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Abstract In previous studies it has been shown that assumming a trapezoidal shape
to model fuzzy number-valued data is not statistically restrictive in case we focus on
the (Aumann-type) means of these data. The assertion has been supported by both
case and simulation studies. This paper aims to analyze by means of a case study
whether the same assertion applies in dealing with the Fréchet-type variance. More
concretely, the p-values of tests have been compared for trapezoidal assessment vs
other frequently used ones, like some LR assessments. The analysis is illustrated
and corroborated with a real-life example. This analysis indicates that the shape of
the fuzzy assessment scarcely affects statistical conclusions.

1 Introduction

Trapezoidal fuzzy numbers have been shown to be an easy-to-use/draw choice to
model data from intrinsically imprecise-valued magnitudes. This is issued to the
ease to handle for most of the computations, the ease to understand their meaning,
and the ease of their elicitation, especially when people assessing fuzzy numbers
have a low expertise/background about.

Thus, trapezoidal fuzzy numbers are characterized by simply giving their core
(interval of the real values which are considered to be ‘fully compatible’ with the
valuation to be elicited) and their support (interval of the real values which are
considered to be ‘compatible to some extent’ with the valuation to be elicited). The
remaining values can be directly obtained by a kind of ‘linear interpolation’ of these
two intervals.

In Lubiano et al. [8] it has been empirically shown that, when fuzzy datasets are
summarized by their fuzzy-valued means, the considered data shape is mostly not
statistical relevant.
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In this paper we are going to check that the same conclusion can be drawn when
fuzzy datasets are summarized by their real-valued variances. For this purpose, the
real-life example analyzed in detail in Gil et al. [11] and Lubiano et al. [26, 8],
and later recalled in Section 3, is considered for the comparative discussion. Some
two-and k-samples hypothesis test about means p-values in Ramos-Guajardo and
Lubiano [10] have been computed by considering all data as either being trapezoidal
(as assumed in [11, 26, 8]) or belonging to any of the LR classes recalled in the next
section.

2 Preliminaries

A (bounded) fuzzy number (also referred to by some authors as a fuzzy interval) is
an imprecise-valued amount that is formalized as a mapping Ũ :R→ [0,1] such that
for all α ∈ [0,1], the α-level set, defined as

Ũα =

{x ∈ R : Ũ(x)≥ α} if α ∈ (0,1]

cl{x ∈ R : Ũ(x)> 0} if α = 0

with ‘cl’ denoting the closure of the set, is a nonempty compact interval. Ũ(x) is
intuitively interpreted as the ‘degree of compatibility’ of the real number x with Ũ .

The space of (bounded) fuzzy numbers will be denoted by F ∗
c (R).

A well-known and frequently used family of fuzzy numbers is that of trapezoidal
fuzzy numbers. If a,b,c,d ∈ R with a ≤ b ≤ c ≤ d, the trapezoidal fuzzy number
Tra(a,b,c,d) is such that for each α ∈ [0,1] the α-level set equals

(Tra(a,b,c,d))
α
= [a+α(b−a),d +α(c−d)].

A wider interesting family of fuzzy numbers, including the one of trapezoidal
fuzzy numbers, is that of the LR-fuzzy numbers (see Dubois and Prade [5]) with L
and R invertible functions. If a,b,c,d ∈R with a≤ b≤ c≤ d, the LR-fuzzy number
LR(a,b,c,d) is such that for each α ∈ [0,1] the α-level set is such that

inf
(
LR(a,b,c,d)

)
α
=a+(b−a)L−1(α),

sup
(
LR(a,b,c,d)

)
α
=d− (d− c)R−1(α).

