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Abstract. A common problem in social choice theory concerns the ag-
gregation of the rankings expressed by several voters. Two different set-
tings are often discussed depending on whether the aggregate is assumed
to be a latent true ranking that voters try to identify or a compromise
ranking that (partially) satisfies most of the voters. In a previous work,
we introduced the notion of monotonicity of a profile of rankings and
used it for statistically testing the existence of this latent true ranking.
In this paper, we consider different extensions of this property to the
case in which voters provide rankings with ties.
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1 Introduction

The aggregation of the rankings expressed by several voters is a classical problem
in social choice theory that can be traced back to the 18-th century. Arrow [1]
pointed out that “each individual has two orderings, one which governs him in his
everyday actions, and one which would be relevant under some ideal conditions
and which is in some sense truer than the first ordering. It is the latter which
is considered relevant to social choice, and it is assumed that there is complete
unanimity with regard to the truer individual ordering”. From this reflection,
one could conclude that there are two different settings for the aggregation of
rankings: there exists a latent true ranking that voters try to identify, the goal
of the aggregation being to identify said true ranking, or, contrarily, voters have
conflicting opinions, the goal of the aggregation being to agree on a compromise
ranking. In [2], we described a statistical test for testing the existence of a latent
true ranking based on the notion of monotonicity of a profile of rankings.

Unfortunately, since the monotonicity of a profiles of rankings with ties has
not been defined, the aforementioned statistical test cannot be used in case the



rankings provided by the voters contain ties. This is a typical problem in real-life
problems where voters might consider that two or more candidates are equally
suitable [3]. Some existing methods for the aggregation of rankings, such as
the method of Kemeny [4] and the method of Schulze [5], are explicitly defined
to aggregate rankings with ties. Others, such as the Borda count [6], need to
be adapted [7]. In the case of our statistical test, we will see that there is an
immediate extension of the property of monotonicity, but we will also propose
other extensions based on the notions of signature and ordered signature that
might play an interesting role when using real-life data.

The remainder of the paper is structured as follows. In Section 2, we recall the
notion of monotonicity of a profile of rankings. The natural generalization of this
notion to rankings with ties is provided in Section 3. In Section 4, we introduce
the notions of signature and ordered signature and discuss their relation with
the property of monotonicity of a profile of rankings with ties. We end with some
conclusions and open problems in Section 5.

2 Monotonicity of a profile of rankings without ties

We consider the problem where several voters express their preferences on a set
C of k candidates. In particular, each of the r voters expresses a ranking �j on
C , i.e., the asymmetric part of a total order relation �j on C . The set of all
possible rankings on C is denoted by L(C ).

Each ranking � on C defines an order relation w≥� on L(C ) according to how
far two rankings in L(C ) are from� in terms of reversals4. For any�i,�j∈ L(C ),
the fact that (�i,�j) ∈ w≥� is denoted by �i w≥� �j .

Definition 1. Let C be a set of k candidates and � be a ranking on C . The
order relation w≥� on L(C ) is defined as

w≥� =

{
(�i,�j) ∈ L(C )2

∣∣∣∣∣
(
∀(ai1 , ai2) ∈ C 2

)(
(ai1 � ai2 ∧ ai1 �j ai2)⇒ ai1 �i ai2

) } .

Figure 1 displays the Hasse diagram of the order relation w≥� on L(C ) for
the set of candidates C = {a, b, c} and the ranking a � b � c.

In [2], we described a statistical test for testing the existence of a latent true
ranking. This test requires the given profile of rankings to be (close to being)

4 A reversal is a switch of consecutive elements in a ranking. The minimum number of
reversals needed for changing a given ranking into another one is measured by the
Kendall distance function [8].



a � b � c

a � c � b b � a � c

c � a � b b � c � a

c � b � a

Fig. 1. Hasse diagram of the order relation w≥� on L(C ) for the ranking a � b � c.

monotone, i.e., it requires the frequencies with which each ranking is expressed
by the voters to be (close to being) decreasing on the Hasse diagram of the
order relation w≥�0

, for some �0 ∈ L(C ). This ‘closeness to being monotone’ was
used for determining whether the hypothesis of existence of a latent true ranking
should or should not be rejected. For more details, we refer to [2].

