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Volcano transition in populations of phase oscillators with random nonreciprocal interactions
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Populations of heterogeneous phase oscillators with frustrated random interactions exhibit a quasiglassy state
in which the distribution of local fields is volcanoshaped. In a recent work [Phys. Rev. Lett. 120, 264102 (2018)],
the volcano transition was replicated in a solvable model using a low-rank, random coupling matrix M. We extend
here that model including tunable nonreciprocal interactions, i.e., MT �= M. More specifically, we formulate two
different solvable models. In both of them the volcano transition persists if matrix elements Mjk and Mk j are
enough correlated. Our numerical simulations fully confirm the analytical results. To put our work in a wider
context, we also investigate numerically the volcano transition in the analogous model with a full-rank random
coupling matrix.
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I. INTRODUCTION

Spin glasses are paradigmatic complex systems, whose
study found application in other seemingly unrelated fields,
from optimization problems to biology [1]. In 1992, Daido
modified the Kuramoto model of phase oscillators replacing
uniform ferromagneticlike interactions by random frustrated
couplings [2], exactly as in the Sherrington-Kirkpatrick
spin-glass model [1,3]. The presence of frustrated interac-
tions was expected to result in some sort of “oscillator
glass.” It was argued in [2] that the onset of a quasi-
glassy phase—characterized by algebraic relaxation and
“quasientrainment”—coincided with a reconfiguration of the
local fields, such that their density adopted a volcano shape
(with maximal density away from zero). This conclusion was
the subject of some controversy [4–6], see also Sec. IVB1.
of [7]. However, recent numerical simulations by Kimoto and
Uezu [8] provided additional support to the glassy nature of
the volcano phase by measuring a suitably defined spin-glass
order parameter.

In parallel to the previous works, phase oscillator ensem-
bles endowed with low-rank random coupling matrices have
been studied [9–12] with the expectation that they reproduce
features of the original full-rank-disordered system [2]. In
particular, Ottino-Löffler and Strogatz [12] replicated the vol-
cano transition with associative-memory-type interactions. In
contrast to the original setup [2], the model in [12] does not
display algebraic relaxation dynamics typical of spin glasses,
but it has the advantage of being analytically solvable. A
similar model had been previously analyzed with a completely
different approach by Uezu and coworkers [11], exploiting
a theoretical link between the oscillator population and the
classical XY model. The results in [11] and [12] are comple-
mentary and mutually consistent; still, the approach in [12]
has the advantage of making stability analysis possible.

In real spin glasses, as well as in the Daido model [2],
the interactions are symmetric, i.e., reciprocal. However, non-
reciprocal interactions are found almost everywhere, from

aggregates of neurons to self-motile active particles, see, e.g.,
[13]. Populations of phase oscillators with asymmetric cou-
plings are found in models inspired in neuroscience [14,15],
society [16], hydrodynamically coupled flagella [17], etc. The
effect of nonreciprocity on glassy phases in the context of syn-
chronization is attracting attention [18] but remains scarcely
explored; particularly in comparison to random neural net-
works, see, e.g., the discussion in [19,20] and references
therein. Remarkably, incorporating asymmetric couplings in
the Daido model has only been undertaken by Stiller and
Radons in [4]. In this work it was concluded that the quasi-
glassy phase did not persist if the random interactions were
not reciprocal enough (in a statistical sense). Still, it is impor-
tant to stress that what is called quasiglassy in [4] differs from
the state emerging at the volcano transition in [2]. Revisiting
these questions appears to be in order, especially considering
the current computational power.