Along this work we are going to consider quadratic functions (the so-called
Π -curves) and functions with parametric monotonic Hermite-type interpolation,
either using (2,2)-rational splines (LU1A and LU1B) or mixed exponential splines
(LU2A and LU2B) (see Figure 1) (see, for more details about Stefanini et al. [11]).
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Fig. 1: Six types of fuzzy numbers sharing core [20,25] and support (10,40) and
differing in shape. On the left, trapezoidal (top) and Π -curve (bottom), along with
four different LR-fuzzy numbers on the middle and the right

More specifically, if Ũ ≡LR(a,b,c,d), and LR∈{Tra,Π ,LU1A,LU1B, LU2A,LU2B},
then for each α ∈ [0,1]

Ũα = [a+ lLR(α)(b−a),c+ rLR(α)(d− c)] ,
where the functions involved in the left and right arms can be seen in detail in
Table 1.

Table 1: Expressions for functions lLR and rLR in the horizontal view of LR-fuzzy numbers with
LR ranging on {Tra,Π ,LU1A,LU1B,LU2A,LU2B}

LU lLU (α) rLU (α)

Tra α 1−α

Π


√

α/2 if α < 1/2

1−
√

(1−α)/2 otherwise


1−
√

α/2 if α < 1/2√
(1−α)/2 otherwise

LU1A
α2 +5α(1−α)

1+3.5α(1−α)
(1−α)(1+0.9α)

LU1B α 1− α2 +5α(1−α)

1+3.2α(1−α)

LU2A
α2(3−2α)−0.5(1−α)1.55 +0.5+0.05α1.55

1.55
1− α2(3−2α)−5(1−α)11 +5+5α11

11

LU2B
α2(3−2α)−0.5(1−α)1.55 +0.5+0.05α1.55

1.55
1− α2(3−2α)−5(1−α)6.05 +5+0.05α6.05

6.05

Key tools for the statistical analysis of fuzzy data are the following:

• the arithmetic with fuzzy numbers;
• the metric between fuzzy numbers;
• the model for the random mechanism generating fuzzy data.
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Regarding the arithmetic, we will make use of the one based on Zadeh’s exten-
sion principle [13].

Given Ũ ,Ṽ ∈F ∗
c (R), the sum of Ũ and Ṽ is the fuzzy number Ũ +Ṽ ∈F ∗

c (R)
such that for each α ∈ [0,1]

(Ũ +Ṽ )α =
[

infŨα + infṼα ,supŨα + supṼα

]
.

Given Ũ ∈F ∗
c (R) and a scalar γ ∈ R, the product of Ũ by the scalar γ is the

fuzzy number γ ·Ũ ∈F ∗
c (R) such that for each α ∈ [0,1]

(γ ·Ũ)α =


[
γ · infŨα ,γ · supŨα

]
if γ ≥ 0[

γ · supŨα ,γ · infŨα

]
otherwise.

It can be easily proved that for fixed invertible functions L and R, the family
of LR-fuzzy numbers is closed under the sum and the product by scalars. More
concretely,

LR(a,b,c,d)+LR(a′,b′,c′,d′) = LR(a+a′,b+b′,c+ c′,d +d′),

γ ·LR(a,b,c,d) =

{
LR(γa,γb,γc,γd) if γ ≥ 0

LR(γd,γc,γb,γa) otherwise.

These two operations do not endow F ∗
c (R) with a linear, but with a conical

structure, so special care should be taken in attempting to extend and deal with
difference between fuzzy numbers. Actually, some of the inconveniencies associated
with the nonlinearity have been substantially overcome in developing statistics with
fuzzy data by incorporating suitable distances between them. In this respect, the
metric given below has been introduced by Bertoluzza et al. [1], and it is a quite
convenient choice for the statistical developments.

Given Ũ ,Ṽ ∈ F ∗
c (R) and θ ∈ (0,1], Bertoluzza et al.’s θ -distance between Ũ

and Ṽ is the real number

Dθ (Ũ ,Ṽ ) =

√∫
[0,1]

(
[midŨα −midṼα ]2 +θ [sprŨα − sprṼα ]2

)
d α.