3 Monotonicity of a profile of rankings with ties

In real-life problems, voters might consider that two or more candidates are
equally suitable, and, thus, express a tie between these candidates. In this case,
every voter should be allowed to provide a weak order relation %j on C , i.e.,
a complete and transitive relation on C that might not be antisymmetric. Any
weak order relation % can be written as the union of two relations � and ∼,
where � (called a ranking with ties) represents the antisymmetric part of % and
∼ represents the symmetric part of %. Note that ∼ is an equivalence relation,
and, thus, partitions C into equivalence classes. The set of all rankings with ties
on C is denoted by L∗(C ). As a ranking is a particular case of a ranking with
ties, it obviously holds that L(C ) ⊆ L∗(C ).

In case the voters express rankings with ties instead of rankings, the relation
w≥� needs to be extended to L∗(C ). Note that, for a ranking with ties �i, the
conditions ai1 �i ai2 and ai2 6�i ai1 are no longer equivalent. Therefore, the
former unique condition for rankings (without ties) now needs to be divided in
two parts.



Proposition 1. Let C be a set of k candidates and � be a ranking on C . The
relation w≥� defined as5

w≥� =

(�i,�j) ∈ L∗(C )2

∣∣∣∣∣∣∣∣
(
∀(ai1 , ai2) ∈ C 2

) (ai1 � ai2 ∧ ai1 �j ai2)⇒ (ai1 �i ai2)
∧

(ai1 � ai2 ∧ ai2 �i ai1)⇒ (ai2 �j ai1)




is an order relation on L∗(C ).

Figure 2 displays the Hasse diagram of the order relation w≥� on L∗(C ) for
the set of candidates C = {a, b, c} and the ranking a � b � c. Note that this
Hasse diagram coincides with the one used by Kemeny [4] for defining a distance
function on L∗(C ).

a � b � c

a � b ∼ c a ∼ b � c

a � c � b b � a � c

a ∼ c � b a ∼ b ∼ c b � a ∼ c

c � a � b b � c � a

c � a ∼ b b ∼ c � a

c � b � a

Fig. 2. Hasse diagram of the order relation w≥� on L∗(C ) for the ranking a � b � c.

5 For any ranking � on C , the restriction of the relation w≥� on L∗(C ) to L(C )
coincides with the relation w≥� on L(C ). Therefore, the use of the same notation is
justified.



The statistical test introduced in [2] might also be extended by requiring the
frequencies with which each ranking with ties is expressed by the voters to be
(close to being) decreasing on the Hasse diagram of the order relation w≥�0

, for
some �0∈ L(C ).

Unfortunately, the inclination of voters towards expressing ties between can-
didates might prevent the frequencies from being decreasing on the Hasse dia-
gram of the order relation w≥�0

(for any �0∈ L(C )). For instance, the fact that
the ranking with ties a ∼ b ∼ c in Figure 2 would appear with the highest
frequency in a given profile of rankings with ties will make the frequencies with
which each ranking with ties is expressed to be far from being decreasing on
the Hasse diagram of the order relation w≥�0

, for any �0∈ L(C ). Nevertheless,
this might not be due to the absence of a true latent ranking, but due to the
indecision of some of the voters. In particular, the frequencies with which the
ranking with ties a ∼ b ∼ c is expressed might be higher than that of a � b � c,
even though the latter is the true latent ranking.

4 Signatures and ordered signatures

In this section, we study the notions of signature and ordered signature that will
help to deal with the aforementioned problem.

Definition 2. Let C be a set of k candidates.

(i) The signature S of a ranking with ties � on C , denoted by S (�), is a
vector where the i-th component equals the size of the i-th equivalence class
in �.

(ii) The ordered signature O of a ranking with ties � on C , denoted by O(�), is a
vector where the i-th component equals the size of the i-th largest equivalence
class in �.

The set of all the signatures on C is denoted by S(C ) and the set of all the
ordered signatures on C is denoted by O(C ).

Remark 1. Each signature S ∈ S(C ) leads to a unique ordered signature O ∈
O(C ) by ordering the numbers in S in a decreasing manner. Note that the
lengths of S and O coincide. The fact that a signature S leads to an ordered
signature O is denoted by S  O.

