Journal of Algebra 320 (2008) 3133-3144

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

. . i\(
Idempotents and Peirce gradings of Jordan algebras
José A. Anquela*, Teresa Cortés
Departamento de Matematicas, Universidad de Oviedo, C/Calvo Sotelo s/n, 33007 Oviedo, Spain
ARTICLE INFO ABSTRACT
Article history: In this paper we find a necessary and sufficient condition for
Received 23 April 2007 a Peirce grading of a Jordan algebra J to come from a Peirce
Available online 26 August 2008 decomposition with respect to an idempotent of a Jordan algebra

Communicated by Efim Zelmanov J containing J as a subalgebra. We also show that the above

condition holds automatically when J is nondegenerate.

Dedicated to Professor Ivan P. Shestakov on . A
© 2008 Elsevier Inc. All rights reserved.

the occasion of his 60th birthday

Keywords:
Idempotent
Jordan algebra
Peirce grading

Introduction

Peirce gradings V =V, ® V1 ® Vg of a Jordan system V are introduced in [4,11] as a generalization
of Peirce decompositions with respect to idempotents. As shown in [11], Peirce gradings are directly
linked to involutive automorphisms and gradings.

In [4, 4.1], it is shown that the components V,, o« =0, 1, 2, inherit nondegeneracy and Von Neu-
mann regularity from V, among other properties. In [1], it is shown that Vy and V; inherit strong
primeness, primitivity, semiprimitivity and simplicity from V. These results extend those obtained by
McCrimmon [6,7] about inheritance of simplicity by the diagonal components of a Peirce decomposi-
tion with respect to an idempotent.

Neher [11] gives examples of Peirce gradings not coming from idempotents. Indeed, if we consider
a Jordan system ] with an idempotent e and take any nonzero ideal ] of J such that e ¢ J, then

the usual Peirce decomposition | = Jo(e) ® J1(e) @ Jo(e) gives rise to a Peirce grading in | (with
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Ja = Ja(e) N J for @ € {0, 1, 2}) which does not come, in general, from an idempotent of J. We will
study, in the case of Jordan algebras, if every Peirce grading of J comes from a Peirce decomposition
with respect of an idempotent in an algebra ] containing J as a subalgebra.

The paper is divided into three parts, apart from a preliminary section in which we outline some
known results and definitions. In the first section we study Peirce gradings of associative algebras
and show that they always come from idempotents in bigger algebras. We also show that not all
Peirce gradings in special Jordan algebras are induced by associative Peirce gradings. In the second
section we give a necessary condition on Peirce gradings of a Jordan algebra J for them to come
from idempotents in a bigger algebra, and build the natural extension J of J where the idempotent
element should be found. Finally, in Section 3, we prove that the necessary condition of the previous
section is also sufficient for Jordan algebras without 2-torsion, by showing that then ] is indeed a
Jordan algebra. We also prove that this additional condition holds automatically in sufficiently regular
(for example nondegenerate) Jordan algebras.

0. Preliminaries

0.1. We will work with associative and Jordan algebras over an arbitrary ring of scalars &. The reader
is referred to [3,9,10] for basic results, notation, and terminology, though we will stress here some
definitions.

0.2. A quadratic algebra ] in the sense of [5, Section 1] is given on a @-module by its squares x> and
products Uyy, for x, y € J. They are quadratic in x and linear in y, so that we have their linearizations,
given by xoy = Vyy = (x+ y)? —x* — y2, and Uy.y = Vxyz = {x,y,2} 1= Uxyzy — Uxy — Upy.
A quadratic algebra is a Jordan algebra if it strictly satisfies

Q: Vyx=V,e,

QJ2: UxVyx = VyUy,

Q3: Ux(x?) = (832,
QJ4: Uny(xz) = (Uxy)?,
QJ5: Up =U2,

Q6: Uy,y = UpUyUy,

for any x,y € J, i.e,, the polynomials ji(x,y) := Vxxy — Vy2y, j2(X, y) := UxVyxy — VxUyxy, j3(x) :==
Ux(®®) — ()%, ja(x, ¥) :=UxUy () — (Uxy)?, js(X, ) := Uy — Uy, js(x, ¥, 2) :=Uy,yz — UxUyUyz
vanish strictly on J, i.e., vanish on any scalar extension of J.

0.3. One can get Jordan algebras from associative algebras by symmetrization: Given an associative
algebra R with products xy, for any x, y € R, one can build a Jordan algebra, denoted R, on the
same @-module and with the same squares as R (x2 = xx) and Jordan products Uyy = xyx. A Jordan
algebra is said to be special when it is a subalgebra of R, for some associative algebra R.

