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Abstract The use of dimensionless variables facilitates the generalised analysis of Stirling engines

and provides tools for preliminary design, validation of simulation codes and feasibility studies of

energy conversion systems. This article provides correlations to estimate the dimensionless values of

maximum indicated and brake power, as well as their corresponding speeds. The concept of effec-

tive pressure allows power correlations to be related to gas circuit models and mechanical efficiency

calculations. Previous correlations based on data from eight very different prototypes are revised

using the criterion of minimising the relative root mean square errors (RRMSE) and sensitivity

analysis to select influential variables. The application of previously established performance mod-

els provided additional data from the M102C and ST05G engines for validation purposes. The pro-

cedure also allows detecting inconsistent measurements. Data deviations seem acceptable for most

operating points of the 10 analysed engines. The errors inherent to the procedure, as well as the

number and quality of experimental data, determine the following average values of accuracy indi-

cators: RRMSE = 3.20% for the dimensionless maximum indicated power, RRMSE = 6.35% for

the dimensionless speed corresponding to the maximum indicated power, RRMSE= 6.39% for the

dimensionless maximum brake power, and RRMSE = 10.93% for the dimensionless speed corre-

sponding to the maximum brake power.
� 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

Traditionally, it is argued that the Stirling engine is espe-
cially interesting for its relatively high efficiency, and it is

indeed a fact that small Stirling engines have achieved brake
efficiency values comparable to those of large Diesel engines.
However, the multifuel capability of a Stirling engine,
including renewable sources, is probably a greater advantage

in the current context of energy saving and sustainability, as
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Nomenclature

Awx wetted area of space �, m2

Cf friction factor
LR regenerator length, m
M mass of working fluid, kg
_mx mass flow rate at cross-section �, kg/s

mref reference mass of drive mechanism moving parts,
kg

NB Beale number ¼ fB;max ¼ P
B;max

= pmVswn
�
s;max

� �
NMA characteristic Mach number =nsV

1=3
sw =

ffiffiffiffiffiffiffiffiffiffiffiffi
RTwC

p

N�
MA;max characteristic Mach number under maximum

brake power conditions =n�s;maxV
1=3
sw =

ffiffiffiffiffiffiffiffiffiffiffiffi
RTwC

p
NMA;max characteristic Mach number under maximum indi-

cated power conditions =ns;maxV
1=3
sw =

ffiffiffiffiffiffiffiffiffiffiffiffi
RTwC

p
Nm characteristic drive mechanism number

¼ mrefRTwC= pmVswð Þ
Np characteristic pressure number

=pmV
1=3
sw = l

ffiffiffiffiffiffiffiffiffiffiffiffi
RTwC

p� �
NSG characteristic Stirling number ¼ pm= lnsð Þ
NST Stanton number
NTCR characteristic regenerator thermal capacity

number

NaR characteristic regenerator thermal diffusivity
number

ns engine speed, rev/s

ns;max engine speed at maximum indicated power, rev/s
n�s;max engine speed at maximum brake power, rev/s
PB brake power, W
Pind indicated power, W

p pressure, Pa
pme mean effective pressure, Pa
pm mean pressure, Pa
_QC thermal power in the cooler, W
_QE thermal power in the heater, W
R specific gas constant, J/(kg�K)

rhx hydraulic radius of space �, m
TwC cooler wall temperature, K
TwE heater wall temperature, K

Vdx dead volume of space �, m3

VMO volume of maximum overlapping, m3

Vsw swept volume, m3

v instantaneous volume, m3

a; b; v; d parameters of mechanical power losses

a phase angle, rad
awx dimensionless wetted area of space � ¼ Awx=V

2=3
sw

U coefficient of lineal indicated power losses

c adiabatic coefficient of working fluid
j swept volume ratio ¼ VC=VE

k1; � � � ;kk dimensionless geometric parameters of the gas

circuit, including those characteristic of the drive
mechanism

khx dimensionless hydraulic radius of
space � ¼ rhx=V

1=3
sw

l working fluid viscosity at reference temperature,
Pa�s

lL lubricating viscosity at reference temperature, Pa�s
ldx dimensionless dead volume of space � =Vdx=Vsw

W coefficient of quadratic indicated power losses
h crank angle, rad

s temperature ratio =TwC=TwE

fB dimensionless brake power ¼ PB= pmVswnsð Þ
find dimensionless indicated power ¼ Pind= pmVswnsð Þ
fmec dimensionless mechanical power losses ¼ find � fB
f0 quasi-static dimensionless work per cycle