Example 1. Consider the set of candidates C = {a, b, c}. The signature of the
ranking with ties a � b � c is the vector (1, 1, 1) and its ordered signature is



(1, 1, 1). Therefore, it holds that

S (a � b � c) = O(a � b � c) = (1, 1, 1) .

Analogously, the signature of the ranking with ties a � b ∼ c is the vector (1, 2)
and its ordered signature is (2, 1). Therefore, it holds that

S (a � b ∼ c) = (1, 2) and O(a � b ∼ c) = (2, 1) .

In general, the set of all signatures on C is given by:

S(C ) = {(1, 1, 1), (1, 2), (2, 1), (3)} .

Analogously, the set of all ordered signatures on C is given by:

O(C ) = {(1, 1, 1), (2, 1), (3)} .

These (ordered) signatures can be used for defining two natural order rela-
tions on L∗(C ). In the first order relation, only couples of rankings with ties
belonging to w≥� and that have the same signature are considered to be com-
parable, while, in the second order relation, only couples of rankings with ties
belonging to w≥� and that have the same ordered signature are considered to be
comparable.

Proposition 2. Let C be a set of k candidates and � be a ranking on C . The
relation w≥S

� defined as

w≥S
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | S (�i) = S (�j)} ,

is an order relation on L∗(C ).

Proposition 3. Let C be a set of k candidates and � be a ranking on C . The
relation w≥O

� defined as

w≥O
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | O(�i) = O(�j)} ,

is an order relation on L∗(C ).

Figures 3 and 4 display the Hasse diagram of the order relations w≥S
� and w≥O

�
on L∗(C ) for the set of candidates C = {a, b, c} and the ranking a � b � c. Note
that we use dashed lines for separating sets of incomparable rankings with ties.

Obviously, there exists an immediate connection between the three relations.

Proposition 4. Let C be a set of k candidates and � be a ranking on C . The
following statement holds:

w≥S
� ⊆ w≥

O
� ⊆ w≥� .



a � b � c a � b ∼ c a ∼ b � c

a � c � b b � a � c

a ∼ c � b

a ∼ b ∼ c

b � a ∼ c

c � a � b b � c � a

c � a ∼ b b ∼ c � a

c � b � a

Fig. 3. Hasse diagram of the order relation w≥S
� on L∗(C ) for the ranking a � b � c.

a � b � c a � b ∼ c a ∼ b � c

a � c � b b � a � c

a ∼ c � b a ∼ b ∼ cb � a ∼ c

c � a � b b � c � a

c � a ∼ b b ∼ c � ac � b � a

Fig. 4. Hasse diagram of the order relation w≥O
� on L∗(C ) for the ranking a � b � c.

Consider the relation �S on S(C ), where ‘S1 �S S2’ represents that the
length of the signature S1 equals the length of the signature S2 plus one and,
at the same time, the signature S2 can be obtained by merging two consecutive
components of S1. For instance, the signature (1, 2) is obtained by merging the
last two components of the signature (1, 1, 1), therefore (1, 1, 1) �S (1, 2). We
consider its pre-order closure6 for defining a natural order relation on S(C ).

Proposition 5. Let C be a set of k candidates. The relation ≥S, defined as the
pre-order closure of �S, is an order relation on S(C ).

6 The pre-order closure of a relation R is the smallest reflexive and transitive relation
containing R [9].



Analogously, a natural order relation can be defined for ordered signatures.
Consider the relation �O on O(C ), where ‘O1 �O O2’ represents that there
exist two signatures S1,S2 ∈ S(C ) such that S1  O1, S2  O2 and S1 �S

S2. For instance, for the ordered signatures (2, 1) and (1, 1, 1), it holds that
(1, 2) (2, 1), (1, 1, 1) (1, 1, 1) and (1, 1, 1)�S (1, 2). Therefore, it holds that
(1, 1, 1) �O (2, 1). This relation is used for defining a natural order relation on
O(C ).

Proposition 6. Let C be a set of k candidates. The relation ≥O, defined as the
pre-order closure of �O, is an order relation on O(C ).