0.4. A Jordan algebra | is said to be unital if there exists a unit element 1 € J such that, Ujx = x,
Ux1 =x?, for any x € J. The unit element is unique (when it exists) and idempotent (12 = 1). Any
Jordan algebra | has a unitization ] = J &® @1, which is a Jordan algebra built on the direct sum of J
and a free @-module with basis {1}, given by

K+HAD2=x2 4+ 20+ 221, Uxpp1 (v + p1) = Uxy + ux® + A%y + Axo y + 2aux + A2 ul,
for any x,y € J, A, u € ®. The algebra J is an ideal of J, and 1 is the unit element of ] [5].

0.5. We will need the following identities of Jordan algebras, which are direct consequences of Mac-
donald’s Theorem [2]:
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() (6. y, ¥} =x0y* (X, y*, ¥y} = (%, ¥, ¥’} =x0)°,
(i) o y)oz={x,y,2} +{y,x, 2},
(iii) 2x3 =xo0x?,
(iv) (x*oy)ox=x%0 (y oX),
(V) (xoy)? =xoUyx+ Uxy? + Uyx?,
(Vi) X2m+n — Umen, (Xm)n = xmn
(vii) UgUyx = Uxoyx — x 0 Uyx? — Uyx3,
(Vlll) UZUXUZy = UZUony - {22 °X,Y, UZX} + {Xv 227 y} o UZX - {yv Z, UZUXZ} - Uzz ny-
(ix) 2Uxy =xo (xoy) —x% 0 y.

0.6. Following [1,4,9,11], given a Jordan algebra J, a Peirce grading of | is a decomposition | =
J2® J1 @ Jo (direct sum of @-modules) such that, for any «, 8,y €{0, 1,2},

(i) Uy, Jg S Joa—p»

(ii) {er,]ﬂvjy}gja—ﬂ—o—yv

(iii) {Jo, J2, J}=1{J2, Jo, J} =0,

(iv) J3S Ja, J§ S Jo. JF S Jo+ Ja,
(V) JaoJ1+Joo J1 S J1, J20 Jo=0,

where J, =0 if A ¢ {0,1,2}. A Jordan algebra equipped with a Peirce grading will be said Peirce
graded. We will consider the natural projections my : ] — Jo, Ta(X) = X4, @ € {0, 1, 2}. Notice that
(i)-(v) involve at most degree two multiplications, so that any scalar extension of a Peirce graded
Jordan algebra is naturally Peirce graded.

0.7. Notice that Jo y J» can be exchanged, ie., taking J,, = Jo_ for a € {0,2}, we obtain a new
Peirce grading J = J, @ J; @ J,.

0.8. Given an idempotent e in a Jordan algebra J, the usual Peirce decomposition | = J,(e) ® J1(e) ®
Jo(e) of J with respect to e, where

J2e)=UeJ, Ji®=(e—2Ue)], Jo@©=(0d=Ve+Uc)J (1)

[3, Section L.5], is an example of Peirce grading of | which, following [11], will be called an idempotent
Peirce grading. Notice the lack of “(0, 2)-symmetry” in idempotent Peirce gradings. On the other hand,
we recall the basic fact that, for any x4 € J4(e),

€0 Xy =Xy (2)

1. Peirce gradings in associative algebras

1.1. Given an associative algebra R, a Peirce grading of R is a decomposition R = R1; ® R10 ® Ro1 D Roo
(direct sum of @-modules) such that, for any «, 8, y, 8 € {0, 1},

(1) RugRys € Ras, if B=y,
(11) RozﬂRy(S =0, if ﬂ 75 Y.

We will consider the natural projections g : R — Rug, Tag(X) =Xap, @, B € {0, 1}.
Given an idempotent e in an associative algebra R, the usual Peirce decomposition R = R11(e) &
R1o(e) @ Rp1(e) ® Ropo(e) of R with respect to e is an example of Peirce grading of R.
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1.2. Given a Peirce grading of an associative algebra R = R11 & R10 @ Ro1 @ Roo, let R=R @ ®e be
the ®-module obtained as a direct sum of R and a free ¢-module with basis {e}. Define a ¢-algebra
structure on R by the fact that R is a subalgebra of R and

2
e"=e, Xxe = X11 + Xo1, ex =Xx11 + X1o,

for any x € R, i.e,, for any x,y€ R and A, u € @,
(e +x)(ne +y) =ipe +r(yn + y10) + w11 + xo1) +xy.
The proof of the following result is straightforward.