¼ W0= pmVswð Þ

Subscripts

C, c compression or cold space
cor correlation prediction
E, e expansion or hot space

exp experimental value
max under maximum power conditions
R regenerator
xc cooler

xe heater
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this allows its adaptation to various applications with highly
competitive levels of chemical and noise pollution. This may

explain why, apart from cryogenics [1], the most successful
applications of Stirling cycle machines have so far been in
AIP submarines, where Stirling engines are perhaps the most

mature technology [2], solar energy conversion [3], waste
heat recovering [4,5], co-generation [6–8] and tri-generation
[9,10], mainly at low power scale.

During recent decades, research on Stirling engines has
been progressing and computer advances have allowed mod-
els with simplifying hypotheses more applicable to the reality
of physical phenomena. New prototypes have also been

developed, comparing their operation with simulations using
particular thermodynamic models, but the published reports
do not always contain sufficient information to facilitate

their analysis using independent author models. A priori, it
cannot be guaranteed that a model suitable for one engine
will provide good results for others. Conventional
thermodynamic models have recently been compared with

experimental results from the GPU-3 engine [11]. Power pre-
diction errors were less than 5% in 2 cases, but wide differ-
ences ranging from 20% to 180% were observed in the

remaining 10 cases. The best results were obtained with a
polytropic model [12], but other models may be acceptable
for other prototypes.

The use of dimensionless variables is interesting in all appli-
cation areas of the technique, both for the simulation and opti-
mization of designs and for the analysis of experimental
results. In the area of Stirling engines, Finkelstein’s pioneering

work on the thermodynamic cycle merits highlighting [13].
Organ produced an exhaustive description of the physical phe-
nomena involved in the gas circuit of a Stirling machine and

identified a complete set of dimensionless variables influencing
the indicated power and efficiency, thereby justifying dynamic
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similarity criteria [14,15]. Other authors have corroborated this
approach for kinematic engines [16] and thermoacoustic
machines [17]. Prieto and co-workers made explicit the influ-

ence of engine speed on the indicated power model [18–20]
and extended the description to the set of variables that influ-
ence brake power [21]. Recent works have analysed particular

characteristics of free-piston engines [22] and the ranges in
which real gas effects can be expected [23].

Procedures based on dimensionless variables can be used as

generalised analysis tools or as a basis for preliminary design,
using scaling techniques applied to operating data of reference
engines [24–26]. Some researchers have considered that
scaling-based design has limited possibilities, owing to the

restrictions derived from geometric similarity [27]. Occasion-
ally these limitations are mitigated by applying criteria of
relaxed similarity to a prototype [28], but design options cer-

tainly increase if generalised correlations based on experimen-
tal data of prototypes are available. Such correlations can
provide at the preliminary design stage a useful starting point

for further optimisation tasks, in which advanced models and
numerical methods may be needed to estimate variables whose
measurement is practically unworkable [29]. In addition, gen-

eralised correlations could be used to validate simulation codes
if they fit a wide variety of benchmark engines with acceptable
accuracy.

The first correlation obtained from Stirling engines of var-

ious characteristics has given rise to the so-called ‘Beale num-
ber‘. This concept has played a vital role in the advancement of
Stirling engine technologies and is frequently cited as a useful

criterion for the preliminary design, even in works that demon-
strate the complexity of the thermodynamic analysis of the gas
circuit [30,31], but many engines deviate from the typical value

(NB � 0:15). Predictions as far from said value as NB � 0:35
have also been obtained at high temperature level from para-
metric simulations carried out with commonly accepted pro-

grams [32], but experimental corroborations have not been
published yet. West’s number attributes variations in Beale’s
number to the temperature ratio, but there are many other
influential variables. On the other hand, both Beale and West

numbers need to be complemented with a correlation of engine
speed. A variant of West’s number, complemented by a dimen-
sionless speed equation as a function of 5 influential variables,

was the first attempt to solve this problem [33]. The correla-
tions were constructed from 6 operating points of 5 engines.
Information on correlation errors has not been published by

the authors, except graphs for high temperature level engines,
with logarithmic scales that could distort their values. The
small number of influential variables considered may explain
the fact that other authors have observed notable deviations

for different operating points [21,23].
This article introduces a method for constructing the

equivalent thermodynamic cycle for each operating velocity

and calculating the indicated power and mechanical effi-
ciency, through generalised correlations of power and engine
speed. The correlations previously introduced [23] are

improved by the influential variables selected, the amount
and variety of experimental data available, and the use of
non-lineal regression based on least squares of the relative

errors. The validity of correlations is discussed by comparing
their predictions with operating data of prototypes with
kinematic drive mechanism.
2. Influential variables and basic equations