The most common particular choices of the parameter θ are θ = 1 and 1/3, since
the first one corresponds to only taking into account and uniformly the squared
distances between the extremes of the level sets, and the second one corresponds
to taking into account and uniformly the squared distances between all the convex
linear combinations of the extremes of the level sets.

Fuzzy number-valued data set in the case study to be considered, come from a
so-called fuzzy rating scale (FRS), as introduced by Hesketh et al. [17], that allows
a rater to draw the fuzzy number that best represents his/her score. The guideline
for the mechanism to draw such a fuzzy number is as follows:
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Step 1. A reference bounded interval/segment is first considered. This is often
chosen to be [0,10] or [0,100], but the choice of the interval is not at all a
constraint. The end-points are often labeled in accordance with their meaning
referring to the degree of agreement, satisfaction, quality, and so on.

Step 2. The core, or 1-level set, associated with the response is determined. It
corresponds to the interval consisting of the real values within the reference
one which are considered to be as ‘fully compatible’ with the response.

Step 3. The support, or its closure or 0-level set, associated with the response is
determined. It corresponds to the interval consisting of the real values within
the referential that are considered to be as ‘compatible to some extent’ with
the response, and it should be always included in the reference interval.

Step 4. The two intervals are ‘interpolated’ to get a fuzzy number. For instance,
if a linear interpolation is considered a trapezoidal fuzzy number is obtained.

In developing statistics with fuzzy data coming from intrinsically imprecise-
valued attributes, random fuzzy numbers constitute a well-formalized model within
the probabilistic setting for the random mechanisms generating such data. Random
fuzzy numbers, as defined by Puri and Ralescu [9] (in a more general context), in-
tegrate randomness (associated with the data generation) and fuzziness (associated
with data nature).
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Given a probability space (Ω ,A ,P), an associated random fuzzy number (for
short RFN) is a mapping X : Ω → F ∗

c (R) such that for all α∈ [0,1] the interval-
valued mapping Xα is a compact random interval (i.e., the real-valued mappings
infXα and supXα are real-valued random variables). Equivalently, a mapping
X : Ω →F ∗

c (R) is said to be an RFN if and only if it is a Borel-measurable map-
ping w.r.t. the Borel σ -field generated on F ∗

c (R) by the topology induced by Dϕ

θ
;

this Borel-measurability ensures that one can properly refer to the distribution in-
duced by an RFN, the stochastic independence of RFN’s, and so on, without needing
to state expressly these notions.

In summarizing the induced distribution of a random fuzzy number, two mea-
sures/parameters are the most commonly used, namely, the Aumann-type mean (see
Puri and Ralescu [9]) and the Fréchet-type variance (see, for instance, Lubiano et
al. [6]).

Given an RFN X associated with the probability space (Ω ,A ,P), the (popula-
tion) Aumann-type mean of X is the fuzzy number Ẽ(X ) ∈F ∗

c (R), if it exists,
such that for each α ∈ [0,1](

Ẽ(X )
)

α
= [E(infXα),E(supXα)]

with E denoting the expected value of a real-valued random variable.
If X is an LR-valued random fuzzy number for fixed invertible functions L and

R, then Ẽ(X ) = LR
(
E(infX0),E(infX1),E(supX1),E(supX0)

)
.

The Aumann-type mean preserves the main valuable properties from the real-
valued case (i.e., additivity, equivariance under affine transformations, coherence
with the above-described fuzzy arithmetic, and support by SLLN’s).

In extending the variance of real-valued random variables to RFN’s, Fréchet’s
approach has been considered, so that it can be interpreted as a measure of the ‘least
squares error/distance’ in approximating the values of the RFN by a (non-random)
fuzzy number.

The (population) Fréchet-type variance is the real number σ2
X , if it exists, given

by

σ
2
X = E

([
Dθ

(
X , Ẽ(X )

)]2
)
=
∫
[0,1]

Var(midXα)dα +θ ·Var(sprXα)dα.