1.3. Theorem. Under the conditions of (1.2), R is an associative algebra such that R is an ideal of R, and
Rag =Rap(e) NR, forany a, € {0, 1}.

1.4. Any Peirce grading R = R1; @ R10 D Ro1 @ Roo of an associative algebra R obviously induces
a Peirce grading of | = R™ by taking J» = R11, J1 = Ro1 + R0, Jo = Roo. The converse is false:
Let R = G(eq,ez) be the nonunital Grassmann or exterior algebra in two generators over @ (@ is
an arbitrary ring of scalars), and let ] = R®"), which is a trivial algebra. Then, Jo = ®eq, Jo = ey,
J1 = dejey is a Peirce grading of | which does not come from any (associative) Peirce grading of R
in the above sense, since the associative product JoJ, is nonzero.

2. Peirce gradings of Jordan algebras

21. We will remark some basic multiplication properties of a Peirce graded Jordan algebra | =
J2 ® J1 @ Jo, which are direct consequences of (0.5)(i), (ii) together with the definition (0.6). If
Xa YarZa € Ja, @ =0,1,2, then

(i) X3 0x1 = (X1 0X2) 0 X2, X3 0 X1 = (X1 0 X0) 0 X0,

(X20Y¥2)0X1 = (X1 0X2) 0 Y2 + (X1 0 ¥2) 0X2,
(X0 0 Y0) 0 X1 = (X1 0 Xg) o Yo + (X1 0 Yo) o Xo,

(ii) (x1 0 X2) 0 X0 = (X1 0 X0) 0 X2 = {Xq, X1, X2},

(iii) 7w2((X1 0 X2) 0 ¥1) = {x2, X1, Y1}, Wo((X1 0 X2) 0 y1) = {X1, X2, Y1},
T2((X1 0 X0) 0 y1) = {X1, X0, Y1}, o ((X1 0 Xp) 0 ¥1) = {X0, X1, Y1},

(iv) m2({x3, y1, 1) = {m2(x3), y1. 21}, To({X3, y1, 21}) = {0 (¥3), y1. 21},
({1, ¥3, 1) = {x1, w0 (¥]), 21}, mo({x1, y3. 1)) = (x1, M2 (y3), 21},

(V) 2 (U y]) = Uy, (o (¥D), T0(Uny ¥7) = Ux, (T2(¥3)),

(vi) 2 (x]) = (M2 (%)%, o (x]) = (w0(x3))?%.

2.2. Let J be a subalgebra of a Jordan algebra J, and assume that J is equipped with a Peirce grading
J=J]2® J1 9 Jo induced by an idempotent e € ], i.e., Jo = Jo(e) N J. Then

X} =mo(x}) ox1 =m2(x}) oxq, for any x; € Ji. (1)

Moreover, (1) holds strictly on J in the sense that any linearization of (1) holds in J, i.e., (1) holds in
any (naturally Peirce graded) scalar extension of J. This is due to the fact that the hypotheses extend
naturally to scalar extensions of | and J.

Indeed,

xj=eox; (by (0.8)(2) since x; € J1 by (0.6)(i))
={e.x3,x1} (by (0.5)())
=(eoxd)ox; —{x§,e.x;} (by (0.5)ii))
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=2m,(x3) oxy — {mo(x}), e, %1} — {m2(x%).e.x1} (by (0.6)iv) and (0.8)(2))
=2m5(x}) oxy — {m2(x}). e, x1} (by (0.6)(iii) since e € J2(e))

=2m3(x]) oxy — M2 (x]) 0 (e 0 1) + {72 (x3), x1, €} (by (0.5)ii))

=2m5(x}) ox1 — w2 (x¥) ox1  (by (0.8)(2) and (0.6)(ii))

The second equality follows from the first together with the following general fact:

23. If J=J2® J1 9 Jo is a Peirce graded Jordan algebra and x; € J1, then

X3 ZJT()(X%) oxg & X :nz(x%) 0X1.

Just notice that 2x3 = x; 0 x? = X1 o o (x?) + X1 o w2 (x%) using (0.5)(iii) and (0.6)(iv).

2.4. There are examples of Peirce gradings not fulfilling (2.2)(1): Let S = @[X] be the free nonunital
associative algebra in one generator X and let @ be an arbitrary ring of scalars. Let L be the (as-
sociative) ideal of S generated by X4, and A = S/L. Clearly, A is an associative algebra and a free
@-module with basis

la=X+L b=X*+L c=X+1}.