2.1. Gas circuit description

The indicated efficiency and dimensionless power of a Stirling
engine with a kinematic drive mechanism depend on the set of

dimensionless variables listed in the argument of the following
functional relationship [15,16,19]:

gind; find � f s; j; k1; � � � ; kk; ldx; � � � ; awx; � � � ; khx; � � � ; c;Np;NMA;NaR ;NTCR

� � ð1Þ

To explicitly describe the influence of the engine speed on
the indicated power, the following semi-empirical equation

has been proposed [20]:

find ¼ f0 � UNMA �WN2
MA ð2Þ

In this equation, f0 is the dimensionless quasi-static work
per cycle, i.e. a thermodynamic concept that represents the the-

oretical limit of the gas circuit performance, whereas NMA is an
operating characteristic variable that can be interpreted as a
non-dimensional engine speed, and the coefficients U and W
are macroscopic representations of the indicated power losses

associated with irreversibilities inherent to working gas friction
and heat transfer. Variants of this equation could be applicable
to other thermodynamic cycles.

In a Stirling cycle, f0 depends on the temperature ratio s,
geometric parameters of the drive mechanism, and dead vol-
umes, but not on the working fluid, mean pressure, or engine

speed. The quasi-static work per cycle can be deduced by
numerical calculation from the following definition:

W0 ¼
I

p0 hð ÞdV ð3Þ

where p0 is the instantaneous pressure of the quasi-static cycle

without leakage, which can be calculated by an appropriate
equation of state (EOS). If real gas effects are possible, the
reduced cooler temperature and mean pressure must be added

as influential variables in equation (1). Some models use the
Van der Waals EOS to consider possible real gas effects, but
friction and heat transfer correlations consistent with such

ranges of operation are not always available [23]. However,
the ideal gas model is acceptable in most applications, which
leads to the following expression:

p0 hð Þ ¼ M R TwC= tR hð Þ Vsw½ � ð4Þ
where the dimensionless reduced volume is defined as follows:

tRðhÞ ¼ s
vEðhÞ
Vsw

þ Sþ vCðhÞ
Vsw

ð5Þ

Several hypotheses can be established for the dimensionless
reduced dead volume S [34]. A frequently used option is to

assume that the dead volume is divided into three spaces:
two isothermal regions at the respective hot source and cold
sink temperatures, and the regenerator dead volume, with lin-

ear temperature variation, which is equivalent to assuming that
all the regenerator dead volume is at the logarithmic mean
temperature TR. In this case, the dimensionless reduced dead
volume satisfies the following expression:

S ¼ s
VdE

Vsw

� s ln s
1� s

VdR

Vsw

þ VdC

Vsw

ð6Þ
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For harmonic drive mechanisms, W0 can be obtained from
the classical Schmidt model, variations on whose formulation
have been proposed by Rinia and Du Pré, Creswick, Finkel-

stein, Martini, Walker, etc. Depending on the configuration
type, different expressions can be obtained for the analytical
solutions of this model, but it should be noted that equivalent

equations may appear different if the same variables are not
used. Solutions obtained through a particular formulation
[18,34], for the three basic configurations, can be seen in

Appendix A, which allows comparisons to be made with Walk-
er’s formulation [35] for the alpha-type configuration.

After calculating f0, the characteristic curves of indicated
power can be obtained if the maximum power and its corre-

sponding velocity are known, because equation (2) allows the
coefficients U and W to be calculated for each level of temper-
ature and mean pressure using the following equations:

U ¼ 2f0 � 3find;max

NMA;max

ð7Þ

W ¼ 2find;max � f0
N2

MA;max

ð8Þ

These equations show the advantages that the availability
of experimental correlations of find;max and NMA;max can pro-

vide. It should be noted that negative values of U and have

no physical meaning, because equation (2) implies that the
ratio find;max=f0 must be within the following range of variation:

1

2
� find;max

f0
� 2

3
ð9Þ

On the other hand, the dimensionless indicated power can

also be interpreted as the ratio between the effective mean
pressure of the thermodynamic cycle and the mean pressure,
as it can be written:

find ¼
Pind= Vswnsð Þ

pm
¼ pem

pm
ð10Þ

The following equation allows the estimation, for each
operating speed, of the ‘effective’ attenuation that the irre-

versibilities exert on the quasi-static pressure:

pe hð Þ ¼ pm þ find
f0

p0 hð Þ � pmð Þ ð11Þ

Then, the correlations of find;max and NMA;max provide a

method for constructing the equivalent thermodynamic cycle
and calculating the indicated work for each engine speed by
integrating the effective pressure. As shown in Fig. 1, the iter-
ative procedure starts with a specified engine configuration,

working gas, mean pressure, and operating temperatures,
and continues with the assumption of geometrical parameters
of the gas circuit and the drive mechanism. For each selected

geometry, the dimensionless quasi-static power and other
input variables of the correlations can be calculated, leading
to corresponding values of maximum indicated power and

engine speed. Once acceptable values are achieved, equations
(2), (7), (8) and (11) allow to estimate the instantaneous mass
flow rates, build a map of particle paths, and, with the help of

heat transfer correlations, perform calculations of heat powers
in the heat exchangers.

The procedure may be acceptable at the preliminary design
stage, although the irreversibilities cause not only pressure
attenuation but also phase shift, so that the actual pressure
is between the quasi-static and effective pressure waves. For
example, in Fig. 2, the quasi-static pressure, effective pressure,

and actual pressure are compared for the SOLO V-160 engine
operating with helium under the conditions ofTwE �
625	C,TwC � 63	C, pm ¼ 120bar, and ns � 1517rpm, for which

it develops an indicated power of approximately 9065 W [36].
The correlations can be tools for analysis of simulation

results or for preliminary design. In this case, the correlations

can be used to guide the start of the project, generally reducing
the computing time and limiting the specifications based on
known experimental data. This scheme is in principle compat-
ible with any existing simulation model, at least as a comple-

mentary tool.

2.2. Mechanical power losses

At each sliding or rolling element of an engine, forces influenc-
ing mechanical power losses depend on instantaneous pressure
and inertia effects. In its turn, instantaneous pressure depends

on all the parameters influencing the thermodynamic cycle,
while the instantaneous velocity is determined by the mean
engine speed ns and the geometrical parameters of the drive

mechanism. Moreover, variations of local velocities and forces
may cause different lubrication regimes to occur during a
stroke, even if the rotational speed of the crankshaft is con-
stant. Consequently, friction coefficients at mid-stroke and

near the dead centres, for example, can be very different.
The dimensionless local mechanical power losses can therefore
be expected to have a dependence on velocity analogous to

Stribeck’s curve [21], in which the coefficient of friction
depends on the Hersey number. In fact, it is easy to deduce
that the dimensionless power caused by tangential friction in

a cylindrical bearing is proportional to the coefficient of fric-
tion. The consistency of this approach with measurements in
piston rings of internal combustion reciprocating engines

[37], the analogy between the Hersey number and the inverse
Stirling number, and the analysis of available experimental
data from a variety of prototypes, justified that the following
empirical equation has been proposed to express the mechan-

ical power losses of Stirling engines, on a global scale [21]:

fmec ¼ a exp �bN�1
SG

� �þ vþ dN�1
SG ð12Þ

This equation can be used to identify the existence of leak-

age at low engine speeds, as the derived mechanical power
losses would be proportional to the Stirling number. On the
other hand, an additional term could be included in the equa-

tion to consider possible aerodynamic power losses such as
those caused by a flywheel, which would be proportional to
the square of the inverse Stirling number [21].

The inverse Stirling number is the natural dimensionless

velocity from the viewpoint of analysing mechanical power
losses, but it can be substituted in the equation by considering
that NMA ¼ Np=NSG.

The coefficients of this equation can vary depending on

the operating conditions, physical properties of the gas
and regenerator material, geometric parameters related to
the gas circuit and the drive mechanism, as well as the
masses and moments of inertia of the moving elements.

For a given engine operating with different gases, these
can be written:



Fig. 1 Flow chart of preliminary gas circuit design.