In this paper we put forward two solvable models of pop-
ulations of oscillators with low-ranked, asymmetric, random
interactions. Specifically, we generalize the model in [12] by
introducing a free parameter η ∈ [−1, 1], which allows us
to continuously interpolate between fully symmetric (η = 1)
and fully antisymmetric interactions (η = −1), going over
the uncorrelated case (η = 0). This new ingredient does not
degrade the tractability of the models. Moreover, we refine
the analysis in [12] and allow the frequency distribution to be
any unimodal symmetric distribution (not only Lorentzian).
Surprisingly, in spite of the similarities of the models in-
troduced here, their phase diagrams turn out to be notably
different. For comparison purposes, we carry out simulations
with the equivalent model with a full-rank random coupling
matrix [4]. We find that the volcano transition is only pos-
sible above a critical level of reciprocity, different from the
low-rank models. Perhaps the main message of this work is
the impossibility of extrapolating the quantitative results from
low-rank to full-rank structural disorder, refuting a conjecture
raised in [12].
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This article is organized as follows. In Sec. II we introduce
the two models of populations of phase oscillators with low-
rank asymmetric coupling matrix. Section III is devoted to
the numerical study of the volcano transition in both models.
The results are theoretically described in Sec. IV. Section V
presents a numerical study of the volcano transition for full-
rank structural disorder with reciprocal and nonreciprocal
interactions. Finally, Sec. VI summarizes the main conclu-
sions of this work.

II. MODELS WITH LOW-RANK COUPLING MATRIX

We investigate a population of heterogeneous phase oscil-
lators with quenched random couplings:

θ̇ j = ω j + J

N

N∑
k=1

Mjk sin(θk − θ j ). (1)

The phases θ j are cyclic variables, and the population size is
N � 1. The natural frequencies {ω j} j=1,...,N are drawn from
a symmetric unimodal distribution g(ω), which is assumed
to be centered at zero without lack of generality (by going
to a rotating frame if necessary). In Eq. (1), matrix elements
Mjk codify the competition between synchronizing (Mjk > 0)
and antisynchronizing (Mjk < 0) interactions. Moreover, we
include a global coupling constant J > 0.

In [12] the coupling matrix M was constrained to be
symmetric. Here we introduce a parameter η controlling the
weight in M of the symmetric and the antisymmetric matrices,
S and A, respectively. Therefore, we have

M = 1
2 [(1 + η)S + (1 − η)A]. (2)

We allow parameter η to vary in the range [−1, 1]. The sym-
metric situation is recovered for η = 1.

A. Model 1

The first model we propose assumes that each oscillator
has two associated L-dimensional connectivity vectors u j and
v j , with quenched random components equal to ±1: u j, v j ∈
{±1}L. The elements of the symmetric (S) and antisymmetric
(A) matrices are computed from scalar products of the inter-
action vectors:

S jk = u j · uk − v j · vk, (3a)

Ajk = u j · vk − v j · uk . (3b)

Note that, with this formulation, self-interactions are automat-
ically excluded: S j j = Aj j = 0. Matrix S yields the coupling
type already used in [12] (with a slightly different definition),
while A codifies an antireciprocal interaction.

The statistical properties of offdiagonal elements of the
coupling matrix are summarized next. First of all, the mean
is zero (〈Mjk〉 = 0). The variance is〈

M2
jk

〉 = L(1 + η2). (4)

The correlation coefficient between mirror elements above
and below the main diagonal of M is

corr(Mjk, Mk j ) = 〈MjkMk j〉〈
M2

jk

〉 = 2η

1 + η2
. (5)

The correlation vanishes at η = 0, while maximal
(anti)correlation is achieved at η = 1 (−1).

The rank of matrix M is 2L, save for η = 0 [21]. For the
sake of analytical tractability, we assume low-ranked disorder,
mathematically expressed by the condition L � log2 N . This
key assumption permits us to use the Ott-Antonsen ansatz
[22], as in [12].

B. Model 2

Our second model is similar to model 1, but with indepen-
dent interaction vectors for matrix A. In this way we have

S jk = u j · uk − v j · vk, (6a)

Ajk = ũ j · ṽk − ṽ j · ũk . (6b)

This means that each oscillator is characterized by its fre-
quency ω j and four L-dimensional vectors (u j, v j, ũ j, ṽ j).
Variance and correlation in Eqs. (4) and (5) also hold for
model 2. Now, however, matrices S and A are statistically
independent. The rank of matrix M is 4L, save for η = ±1
where it equals 2L.