In the special Jordan algebra | = A" one can readily check that J, = ®b, J; = ®a+ dc, Jo=01is a
Peirce grading, but a® = c # 0 and 7y(a?) o a = 0 since my(a®) =0 because a2 =b € J,.

25. Let | = J,@® J1 @ Jo be a Peirce graded Jordan algebra. Let ] = | @ ®e be the ®-module obtained
as a direct sum of | and a free @-module with basis {e}. We can define a quadratic algebra structure
(cf. [5, Section 1]) on J by establishing, for any x, y € J:

(i) J is a subalgebra of J,
(ii) e? = e, which implies

eoe=12e,
(iii) e ox =2xy + X1,
(iv) Uce=e,

(v) Uex = X, which implies
{e,x, e} =2xy,
(vi) Uxe = X3 + X3 0 X1 + 7o (x3), which implies
{x,e,y}=X20y2+x20Yy1+y20x1 +7o(X10Y1),
(vii) {e,x, y} =x20y2+m2(x1 0 ¥1) +X20y1+ X1 0 Yo,
(viii) {e, e, x} =2x + x1,

ie,foranyx,ye J,a,Be®,

(@) (x+ ae)? =x%+a(2xz +x1) + e, and
(b) Uxtae(y +Be) = Uxy + B(G +x20X1 +0(x})) + 02 y2 + (2% +X1) + & (X2 0 Y2 + T2 (X1 0 Y1) +
X10Yy2+Xg0y1)+a?Be.

Under these conditions J is automatically an ideal of J and the quotient J/J is isomorphic to
the subalgebra @e of J. Notice that e is a Jordan algebra isomorphic to ®("). We have the natural
projections 1 : ] — J and 7 : ] — ®e, given by j(x +ae) =x, T(x+ae) =ae, for any x€ J, o € @,
and we remark that 7 is a quadratic algebra epimorphism, whose kernel is J.
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2.6. The “(0-2)-symmetry” of the Peirce grading in ] disappears in J (2.5). However, we will be
able to make use of that symmetry by further extending J. Let J be the unitization of J. Thus J =
J @ ®e® ®1. Notice that the subalgebra | @ @1 of ] is simply the unitization 7 of ], hence a Jordan

algebra. Let J' = J Peirce graded by J, = Jo, J; = J1, Jy = J2, build J’ as in (2.5), and let ]’ be its
unitization. ~ -~
We can define a linear map ¢ : ] — J’ by

ply=Id;,  pl)=1-e, (1)
which satisfies
P(Ta(®) =Ta(X) =15_, () =15_o (), a=1,2, (2)

for any x € J.
The proof of the following result is straightforward.

2.7. Proposition. Under the conditions of (2.6), ¢ is a quadratic algebra isomorphism.
3. Main results

3.1. In this section, when J is a Peirce graded Jordan algebra, ] will denote the quadratic algebra
built in (2.5).

3.2. As in [5], we also consider the notion of commutative Jordan algebra: a linear algebra (C, o)
over @, such that

xoy=yox and (x¥*oy)ox=x*o(yox)
hold strictly on J. Notice that, when 1/2 € @, these are the usual linear Jordan algebras.
3.3. Proposition. Let (], ()2, U) be a quadratic ®-algebra such that

(i) 2Uxy =xo(Xoy) —x%>o y,forany x, y € J and
(i) the identity (x2 o y) o X = x% o (y o X) holds strictly on J.

Then, the polynomials 4, 8 j2, 83, 32 ja, 165, and 64 jg vanish strictly on J.
Proof. Let us consider the linear algebra (J, o), whose squares will be denoted

X% =xox=2x2. (1

By (ii), (J, o) is a commutative Jordan algebra, so that (J, ( )2, U) is a Jordan algebra [5, Cor. on
p. 277], where

Uxy=2x0(x0y)—(xox)oy =2(xo (xoy) —x* oy) =4Uyy,
Vey=x5y=x+y>—x -y =20y =2V,y, (2)
hence it strictly satisfies