Figures 5 and 6 display the Hasse diagram of the order relations ≥S and ≥O

on S(C ) for a set C of three and of four candidates.

(2, 1)

(1, 1, 1)

(3)

(1, 2)

(3, 1)

(2, 1, 1)

(4)

(2, 2)

(1, 2, 1)

(1, 1, 1, 1)

(1, 1, 2)

(1, 3)

Fig. 5. Hasse diagram of the order relation ≥S on S(C ) for a set C of three (left) and
of four (right) candidates.

These order relations on the set of (ordered) signatures can be used for defin-
ing four natural order relations on L∗(C ), where only couples of rankings with
ties belonging to w≥� and satisfying these additional requirements are considered
comparable elements.

Proposition 7. Let C be a set of k candidates and � be a ranking on C . The
relations defined as

w≥S↓
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | S (�i) ≥S S (�j)} ,

w≥S↑
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | S (�j) ≥S S (�i)} ,

w≥O↓
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | O(�i) ≥O O(�j)} ,

w≥O↑
� = w≥� ∩ {(�i,�j) ∈ L∗(C )2 | O(�j) ≥O O(�i)} ,

are four order relations on L∗(C ).



(2, 1)

(1, 1, 1)

(3)

(3, 1)

(2, 1, 1)

(4)

(2, 2)

(1, 1, 1, 1)

Fig. 6. Hasse diagram of the order relation ≥O on O(C ) for a set C of three (left) and
of four (right) candidates.

For instance, we illustrate in Figure 7 the Hasse diagram of the order relation

w≥O↓
� on L∗(C ) for the set of candidates C = {a, b, c} and the ranking a � b � c.

The fact that the frequencies of the rankings with ties are decreasing on the

Hasse diagram of w≥O↓
� (and not on that of w≥�) would imply that voters do not

express ties between candidates as often as they express strict preferences.

a � b � c

a � b ∼ c a ∼ b � c

a � c � b b � a � c

a ∼ c � b

a ∼ b ∼ c

b � a ∼ c

c � a � b b � c � a

c � a ∼ b b ∼ c � a

c � b � a

Fig. 7. Hasse diagram of the order relation w≥O↓
� on L∗(C ) for the ranking a � b � c.



All different relations between the seven order relations are described in Fig-
ure 8. One can see that w≥� contains the other six order relations, whereas w≥S

�
is contained in the other six order relations.

w≥�

w≥O↑
� w≥O↓

�

w≥S↑
� w≥O

� w≥S↓
�

w≥S
�

Fig. 8. Hasse diagram of the order relation ⊆ on the set of all order relations on L∗(C )
defined in this section.

The statistical test introduced in [2] might now be extended by requiring the
frequencies with which each ranking is expressed to be (close to being) decreasing
on the Hasse diagram of one of the seven different order relations. Obviously,
since w≥S

� is contained in the other six order relations, decreasingness w.r.t. w≥S
�

will be the closest to being satisfied, and, thus, the most unlikely of leading
to a rejection of the hypothesis of existence of a latent true ranking. Different
conclusions concerning the tendency of voters towards expressing ties can be
drawn from the results of the test by selecting different order relations among
the seven ones defined in this manuscript.

5 Conclusions and open problems

In this paper, we have generalized the notion of monotonicity of a profile of
rankings to rankings with ties. In the future, we will aim at adapting a previously-
proposed statistical test for the existence of a true latent ranking based on
the property of monotonicity of a profile of rankings to the setting in which
rankings with ties are provided. We have conjectured that, in real-life data, the



inclination of voters towards expressing ties between candidates might play a
big role in the rejection of the test, and, thus, we have proposed six alternative
definitions of monotonicity of a profile of rankings with ties based on the notions
of signature and ordered signature. A thorough study on the influence of the
chosen notion of monotonicity (and especially that of the least restrictive one
w≥S

�) in the statistical test is yet to be addressed. Moreover, in this paper, we
have restricted the results of the aggregation of the rankings with ties given by
the voters to be a ranking without ties. The case in which the result of this
aggregation is also allowed to be a ranking with ties will be analysed in the near
future.
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