III. NUMERICAL RESULTS

In our simulations we adopt a Gaussian probability density
function for the natural frequencies:

g(ω) = e− ω2

2σ2

σ
√

2π
.

The value of the standard deviation σ can be arbitrarily
selected by rescaling time and the coupling constant J in
Eq. (1). We adopt σ = √

π/2 for the numerical simulations.
Throughout this paper the numerical integration of the ordi-
nary differential equations is performed using the fourth-order
Runge-Kutta method with time step 0.1 t.u.

A. Model 1

We start considering model 1. For fixed σ , our system
depends on four free parameters: N (the population size), L
(the dimension of the interaction vectors u and v), J (the
coupling constant), and η (the asymmetry parameter). We are
interested in the large-N behavior, such that only a marginal
dependence upon the realization of frequencies and connec-
tions is expected. The effect of the remaining parameters L, J,

and η is investigated hereafter.
Similar to the spin-glass transition, the emergence of the

volcano phase cannot be detected measuring a global order
parameter. It remains near zero below and above the critical
point. Instead, it is the distribution of complex local fields

Pj (t ) ≡ r je
iψ j = 1

N

N∑
k=1

Mjkeiθk (7)

what undergoes a structural change, see below. For later use it
is convenient to rewrite Eq. (1) in terms of the local fields:

θ̇ j = ω j + Jr j sin(ψ j − θ j ). (8)
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FIG. 1. Phase portraits of the local fields Pj (t ) below and above
the volcano transition: (a) J = 3.5 and (b) J = 4.5. In graph (c) we
show the radial distributions of local fields for the previous values of
J together with an intermediate value (J = 4).

Our first numerical simulation, in Figs. 1(a) and 1(b), show
the phase portraits of the local fields Pj (t ) for a popula-
tion of N = 500 oscillators interacting nonreciprocally with
asymmetry parameter η = 1/4 and L = 3. Figures 1(a) and
1(b) correspond to values of J below and above the volcano
transition, respectively. In the former plot the density of local
fields is maximal at the origin, while in Fig. 1(b) the volcano
shape is apparent. Figure 1(c) depicts the radial distributions
of local fields for the same values of J as in Figs. 1(a) and
1(b), plus an intermediate J value near the critical value Jv . At
the volcano transition the radial distribution of the local fields
p(r) changes from concave down at the origin to concave up.
This means that p(r) peaks at r∗ > 0 for J > Jv .

Next, we investigate the dependence of r∗ on the coupling
constant J . Three values of η ∈ {1, 1/4, 1/9} were selected.
In addition, for each of them two different values of the
vector dimension L ∈ {2, 3} were chosen. Figure 2 presents
the results. The peak radius r∗ departs from zero above the
η-dependent critical coupling Jv (η). Notably, Jv increases as
η is lowered, i.e., as the correlation between mirror entries
of the connectivity matrix decreases. Moreover, r∗ attains
significantly smaller values as η is lowered, i.e., the “volcano
width” decreases as the interactions become less reciprocal.
Eventually, no transition is found for η � 0. This means that
the volcano transition requires positive correlations between
Mjk and Mk j to occur. It is also interesting to note that the re-
sults are apparently insensitive to the size L of the connectivity
vectors, as already pointed out in [12] for η = 1. Actually,
the irrelevance of L only holds provided that 22L � N , as
theoretically justified in Sec. IV.

FIG. 2. Position of the maximum in the radial distribution of
local fields as a function of the coupling constant J for model 1 with
N = 500 oscillators. Data sets correspond to three different values of
η ∈ {1, 1/4, 1/9}. For each η value two different connectivity-vector
sizes were selected: L = 2 (filled symbols connected by a solid line)
and L = 3 (empty symbols, dashed line). Each point represents the
location of the maximum in the histogram of the local-field ampli-
tudes, collected from 100 realizations of random frequencies and
connectivity vectors. For each simulation the system was integrated
for 500 t.u., after a transient of 300 t.u.