Ql: V=V, ie, 4Vyx=4V,,
QJ2: UyVy = VyUy, ie., 8UxVyx = 8VyUy,



JA. Anquela, T. Cortés / Journal of Algebra 320 (2008) 3133-3144 3139

Q3: Ue(x2) = (x2)2, i.e., 8Ux(x%) = 8(x2)2,

Q4: 0,0, (%) = (Uxy)2, ie. 32U,Uy (x2) = 32(Uyy)?
Qs: U, =03, ie, 16U, =16U37

Q6: Ug , = 050,04 ie. 64Uy, = 64U,U, U,

We have shown that 4j1, 8j2, 8j3, 32j4, 16j5, and 64js vanish strictly on J. O

34.Lemma. Let | = ], ® J1 @ Jo be a Peirce graded Jordan algebra. For any x, y € ], we have the following
equalities in J:

(i) (eoe)ox+((xoe)oe)oe=eo(eox)+ (xoe)o(eoe),
(i) (x2oe)oe+ ((xoe)oe)ox=x%o(eoce)+ (xoe)o(eox),
(iii) (eoy)ox+ ((xoe)oy)oe=eo(yox)+ (xoe)o(yoe).
If, in addition, the Peirce grading in ] satisfies (2.2)(1), then also

(iv) (x20e)ox=x%0 (e 0X),
(V) ®2 o y)oe+ ((xoe)oy)ox=x%o0(yoe)+ (xoe)o(yox).

Proof. Using (0.6), for any x,y € J,

X = X3+ 12(xX3) +X1 0 %2 + X1 0 X0 + X5 + 7o (D), (1)
—_———
=15 (x2) =71 (x2) =10 (x2)

Xoy=2xXp0y2+m(X1oy1)+X10y2+Xx10y0+x20y1+Xo0y1+xo0yo+mxioyr). (2)

=m(xoy) =m1(xoy) =mo(xoy)
Using (1), (2), (0.6), and (2.5), one can readily check:

(i) (eoe)ox+ ((xoe)oe)oe=eo(eoX)+ (xoe)o(eoe)=12xy + 3xq,

(ii) (®oe)oe+((xoe)oe)ox=x%0(eoe)+ (xoe)o(eox) = 12x3 + 47y (x3) +2x2 + 6x; 0 X, +2x; 0 Xg,

(iii) (eoy)ox+ ((xoe)oy)oe=eo(yox)+ (xoe)o(yoe)=6x30y2+3y20x1+3y10x2+X10y1+
2m3(X1 0 y1) + X0 0 Y1 + X1 0 Yo.

Now, let us assume that the Peirce grading in J satisfies (2.2)(1). Using (1), (2), (0.6), and (2.5), we
obtain:

(x* oe) ox=4x3 +2m2(x]) 0 X2 + 25 0 X1 + 272 (x3) 0 X1
+ (X1 0X2) o X2 + (X1 0X2) 0 X1 + (X1 0X2) 0 Xp

+ (X1 0X0) 0 X2 + (X1 0 Xp) 0 X1 + (X1 0 X0) © Xp (3)
and
X2 o(eox)=4x + 27r2(x%) 02Xy + 2(x1 0X3) 0 Xy + 2(X1 0Xg) 0 X2

+x50x1 + 72 (x]) 0 X1 + (X1 0X2) 0 %1

+(X1oX0)0X1+X%oX1+7To(X%)oX1. (4)

By (2.1)(i)(ii), and (2.2)(1), (3) and (4) coincide, i.e., (iv) holds.
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Leta= (x*oy)oe+ ((xoe)oy)ox,b=x%0(yoe)+ (xoe)o(yox).
Using (1), (2), (0.6), and (2.5), it can be checked that
T2(@) =2X50y2+2xf 0 y2 +2(X20 ¥2) 0 X2 + (X1 0 Y1) 0 X
+ 72(2(x1 0 X2) 0 y1 4 2(X1 0 X0) 0 ¥1 4 2(X2 0 ¥1) 0 X1
+ (X1 0 y2) 0 X1 + (X1 0 yo) 0 X1),

72(b) = 2x5 0 y3 4+ 2x3 0 Y2 + 2X2 0 (X2 0 ¥2) 4+ 2%2 0 (X1 0 Y1)
+ 2((x1 0X2) 0 y1 + (X1 0 X0) 0 Y1 + X1 0 (X1 0 ¥2)
+X10 (X1 0Y0) +X10(X20¥1)+X10(X00Y1)),

and my(a) = my(b) because

72((x10X2) 0 y1 + (X1 0X0) 0 ¥1 + (X2 0 y1) 0X1) =Xz 0 (X1 0 ¥1) + 72(X1 0 (X0 © ¥1))

by (2.1)(iii) and (0.5)(ii).
We also have, by (1), (2), (0.6) and (2.5)