The Fréchet variance of an RFN satisfies the usual properties for this concept
(i.e., nonnegativity, and vanishment for degenerate RFN’s, invariance under transla-
tion, and additivity under independence of the involved RFN’s).

3 Case study to be analyzed

The case study to be analyzed is related to the well-known questionnaire TIMSS-
PIRLS 2011 which is conducted on the population of Grade 4 students (i.e., nine to
ten years old) and concerns their opinion and feeling on aspects regarding reading,
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math, and science. This questionnaire is rather standard and most of the involved
questions have to be answered according to a 4-point Likert scale, responses being
DISAGREE A LOT, DISAGREE A LITTLE, AGREE A LITTLE, and AGREE A LOT.

To get more expressive responses and informative conclusions, the original ques-
tionnaire form has been adapted to allow a double-type response: the original Likert
and a fuzzy rating scale-based one with reference interval [0,10] (see Figure 2 for
one of the items in the questionnaire).

Fig. 2: Example of the double response paper-and-pencil (on the left) and computerized (on the
right) form to an item in the case study

The questionnaire involving these double response questions has been conducted
in 2014 on a sample of 69 fourth grade students from Colegio San Ignacio (Oviedo-
Asturias, Spain). These students have been distributed in accordance with (their
usual) three groups, so that the teachers have decided that the 24 students in one of
the three classrooms have to fill out the paper-and-pencil format and the 45 students
from the other two groups have to complete the computerized version. To ‘ease’ the
relationship between the two scales for these very young respondents, each numer-
ically encoded Likert response has been superimposed upon the reference interval
of the fuzzy rating scale part, as we can see in Figure 2.

The training of the students to let them know about the meaning and purpose of
the case study, as well as the aim of the double response, has been carried out in up
to 15 minutes, and three researchers from our Department have been in charge of
the explanation and conduction of the survey. At this point, it should be remarked
that the students had no idea on the concept of real-valued functions and they have
just learned that of a trapezium. The students have not had understanding problems,
they have catched the philosophy behind and they have been able to provide us with
quite coherent responses in most of the cases. Actually, for all the questions, the
number of ‘no response”s has been very small and smaller for the fuzzy rating than
for the Likert scale. In summary, the training has been surprisingly much easier and
more effective than we had expected.

The complete questionnaire and dataset can be found in http://bellman.
ciencias.uniovi.es/SMIRE/FuzzyRatingScaleQuestionnaire-SanIgnacio.html.
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4 Comparative analysis

The analysis of the influence of fuzzy data shape on the dataset variance is to be
based on the test about the equality of variances with fuzzy data developed by
Ramos-Guajardo and Lubiano [10] (see also Blanco-Fernández et al. [5]), which
is a bootstrapped homoscedasticity test of k independent RFN’s, which can be algo-
rithmically summarized.

The analysis is carried out aiming to test the influence of the shape of fuzzy data
on the Fréchet variance. By means of some of the data in the considered case study,
this section follows two different comparative approaches. More concretely, it is first
devoted to compare the p-values of two-sample and k-sample test about the equality
of variances for different choices of the shape.

Table 2 gathers the p-values of the two-sample test about the equality of vari-
ances on the basis of the fuzzy rating scale responses to Item M.2 in the adapted
questionnaire (that is, “My math teacher is easy to understand”) when the two con-
sidered populations are ‘boys’ and ‘girls’ and the 4-tuples are associated not only
with trapezoidal fuzzy numbers (as it has actually been made) but also with other
LR’s (those in Figure 1 along with Tri(a,b,c,d) = Tra(a,(b+c)/2,(b+c)/2,d) and
TriS(a,b,c,d) = Tra(a,(a+d)/2,(a+d)/2,d)). The p-values have been computed
for θ = 1/3 and 1.