B. Model 2

Our numerical study of model 2 proceeded analogously to
model 1. As above, we tracked the peak value r∗ as a function
of the coupling constant J , for different values of η and L. The
results for N = 1000 are shown in Fig. 3. As with model 1, the
smaller η, the larger the critical coupling Jv . To our surprise,
the volcano transition also occurs for negative η values, i.e.,
when the inwards and the outwards connections are statisti-
cally anticorrelated. When L is changed from one to four, a
small displacement of the values of Jv (η) is observed in the
figure. We argue in the next section that Jv is insensitive to the
value of L, provided that 24L � N . This does not hold at all for
L = 4 (216 ≈ 6.5 × 104), but nevertheless, the displacement
of Jv in this case remains quite moderate.

FIG. 3. Position of the maximum in the radial distribution of
local fields as a function of the coupling constant J for model 2 with
N = 1000 oscillators. Data sets correspond to four different values
of η ∈ {−1/3, 0, 1/3, 1}. For each η value simulations adopted two
different connectivity-vector sizes: L = 1 (filled symbols connected
by solid lines) and L = 4 (empty symbols, dashed lines).
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IV. THEORETICAL ANALYSIS

The theoretical analysis is similar for models 1 and 2. In
both cases we adopt the thermodynamic limit N → ∞, such
that the state of the system is described by a phase density ρ.

A. Model 1

We start presenting the theory for model 1, and defer the
relevant modifications for model 2 to the end of this section.
To lighten the notation we introduce a 2L-dimensional vector
w, which is the concatenation of the interaction vectors u
and v: w = (uT , vT )T . Adopting this notation, we have that
ρ(θ |ω, w; t )dθ is the fraction of oscillators with phases be-
tween θ and θ + dθ at time t with natural frequency ω and
interaction vector w.

The density obeys the continuity equation:

∂tρ + ∂θ (vρ) = 0. (9)

Here, recalling Eq. (8), we use v as a short-hand notation for
the velocity:

v(θ, ω, w, t ) = ω + J Im[P(w, t )e−iθ ]. (10)

The local field P, see Eq. (7), is simply the double average of
eiθ over 22L different interaction vectors and over the contin-
uum of natural frequencies:

P(w, t ) = 1

22L

∑
w′

M(w, w′)
∫ ∞

−∞
dω g(ω)

×
∫ 2π

0
ρ(θ |ω, w′; t )eiθ dθ. (11)

Matrix M has dimension 22L × 22L, and its elements are
calculated as those of M, see Eq. (2). Each row (column)
corresponds to a different binary string w (w′), hence the
matrix dimension. [We define 22L × 22L matrices S and A
from Eq. (3) analogously]. The dependence of v on ρ via P
confers nonlinearity to the continuity Eq. (9).

The key point of the analysis is the fact that, as Eq. (10)
only depends on the first harmonic in θ , we can apply the Ott-
Antonsen ansatz [22]:

ρ(θ |ω, w; t ) = 1

2π

[
1 +

∞∑
n=1

α(ω, w, t )neinθ + c.c.

]
. (12)

Here, α is the coefficient of the first harmonic, and c.c. stands
for complex conjugate. Inserting the previous expansion into
the continuity equation (9), we obtain the evolution equa-
tion for α:

∂tα(ω, w, t ) = −iωα + J

2
[P∗ − Pα2]. (13)

Moreover, assuming the Ott-Antonsen ansatz (12), the equa-
tion for the local field (11) simplifies:

P(w, t ) = 1

22L

∑
w′

M(w, w′)
∫

dω g(ω)α(ω, w′, t )∗. (14)

Plugging this expression into Eq. (13), we get a closed vector
integro-differential equation.