71(a) = (X1 0X2) 0 Y2 + (X1 0Xp) 0 y2 + (X1 0 X2) 0 Yo + (X1 0 Xp) © Yo
+X50Y1+X 0y1+X50Y1+2(X20¥2) 0X1 + (X1 0¥1) 0 X1
+2(x20y1)0Xxy+2(Xx30y1) 0Xo + (X1 0 y2) oX2 + (X1 0 ¥2) 0 Xo
+ (X1 0 y0) 0 X2 + (X1 0 Yo) o Xo,

71(b) =2(x1 0X2) 0 y2 +2(x1 0X0) 0 Y2 + X3 0 y1 + X2 0 y1 + XG0 1
+2x3 0 (X1 0y2) +2%2 0 (X1 0 Yo) +2X2 0 (X2 0 ¥1) +2X2 0 (X0 0 Y1)
+X10(x20Y2) +x10(x10Y1)+X10(X0 0 Yo),

and 71 (a) = 71 (b) because

(X1 0X2) 0 Yo+ (X1 0Xp) 0 Yo + (X2 0 y2) 0 X1 +2(X2 0 y1) 0 X0 + (X1 0 ¥2) 0 X0 + (X1 © Y0) 0 X0

= (X1 0Xx2) 0¥z + (X1 0Xp) 0 Y2 + X2 0 (X1 0 y2) + X2 0 (X1 0 Yo) + 2X2 0 (X0 0 ¥1) + X1 0 (X0 © Y0)
using (2.1)(i), (ii).

Let ¢ be the map defined in (2.6). By (2.6)(1)(2), and the fact that ¢ is a quadratic algebra homo-
morphism (2.7),

p(moa—b)) =m5(p@a—b)) =m5((x* o' y) o' (1 —e) + ((xo' (1 —e)) o' y) ' x = (x* o' (y o' (1 —e))

+ (xo' (1—e)) o (yo'x)))

24 (xz/ o' y)o 1+ ((xo' 1o y)o' x— (xz/ o (yo' )+ (x0' 1) (yo' %))

—m3 (0 y) o e+ (ko' )0 y) o x = (¥ o (y o)+ (x0 €) &' (o' )
=128 o'y + (2x0' y) o' x — (x¥ ' 2y +2x 0’ (y ' x)))
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—m5((x* o' y) o e+ ((xo @) o' y) o' x— (x¥ o (yo &)+ (xo'e) o' (y o' X))
=75(0) — né((le o'y)oe+ ((xoe)o'y)o'x— (XZ/ o (yo'e)+ (xo'e)o (yo'x))=0
since ]’ satisfies the same conditions as J.

By injectivity of ¢ (2.7), mo(a — b) =0, and we have shown m,(a —b) =0 for any « =0, 1, 2, ie,
a—b =0, that is to say, (v) holds. O

3.5. Theorem. If | = J2 & J1 ® Jo is a Peirce graded Jordan algebra, then 7 satisfies (3.3)(i). If the Peirce
grading of ] satisfies (2.2)(1) strictly, then | satisfies (3.3)(ii). If, in addition, ] does not have 2-torsion, then
J is aJordan algebra, and Jo = Jo(e) N ], forany @ € {0, 1, 2}.

Proof. By the definition (2.5) of ], for any o, € ®, x, y € ],

((x+ae) o (y + pe)) o (x+ae) — (x+ae)® o (y + Be)
= (xoy+ B2x2 +x1) +a2y2 + y1) +2ape) o (x +ae) — (¥ + a(2xy +x1) +a%e) o (y + fe)
=@xoy)ox—x*oy+a(2y2+y1)ox+eo(xoy) —(2x2+x1)0y)
+a2(eo(2y2+y1)—eoy)+a/3(eo(2xz +x1) +2e0x—eo(2x2+x1))
+a’B2ece—eoe)+ B((2x2 +x1) ox —eox?)
=xoy)ox—x oy +2a(y20x1 +y10x0+X20y2 +T2(x1 0 Y1)
+20%y7 +2aB(2x2 +x1) + 20° Be + 2B(x5 + x2 0 x1 + 7o (x3)), (1)

using (3.4)(1)(2), (0.6), and (2.5). Now, (2.5)(b) and (1) with (0.5)(ix) for J imply (3.3)(i) for J.