Table 2: p-Values for the equality of population Fréchet’s variances (θ = 1/3,θ = 1) of boys’
and girls’ LR’s responses to Item M.2 in the case study, depending on the considered shape

Tra Π LU1A LU1B LU2A LU2B Tri TriS

θ = 1/3 0.416 0.478 0.539 0.466 0.473 0.456 0.466 0.397

θ = 1 0.414 0.443 0.512 0.452 0.467 0.456 0.450 0.376

For the usually selected significance levels (those being lower than 0.25), there
are no significant differences between boys and girls in responding to M.2, irrespec-
tively of the considered shape of fuzzy data and even of the choice of θ .

Table 3 gathers the p-values of the two-sample test about the equality of variances
on the basis of the fuzzy rating scale responses to Item M.2 in the case study when
the two considered populations are ‘paper-and-pencil’ and ‘computerized’ form and
the 4-tuples are associated with several LR-valued fuzzy numbers. The p-values
have been computed for θ = 1/3 and 1.

Table 3: p-Values for the equality of population Fréchet’s variances (θ = 1/3,θ = 1) of ‘paper-
and-pencil’ and ‘computerized’ form’s LR’s responses to Item M.2 in the case study, depending on
the considered shape

Tra Π LU1A LU1B LU2A LU2B Tri TriS

θ = 1/3 0.215 0.220 0.239 0.217 0.233 0.198 0.234 0.190

θ = 1 0.149 0.166 0.186 0.165 0.161 0.165 0.184 0.161
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In this second situation, the effect of the choice of θ ∈ (0,1] is not very relevant.
Statistical conclusions scarcely depend on the considered shape of fuzzy data.

Table 4: p-Values for the equality of population Fréchet’s variances (θ = 1/3,θ = 1) of the four
groups, GGG111 to GGG444, LR’s responses to Item M.2 in the case study, depending on the considered
shape

Tra Π LU1A LU1B LU2A LU2B Tri TriS

θ = 1/3 0.270 0.255 0.255 0.282 0.263 0.275 0.247 0.218

θ = 1 0.258 0.260 0.274 0.239 0.247 0.268 0.251 0.241

Table 4 gathers the p-values of the four-sample test about the equality of vari-
ances on the basis of the fuzzy rating scale responses to Item M.2 in the case study
when the four considered populations are four groups of students based on their
‘mark taken in the last examination of math’ given by GGG111 = [0,6], GGG222 = (6,8],
GGG333 = (8,9] and GGG444 = (9,10], according to the usual range [0,10] which is consid-
ered in Spain. The p-values have been computed for θ = 1/3 and 1 and the 4-tuples
are associated with several LR-valued fuzzy numbers.

Once more, in this third situation statistical conclusions scarcely depend on the
considered shape of fuzzy data.

A second way to analyze the influence of the shape of fuzzy data by means of
the case study, is to compare by means of the two-sample test about the equality of
variances trapezoidal data vs other LR data in the responses to Item M.2 for different
populations involved in the preceding tables in this section. Table 5 collects the
corresponding p-values for θ = 1/3.

Table 5: p-Values for the equality of population Fréchet’s variances (θ = 1/3) of trapezoidal vs
other LR’s responses

Groups \ LR Π LU1A LU1B LU2A LU2B Tri TriS

Boys 0.998 0.909 0.916 0.994 0.902 0.970 0.897

Girls 1.000 0.974 0.951 0.998 0.940 0.972 0.843

Paper-and-pencil 0.997 0.998 0.964 0.997 0.938 0.994 0.890

Computerized form 0.995 0.902 0.914 0.992 0.901 0.961 0.852

GGG111 0.991 0.866 0.923 0.980 0.904 0.832 0.820

GGG222 0.997 0.922 0.927 0.995 0.920 0.978 0.923

GGG333 1.000 0.979 0.949 0.998 0.949 0.986 0.927

GGG444 0.996 0.999 0.975 0.995 0.968 0.986 0.917

Consequently, there are no significant differences between population Fréchet’s
variances for almost all the significance levels one can consider and all the seven
developed comparisons.
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