We analyze next the stability of the incoherent state α =
0 against infinitesimal perturbations. Therefore we drop the

nonlinear term in Eq. (13). For the resulting linear system,
we take an exponential ansatz α(ω, w, t ) = β(ω, w)eλt . This
yields an equation for the exponential growth rate λ:

(λ + iω)β(ω, w) = J

22L+1

∑
w′

M(w, w′)b(w′), (15)

where we have introduced the shorthand notation b(w) ≡∫
dωg(ω)β(ω, w). Reordering terms, and integrating over ω

both sides of the equation, we get

b(w) = J

22L+1

∫ ∞

−∞

g(ω)

λ + iω
dω

∑
w′

M(w, w′)b(w′). (16)

At the critical coupling Jv , the real part of the eigenvalue
λ = λr + i approaches zero: λr → 0+. Hence, the previous
equation at criticality becomes (written in matrix form):

(
c

Jv

22L+1
M − I

)
b = 0, (17)

where c ≡ πg(−) − i
∫

g(ω − )/ω dω, and I is the iden-
tity matrix. Nontrivial solutions (b �= 0) of the linear equa-
tion (17) are eigenvectors of M corresponding to nonzero
eigenvalues.

Computing the eigenvalues of M is surprisingly simple.
We find that M2 = ηS2, by virtue of the identities S2 +
A2 = SA + AS = 0, which are easily proven. Therefore,
all we need is the eigenvalue spectrum of S. As found in
[12], the nonzero eigenvalues are 22L and −22L, both of them
with multiplicity L. Hence, the nonzero eigenvalues of M
are simply ±√

η 22L. For η < 0, the nontrivial eigenvalues
are purely imaginary and no solution of Eq. (17) exists since
Re(c) �= 0, i.e., there is not a critical Jv value. For η > 0, ma-
trix M possesses real eigenvalues and Eq. (17) may only hold
provided Im(c) = 0. If g(ω) is an even unimodal function,
then  = 0 necessarily. In turn, c = πg(0), and the critical
coupling turns out to be

J (1)
v = 1√

η
× 2

πg(0)
. (18)

We have included the superscript (1) to emphasize the result
refers to model 1. Equation (18) should provide an accurate
estimation of Jv for large ensembles of oscillators, if the
condition N � 22L is fulfilled. This condition is tantamount
to assuming that a large number of oscillators share each of
the possible interaction vectors w, such that the continuous
formulation is meaningful. Let us confront Eq. (18) with the
result of the numerical simulations condensed in Fig. 2. For
a frequency dispersion σ = √

π/2, Eq. (18) becomes Jv =
2/

√
η. In particular, for the values η selected in Fig. 2, the

predicted critical couplings are Jv = 2, 4, and 6, irrespective
of L. We observe an excellent agreement between theory and
simulations.

We end the analysis of model 1 showing its phase dia-
gram in Fig. 4(a). Notice the divergence of the volcano phase
boundary as η → 0+, i.e., as the correlation between inward
and outward links vanishes.
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FIG. 4. Phase diagrams of models 1 (a) and 2 (b) for symmet-
ric unimodal frequency distribution. The boundaries of the volcano
phase in panels (a) and (b) are defined by Eqs. (18) and (21), respec-
tively. Note the different range of η in each panel.

B. Model 2

The theoretical analysis of model 2 is analogous to the
one for model 1 above. Therefore, we only indicate the key
differences. We have now four L-dimensional vectors associ-
ated with each oscillator. In turn, the dimensionality of matrix
M is 24L × 24L, as there are 24L different combinations of
u, v, ũ, and ṽ. The mathematical relation between M and
the 22L × 22L matrices S and A is not trivial at first sight.
It can be conveniently expressed with the Kronecker product,
denoted by ⊗:

M = 1
2 [(1 + η)E ⊗ S + (1 − η)A ⊗ E], (19)

where E is a 22L × 22L matrix of ones.
Eventually, the analysis leads to a marginality condition

analogous to Eq. (17):(
c

Jv

24L+1
M − I

)
b = 0, (20)

where I is the 24L × 24L identity matrix. The critical coupling
is dictated by the eigenvalue of M with the largest real
part. Therefore, the problem reduces to finding the eigenvalue
spectrum of M.