_ Let us now assume that the Peirce grading of J satisfies (2.2)(1). Using that e is an idempotent of

J (2.5)(ii), we have

((x+ae)? o (y+ pe)) o (x+ae) = ((x* + axoe +ae) o (y + fe)) o (x + ae)
=X oy)ox+a((x**oy)oe+ ((xoe)oy)ox)

+a?(eoy)ox+((xoe)oy)oe)
+a(eoy)oe+B(x*oe)ox+ap((x*oe)oe+ ((xoe)oe)ox)
+a2ﬂ((eoe)ox—l—((XOe)oe)oe)+oc3ﬁ(eoe)oe, (2)

and

(x+ae)?o((y+pe) o (x+ae)) = (x* +axoe+a?e) o ((y+ pe) o (x +ae))
=x*o(yox)+a(xo(yoe)+(xoe)o(yox)
+oz2(eo(yox)+()<oe)o(yoe))
+aeo(yoe)+pxto(eox)+ap(x*o(eoe)+ (xoe)o(eox))

+012,3(eo(eoX)+(Xoe)o(eoe))+053ﬂeo(€o€). (3)

The equality between (2) and (3) follows from (0.5)(iv) applied to J, and (3.4). Moreover, any scalar
extension of J comes from the corresponding scalar extension of | (naturally Peirce graded, and
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satisfying (2.2)(1) since J satisfies it strictly) through the construction (2.5), hence it also satisfies the
equality (2) = (3), i.e,, ] satisfies (3.3)(ii).

By (3.3), the polynomials 4ji, 8j2, 8j3, 32ja, 165, and 64jg vanish strictly on 7, hence, for any
linearization p of j;, i=1, 6, 2%p vanishes on J, for some k. Now let us assume that | does not
have 2-torsion, and recall the natural projections w, T defined in (2.5). We have that 0 = u(2¥p(J)) =
2",u(p(])) implies /,L(p(])) =0 since /,L(p(j)) C J. On the other hand, since 7 is a quadratic algebra
homomorphism (2.5), T(p(J)) € p(t(J)) € p(®e) =0 because Pe is a Jordan algebra. Thus p(J) =0,
and we have shown that the polynomials j;, i =1,...,6, vanish strictly on J, i.e, J is a Jordan
algebra. Finally, the equalities Jo = Jo(e) N J, for any « € {0, 1,2}, are immediate consequences of
(0.8) and (2.5). O

3.6. The unitization ] of J (0.4) is a particular case of J] when we consider in J the trivial Peirce
grading given by J, = J, J1 = Jo =0, which obviously satisfies (2.2)(1) strictly, and write e = 1. In
this sense, (3.5) can be viewed as a generalization of [5, Theorem 5] in absence of 2-torsion.

3.7. Notice that if J does not have 2-torsion and satisfies (2.2)(1), then it automatically satisfies it
strictly, which happens with any identity of degree at most three in each of its variables.

3.8. Corollary. A Peirce grading ] = ], ® J1 ® Jo of a Jordan algebra without 2-torsion ] satisfies (2.2)(1)
if and only if there exists a Jordan algebra J with an idempotent e such that | is a subalgebra of J, and
Jo = Ja(@) N J, forany o €{0,1,2}.

Proof. The “only if” follows from (3.5) and (3.7), while the “if” is proved in (2.2). O

In the following results, we will show that basic conditions of regularity on a Peirce graded algebra
automatically imply (2.2)(1).

3.9. Lemma. Let | = [, & J1 @ Jo be a Peirce graded Jordan algebra. Then zo | = z2 = 0, for any z =

X3 —m2(x3) o x1, with x1 € J1.

Proof. Using (0.6)(iv), x1 = ay + ap, where a; = nz(xl) € Ja, ap —JTo(Xl) € Jo. If yo € Jo, then
(r2(x3) 0 x1) 0 yo = (a2 0 X1) 0 yo = {az, X1, yo} + {x1, a2, yo} (by (0.5(ii))
= {a2, X1, yo} = {az2. X1, yo} + {a0. X1, yo} = {x{. x1. yo} =3 0 yo
by (0.5)(i), which implies zo Jo =0.
By (0.7), also zo J, =0. Let yq € J1
(m2(x%) ox1) o y1 = (a2 0x1) o y1 ={az. x1, y1} + {x1. a2, y1} (by (0.5)(ii))