Fig. 2 Comparison of quasi-static, effective, and actual pressures for the SOLO V-160 engine.
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a; b; v; d � f s; c;
lL

l
;Nm;Np

� �
ð13Þ

In all the engines analysed so far, satisfactory results have
been obtained by expressing these coefficients through poten-
tial functions of the following type:

a; v; d � ai
Naj

m

Nak
p

; b � al
lL=lð Þam ð14Þ

where the 11 numerical coefficients and exponents ai can vary

only with the type of gas and the temperature ratio.

3. Revision of correlations

The following 21 operating conditions corresponding to exper-
imental data series of 8 Stirling engines of varying size and
characteristics were previously analysed to obtain correlations

for the dimensionless values of the maximum indicated and
brake power and their corresponding velocities [23]:


 GPU-3 engine with hydrogen and helium both at

TwE ¼ 977K and pm ¼ 27:6bar.

 M102C engine with air at T wE ¼ 1073K and seven pm val-
ues: 12.41, 11.03, 9.66, 8.28, 6.90, 5.52, and 4.14 bar.


 P-40 engine with hydrogen, helium and nitrogen at
TwE ¼ 1023K and pm ¼ 150bar.


 V-161 engine with hydrogen at TwE ¼ 1005K and

pm ¼ 112:2bar.

 V-160 engine with helium at TwE ¼ 898K and five pm values:
120, 100, 80, 60, and 40 bar


 Ecoboy engine with air at TwE ¼ 703K and pm ¼ 8bar.


 Yamanokami-1 engine with air at TwE ¼ 403K and
pm ¼ 1bar.


 Yamanokami-2 engine with air at TwE ¼ 368K and

pm ¼ 7bar.

To select the influential variables, two requirements were

imposed, namely that the variables are not numerous, for rea-
sons of simplicity, and that they are relevant parameters at the
preliminary design stage. Because several dozen variables are

implicit in equations (1) and (12), it is necessary to assess the
degree to which these criteria compromise the accuracy of
the correlations.

The correlations were based on the adjustment criterion of

minimising the root mean square errors according to the fol-
lowing definition:

RMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

X
Xcor � Xexp

� �2r
ð15Þ

where X represents the analysed variable and n is the number
of data.

A subsequent analysis of the results suggested considering
the variability of experimental data, as, for example, an abso-
lute error equal to Xcor � Xexp ¼ 0:005 would mean a relative

error of 2% for Xexp ¼ 0:25, whereas the relative error would

be 20% for Xexp ¼ 0:025. Therefore, the correlations have been

revised not only by considering other possible influential vari-
ables and adding new experimental data, but also by using the

criterion of minimising the relative root mean square errors,
with the complementary information of the relative mean bias
error, according to the following definitions:
RRMSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

n

X Xcor � Xexp

Xexp

� �2
s

ð16Þ

RMBE ¼ 1

n

X Xcor � Xexp

Xexp

� �
ð17Þ
3.1. Maximum indicated power

The criterion of minimising the RMSE value led to the follow-
ing correlation for find;max [23]:

find;max � 2:249 f1:0540

rhR
LR

� �0:190

ð18Þ

For this equation, RRMSE= 9.14% and RMBE= 1.13%
are obtained, with the maximum relative error (MRE) equal to
19.53% for the GPU-3 engine operating with helium. Keeping

the same influential variables, the criterion of achieving the
minimum value of RRMSE leads to the results shown for
the first case study in Table 1.

The addition of influential variables leads to significantly
improved correlation, as can be seen in Case 2 of Table 1.
The inclusion of f0 as a variable that influences find;max is justi-

fied by the variation interval established by equation (9) for the
ratio find;max=f0. Other variables included involve variables that

do not influence f0, such as c and Np, which represent physical

properties of the working gas, as well as rhR=LR and awxe,
which are geometric parameters related to mechanical and

thermal irreversibilities in the regenerator and the heater. With
respect to the variable

P
ldx, it was included in the analysis

after noting that it can improve the adjustments, although its

influence is already somehow included in f0.

3.2. Engine speed corresponding to the maximum indicated
power

The criterion of minimising the RSME value led to the follow-
ing correlation of NMA;max [23]:

NMA;max�0:001913 1�sð Þ0:355 rhR
LR

� �0:223

c�0:220
X

ldx

� �0:217
N0:146

p

ð19Þ
For this equation, RRMSE=11.75% andRMBE=1.58%

are obtained, with MRE = 27.99% for the GPU-3 engine
operating with hydrogen. Keeping the same influential vari-
ables, if the adjustment is made with the criterion of achieving

the minimum RRMSE value, better values of RRMSE,
RMBE, and MRE are obtained, as can be seen in Case 1 of
Table 2.