First, let us note that E ⊗ S commutes with A ⊗
E , implying they share a common basis of eigenvectors.
The proof follows: (E ⊗ S )(A ⊗ E ) − (A ⊗ E )(E ⊗ S ) =
EA ⊗ SE − AE ⊗ ES = 0, where we have used that E
commutes with S and A in the last identity.

At this point we notice that E possesses only one
nonzero eigenvalue 22L, with associated eigenvector e1 =
(1, 1, . . . , 1)T . Hence, the relevant eigenvectors of M have
the form e1 ⊗ si or ai ⊗ e1, where {si} and {ai} are the eigen-
vector sets corresponding to nonzero eigenvalues of S and
A, respectively. Other combinations of eigenvectors yield null
eigenvalues; note in particular that Esi = 0, because the si’s
are orthogonal to e1. Likewise, Eai = 0.

Following our previous discussion, the eigenvalue spec-
trum of M is easily obtained. Nonzero eigenvalues come
from either term of M, see Eq. (19), by virtue of the iden-
tities Se1 = Ae1 = 0. (Matrices S and A have zero row
sum). Eigenvalues corresponding to the eigenvectors ai ⊗ e1

are purely imaginary since A is a skew-symmetric matrix.
Their exact values are therefore immaterial for this problem
[23]. The other nonzero eigenvalues of M, corresponding to
eigenvectors e1 ⊗ si, are real. Their values are ±(1 + η)24L−1,

since we know Ssi = ±22Lsi from [12]. The critical coupling
is obtained by considering the positive eigenvalue of M in
Eq. (20):

J (2)
v = 4

1 + η
× 1

πg(0)
. (21)

This equation accurately predicts the volcano transition in our
simulations in Fig. 3: For the four values of η selected (1, 1/3,
0, and −1/3), Eq. (21) predicts Jv = 2, 3, 4, and 6.

Equation (21) allows us to represent the phase diagram in
Fig. 4(b). Remarkably, the divergence of Jv is now located at
η∞ = −1, contrasting with η∞ = 0 in model 1. This discrep-
ancy implies that the correlation between Mjk and Mk j is not
enough to determine the value of η∞. The key difference be-
tween models 1 and 2 is that the symmetric and antisymmetric
matrices S and A—contributing to M—are independent for
model 2, but not for model 1.

C. Model 1+2

We conclude the theoretical analysis noticing that models
1 and 2 can be combined to create a continuum of solvable
models, with two antisymmetric components weighted by pa-
rameter β:

Ajk = (1 − β )[u j · vk − v j · uk] + β[ũ j · ṽk − ṽ j · ũk] (22)

This model remains analytically tractable with critical cou-
pling

Jv = 4√
4η + (2β − β2)(1 − η)2

× 1

πg(0)
. (23)

The divergence of Jv occurs at η∞ = β/(β − 2).

V. MODEL WITH FULL-RANK COUPLING MATRIX

In this section we investigate to what extent our previous
results carry over to the original model with a full-rank cou-
pling matrix [2,4,8]. Such a possibility was already explored
in [12] for reciprocal coupling and Lorentzian g(ω) with an
inconclusive answer.

The “full-rank model” writes:

θ̇ j = ω j + J̃√
N

N∑
k=1

Jjk sin(θk − θ j ). (24)

Nondiagonal elements of the coupling matrix J are drawn
from a zero-mean, unit-variance Gaussian distribution. Note
the prefactor N−1/2, instead of N−1 as in (1). The correlation
between symmetric elements ( j �= k) is:

〈JjkJk j〉 = τ. (25)

As above, we focus on the radial density of the local fields,
which are

r je
i� j = 1√

N

∑
k

Jjkeiθk .

A. Reciprocal coupling, τ = 1

We start with the symmetric case (τ = 1), originally con-
sidered in [2], and recently revisited in [8]. In the latter work
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an analytical value of J̃v was proposed based on a mapping
between model (24) with Gaussian g(ω) and the classical XY
model at finite temperature.