=m ({2, x1, y1}) +mo({x1. 23, y1})  (by (21)(iv))
=m(x3 o y1) +mo(x3 0 y1) (by (0.5)i))
ZX? oY1,

which implies zo J; =0, and we have shown zo | =0.
Now,

(m2(x3) ox1)2 =(az0x1)? =a2 0 Uy, a2 + Ugyx} + Uy a3 (by (0.5)(v))
=Ug,X + Uy, a3 (by (0.6)i)V))
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= Uq, (@2 + o) + Uy, a3 = Uq, a2 + Uyx,a3  (by (0.6)(i))
=Uay+a002 + Ux,a3  (by (0.6)(i)(iii))

= Utz + Uy 03 = Uy, Uy, @2 + Uy, (by QI5)

= Uy, (Ux a2 +03) = Uy, (mo(Ux, %3) + m2(x7))  (by (2:1)(v)(vi))
= Uy, (mo(x]) + m2(x7))  (by (0.5)(vi))

=Uy,x; (by (0.6)(iv)(V))

=X, (1)
hence
2 = (1~ m(d) o)’ = ()" + (12(:d) o:1)” — 6} o (m2(xF) o1)
=x§ +x8 — (z+ (m2(x}) ox1)) o (m2(x}) o x1)  (by (0.5)(vi) and (1))
=28 +x§ — (m2(x}) 0 x1) o (m2(x}) 0x1) (since zo J =0)
=x8 428 —2(m(8) ox1)’ =0
by (1). O

3.10. Lemma. Let | be a Jordan algebra, z € J.
(iYzoJ=22=0=230J=(2)2 =3 =0.
(i) zo J=2=0=U,U;z=0.

(iii) zo J=22=2=0= Uy, J =0, forany x € J.

Proof. (i) For any x € ],

ZPox={z%zx} (by (0.5)i)

0,

(B =28 =Up2 (by (0.5)vi))

=0,

(@)} =2=U,2° (by (05)vi)

=0.

(ii) For any x € J,

U Uxz = Uzoxz — 20 Uxz? — Uxz®  (by (0.5)(vii))

EUZOIZ—ZOJ—U]ZBZO.
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(iii) For any x,y € J,

Uy,xy =UUxUzy (by QJ6)
=UzUxozy — {22 ox,y,Usx} + |x, 2%, y} o Ux
—{y.2,U;Uxz} —U,Uxy (by (0.5)(viii))
=0

by the hypotheses and (ii). O

3.11. Theorem. If ] = J» @ J1 @ Jo is a Peirce graded Jordan algebra, then (2.2)(1) holds strictly when ] is
under any of the following circumstances:

(i) J does not have 2-torsion and does not contain nonzero invisible elements,
(ii) J is special and semiprime,
(iii) J is nondegenerate.

Proof. We remark that any of the properties (i)-(iii) on J is inherited by the scalar extension | ®¢
& of J when & is the unital, associative, commutative ring of @-polynomials in an infinite set of
variables. Then, if we show that (2.2)(1) holds on J, it will also hold on | ®¢ ®, which implies
(2.2)(1) holds strictly on J.

Let x; € J1, and z= x? — ﬂz(xf) o x1. We have to show that, assuming (i), (ii) or (iii), z=0.

(i) By (3.9), zo J =0, which implies that z is invisible (cf. [8]) since | does not have 2-torsion.
Hence z=0.

(ii) Since J is special, we can find an associative algebra A such that it is an envelope of ], i.e.,
J <A™ and A is generated as an associative algebra by J. Let I be the ideal of A generated by z.
Since z2 =zo J =0, it can be readily seen that I =0. Then L =1 J is an ideal of J such that
UL C IIl =0, which, by semiprimeness of ], implies L =0. Hence zeIN J=L=0.

(iii) Notice that t := 23 satisfies t o | = t2 =3 =0 by (3.10)(i). Hence, for any x € J, Usx is an
absolute zero divisor of J by (3.10)(iii). By nondegeneracy of J, U;x =0 for any x € J, i.e, t itself is
an absolute zero divisor of J, hence t = 0 again by nondegeneracy. Thus, z> = 0, and (3.10)(iii) implies
that U.x is an absolute zero divisor of J, for any x € J, but this implies, as above, that z=0. O

3.12.Corollary. If ] = J2® J1® Jo is a Peirce graded Jordan algebra without 2-torsion in any of the situations
(3.11)(i)~(iii), then ] is a Jordan algebra with an idempotent e such that ] is a subalgebra of J, and Jo =
Ja(e)N ], forany o € {0, 1, 2}.

3.13. Further comments. The condition of absence of 2-torsion can be removed in (3.5) (hence in
(3.8) and (3.12)). In that general setting, the proof is much more involved and lengthy and will be the
subject of a forthcoming paper.
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