (C[t,t~ ', & 5, ul,[, ). The Cartan subalgebra H = Cép is
still one dimensional, but now it is embeddable in s, (C). The elements 2& u, 2&n, un
form an slp-triple. Let V € S be an irreducible L-module. The eigenvalue A of the
action of 2&n on V is an integer. Let V = V(A | «, B8) for some «, 8 € C.

Theorem 4.2.2 For . = 0 and arbitrary scalars o, B € C the module V(0 | «, B)
is never Harish-Chandra. For A = 1 the module V(1 | «, B) is Harish-Chandra if
and only if . = —JT. For A > 2 the module V(A | «, B) is Harish-Chandra for all
a, B eC.

The superalgebras K (3) (there are two of them), are the TKK constructions of
Kantor doubles of brackets on C[z, #~!]. The case » = 1 corresponds to one-sided
modules over these Jordan superalgebras. A description of such modules was given
in [18].

453 L = KQ2n)or K2n+ 1), n > 2. Denote A; = (A | &pui), 1 <i < n.For
any 1 < j <i <nthetriples §&n;, &ni —§&jnj, §ni and &§;, &ni + &;n;, n;jn: are
sly-triples. In the odd case the triples ué&;, 2&n;, 2niu, 1 <i < n, are also sl-triples.
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If V(A | o, B) is a Harish-Chandra module then A; — A;, A; + A; € Z>(. Hence
either Ay,..., A\, €Z, A <--- < Xy,0CA[,..., Ay € %+Z,)\1 <-..- <Ay, and in
both cases A1 + Az € Zxo. We call such functionals dominant.

Theorem 4.2.3 (1) Let A be a dominant functional, a, B € C. The module V(A | a, B)
over K(2n), n > 2 is a Harish-Chandra module if and only if A| + Xy > 2.

(2) The module V(A | a, B) over K(2n + 1), n > 2, is a Harish-Chandra module if
and only if .1 > 2.

4.6 L = CK(6).

The Cartan subalgebra H in this case is spanned by /4, —wj> 1 <i <4 (seeSect.3).
If V(A | a,B) is a Harish-Chandra module then (A | he,—w;) € Z>0 Whenever
f(a),- — a)j) > 0.

Let A be a dominant weight and let m = (A | kg —q;). Leta, B € C.

Theorem 4.6 [fm = 0 aand o, 8 € C then V(A | «, B) is never a Harish-Chandra
module. If m = 1 then V(A | «, B) is a Harish-Chandra module if and only if
Al hwy—wy) =0, 8=—1L1fm > 2then V(A | «, B) is a Harish-Chandra module
forany a, B € C.

Remark The numbers A| + A, in the case K(2n), n > 2, Ay in the case K(2n + 1)
and (A | he,—w;) in the case CK(6) are spectral gaps that gained prominence in the
study of expanders (see [17]).

5 More open questions

Let L be one of the superconformal algebras discussed in Sects. 3, 4. For every weight
w of an L-module V(A | «, B) the weight space V,, is a Clt, t~1]-module of finite
rank that we denote by rank(V/,).

Question 4 Find a formula for the character

ch(V) =) rank(V,)e".
"

The associative commutative superalgebras A(m : n) and A(m : my : n), my +
mo = m, and the related Lie superalgebras of types W, S, H, K are graded by the
group Z". A 7" -graded module

szva

aeZm

is said to be a Harish-Chandra module if dim V,, < oo for all « € Z™. In [3] Billig
and Futorny classified irreducible Harish-Chandra modules over W (m : 0). On the
other hand Bakalov et al. [2] developed a theory of pseudoalgebras that, in particular,
applies to formal distributions in several variables.
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Let L be one of the superalgebras W (my : my : n), S(my : my : n, ), H(my :
my :n), K(my : my : n),m; +my = m. The dimensions of all nonzero homogeneous
components L,, @ € Z™, are equal to d, and in each L, we can choose a standard
basis ey1, . .., €qq-

We say that an L-module V = Y, V, satisfies the Polynomiality Assumption
if the dimensions of all nonzero homogeneous components Vy, o € Z™, are equal to
q and in each V,, # 0 we can choose a basis vy1, . . ., Ugq such that the qu structural
constant functions yi’j(oz, B),l1<i<d 1<j,r<gq

q
CaiVpj = Z Vi (e, B)va+p.r
=1

are polynomials in a1, ..., &y, B1, .-, Bm-

Conjecture Let V be an irreducible Harish-Chandra module over L. Then either V
is a “highest weight module” (see [3]) or V satisfies the Polynomiality Assumption.

Remark 1 The Polynomiality Assumption implies that the description of irreducible
(not highest weight) Harish-Chandra modules over L = W(m : n), S(m : n, a),
H(m : n) or K(m : n) should be “parallel” to the description of conformal modules
of finite type in [2].

Remark 2 Let L be one of the superalgebras W(my : my : n), S(my : ma : n,«),
H(my : my : n), K(my : my : n), m; + my = m. The Polynomiality Assumption
implies that for m, > 1 the action of L on V can be extended to an action of the
corresponding superalgebra W(m : n), S(m : n, o), H(m : n) or K(m : n).
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