The thermodynamic limit of model (24) coincides with
our model in Eq. (1) adopting L = N/2 → ∞, since the
binomial-distributed matrix elements become Gaussian dis-
tributed (central limit theorem). As done in [12], it is worth
extrapolating our analytical result in Eq. (18), setting η = 1,
to the full-rank model (24), even if it is out of its range of
validity. The extrapolated critical coupling turns out to be
quite simple:

J̃v = 2

πg(0)
. (26)

Remarkably, if we particularize this result for Gaussian g(ω),
the value of J̃v coincides with the one theorized in Ref. [8].
The latter reference exploited a mapping between the saddle-
point equations of the classical XY model at finite temperature
and the model in Eq. (24) with Gaussian g(ω). Still, the
numerical verification of the result in [8] was not straight-
forward. The numerical procedure involved decreasing the
frequency dispersion quasiadiabatically.

To shed more light on this issue, we decided to implement
the simulation ourselves. Instead of slowly decreasing σ as
in [8], we kept σ = √

π/2, slowly increasing J̃ from 0. Both
procedures should be almost equivalent if the increments in
J̃ are small enough and transients are long enough. In our
case, we implemented steps of size �J̃ = 10−3, and integra-
tions 103 t.u. long for each J̃ value. At particular values of
J̃ the system was integrated for 5 × 103 t.u. saving the local
fields every time unit. This procedure was repeated 20 times,
each with an independent sampling of natural frequencies and
coupling matrix elements in order to achieve good statistics.
The behavior of the peak value r∗ for N = 400 is shown in
Fig. 5 (virtually the same result is obtained for N = 200). In
the figure the red circles are the maxima of the fitting function
used to smooth the histogram. For each J̃ value, the histogram
was fitted by the normalized two-parametric function

p(r) = C {exp[−(r − μ)2/ξ ] + exp[−(r + μ)2/ξ ]}, (27)

where C(μ, ξ ) is the normalization constant:
∫ ∞

0 p(r)rdr =
1. The form of p(r) is suggested by the solution for J̃ = 0:
μ = 0, ξ = 1, and Ref. [12]. The goodness of the fittings
is excellent for all J̃ values. This is illustrated, for J̃ = 2,
by the inset in Fig. 5. From the fitting line, the condition
p′(r∗) = 0 allows to obtain the maximum as the nontrivial
solution of e4μr∗/ξ (μ − r∗) − μ − r∗ = 0. The results in Fig. 5
show a critical point clearly below the value J̃ = 2, predicted
by Eq. (26). Thus, our result aligns with the work by Daido
[2], under appropriate rescalings, but not with Ref. [8].

The discrepancy with the result in [8] is intriguing. The
theoretical treatment in [8] is not completely rigorous, espe-
cially concerning the drifting oscillators, whose contribution
is neglected. Regarding the numerical procedure in [8], the
results are obtained from one realization of the model, not
from an ensemble of realizations. As a final effort to im-
prove our understanding, we decided to redo the simulation
in [8]. The frequencies were sampled once and their disper-
sion was progressively decreased, keeping the coupling matrix
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FIG. 5. Volcano transition in the model defined by Eq. (24) for
τ = 1 and N = 400. Red circles and blue squares indicate the po-
sition of the maximum in the radial distribution of local fields r∗
for two different protocols: increasing J̃ quasiadiabatically (see text),
and with random initial phases for each J̃ value. The exact value of
r∗ for each J̃ value is determined fitting the histogram values. Inset:
Empirical radial distribution of local fields for J̃ = 2. The red curve
is the biparametric fitting function in Eq. (27).

elements Jjk and the coupling constant (J̃ = 1) fixed. Our re-
sult, for one single realization as in [8], is a critical dispersion
σv closer to our inference from the empirical value of J̃v in
Fig. 5 (σv = √

π/2/J̃v) than to the prediction from Eq. (26)
(σv = √

π/8), see the Supplemental Material [24]. Whatever
the correct interpretation of these results is, it is clear that the
model with full-rank disorder is truly more complex than the
models with low-rank disorder.

B. Nonreciprocal coupling, τ < 1

Next, we consider the model defined by Eq. (24) with
nonreciprocal interactions, i.e., τ < 1. In [4] this model was
investigated, putting the focus on a static phase—at large
coupling—in which all the oscillators are frozen in random
positions (in a certain rotating frame). Such state was iden-
tified with the spin glass (in disagreement with [2,8]). We
focus here on the volcano transition, without investigating the
dynamics further. We anticipate that the static phase found in
[4] falls inside the volcano phase, see below.

Our initial numerical simulations for τ = 1/4 did not re-
veal any difference between increasing J quasiadiabatically
or setting random initial conditions (not shown), as occurred
with τ = 1. Hence, we decided to estimate the critical cou-
pling J̃v (τ ) taking random initial conditions, irrespective of
the value of τ . Figure 6 summarizes our results. Triangles
mark the location of the volcano transition at different τ

values. The data are fitted to a simple algebraic formula,
suggesting a divergence of J̃v at at a critical τ value around
0.19, see figure caption.

Our two models with low-rank disorder and the model with
full-rank disorder have in common that the critical coupling
increases as reciprocity is decreased. At the same time, we
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FIG. 6. Empirical phase diagram of model (24) with N = 400
oscillators, and Gaussian frequency distribution of variance π/2.
Triangles correspond to empirical critical couplings of the volcano
transition J̃v at particular values of the correlation τ . To determine J̃v ,
the values of J̃ were sampled with a spacing of 0.1. The amplitudes
of the local fields were collected from 100 independent realizations,
each run for 1000 t.u. after a transient of 2000 t.u. and random initial
phases. The resulting histograms of local fields radii were fitted to
Eq. (27). As a guide to the eye we depict a dashed line, obtained
by fitting the critical couplings to the function J̃v (τ ) = a/(τ − τ∞)γ ;
τ∞ = 0.1938, γ = 0.542, a = 1.481.

observed that the “volcano width” decreases as reciprocity
diminishes in all cases. However, the divergence of the crit-
ical coupling occurs at a different level of nonreciprocity in
each model. There is a remarkable lack of uniformity in this
respect.

VI. CONCLUSIONS

We conclude recapitulating the main findings in this work:

(i) The volcano transition is observed in populations of
phase oscillators with nonreciprocal coupling. This applies
to the two solvable models introduced here, as well as to the
model defined by Eq. (24).

(ii) Nonreciprocity hinders the volcano transition. It may
even become impossible, but the critical level of reciprocity
depends on the specific model.

(iii) Concerning reciprocal interactions, the results of our
simulations with full-rank coupling matrix do not agree with
those in [8]. We detect the volcano transition at a critical
coupling neatly below the one proposed in [8], which turns
out to be exactly the value extrapolating the low-rank model
to full-rank (i.e., L = N/2).

(iv) Models with low-rank disorder may serve as a surmise
for the full-rank case. Still, the possibility of extrapolating
from them, as speculated in [12], has proven to be overly
optimistic. More sophisticated techniques, e.g., based on the
cavity method [1,20], await to be developed for phase oscilla-
tor ensembles.

(v) Our work provides two different families of nonsym-
metric low-rank random matrices with known eigenvalue
spectra. This may be useful in other domains, such as recur-
rent neural networks in computational neuroscience [25,26].

We have focused on the volcano transition in systems of
phase oscillators with random connectivity, but more work
is required to shed light on their dynamics, not only the
distribution of local fields. In particular, the relationship be-
tween the volcano phase and the glassy dynamics deserves
further study. Our work also evidences that many interesting
questions remain to be solved analytically. Looking back on
past achievements, we remain moderately optimistic, even if
nonreciprocity represents an additional difficulty.
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