In Case 2, f0 has been included as a variable instead of

1� sð Þ, given the proportionality between both variables as
deduced from equation (A6). From a practical point of view,
both correlations show similar accuracy.

3.3. Maximum brake power

The criterion of minimizing the RMSE value led to the follow-

ing correlation of fB;max [23]:



Table 1 Comparison of correlations of dimensionless maximum indicated power.

Case No. Tested equation RRMSE (%) RMBE (%) MRE (%) Engine

1
find;max � 1:3681f1:1180

rhR
LR

� �0:099 7.18 –0.52 18.67 GPU-3/He

2
find;max � 0:4920f0:9000

rhR
LR

� ��0:009

c�0:311
P

ldxð Þ�0:331N0:011
P

3.50 –0.12 8.70 Ecoboy

Table 2 Comparison of correlations of dimensionless engine speed corresponding to the maximum indicated power.

Case No. Tested equation RRMSE (%) RMBE (%) MRE (%) Engine

1
NMA;max � 0:001050 1� sð Þ0:218 rhR

LR

� �0:057
c�0:472

P
ldxð Þ0:109N0:117

p

10.98 –1.21 20.67 GPU-3/H2

2
NMA;max � 0:000541f0

0:026 rhR
LR

� ��0:071

c�0:565
P

ldxð Þ�0:003N0:105
p

11.62 –1.35 22.51 V-161
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fB;max � 2:301 f1:0870

rhR
LR

� �0:119

N�0:039
p ð20Þ

For this equation, RRMSE=10.77%andRMBE=0.69%
are obtained, with MRE = 25.88% for the GPU-3 engine
operating with hydrogen. Maintaining the same influential

variables, if the adjustment is made with the criterion of
achieving the minimum RRMSE value, somewhat better val-
ues of RRMSE and RMBE are obtained, with
MRE = 22.74% for the GPU-3 engine operating with helium,

as can be seen in Case 1 of Table 3. The results are improved in
Case 2 of the table, as five influential variables are added.

3.4. Engine speed corresponding to the maximum brake power

The criterion of minimising the RMSE value led to the follow-
ing correlation of N�

MA;max [23]:

N�
MA;max�0;00202 1�sð Þ0:485 rhR

LR

� �0:414

c�0:493
X

ldx

� �0:029
N0:220

p

ð21Þ
For this equation, RRMSE=10.24%andRMBE=0.54%

are obtained, with MRE = 23.21% for the GPU-3 engine
operating with hydrogen. If the adjustment is made with the

criterion of achieving the minimum RRMSE value, maintain-
ing the same influential variables, RRMSE = 8.99% and
RMBE = � 0.81% are obtained, with MRE = 20.09% for

the V-161 engine operating with hydrogen, as shown in Case
1 of Table 4. As in the cases in Table 2, a correlation with sim-
ilar accuracy is obtained in Case 2, where f0 is included as a

variable instead of 1� sð Þ.
Table 3 Comparison of correlations of dimensionless maximum br

Case No. Tested equation

1
fB;max � 1:1845f0

1:139 rhR
LR

� �0:210
N0:042

p

2
fB;max � 0:6774f0

0:972 rhR
LR

� �0:102
c�0:062

P
ldxð Þ�0:250N0:024

p

4. Additional experimental data

Experimental data that were not used to obtain the

correlations in the preceding section can be used to assess
the validity of the corresponding equations. The analyses per-
formed for the engines described below are examples of indi-

rect characterisation, similar to those previously applied for
other prototypes [38]. The success of the employed methodol-
ogy depends on the number and variety of operating condi-
tions available, as well as the quality of the measurements.

4.1. Analysis of the Philips M102C engine tests

For the Philips M102C engine, a total of 112 brake power

measurements are available for 4 different temperatures, 4
rotational frequencies, and 7 mean pressures, which were
already used in previous analyses with various objectives

[20,21]. The case corresponding to 800 �C was previously used
to construct equations (18), (19), (20), and (21) [23]. Using the
same procedure, all the series of available measurements were

analysed. As f0 can be calculated numerically, the unknowns
to be determined for each series of temperatures and mean
pressure are the coefficients U and W of equation (2) and the
11 coefficients or exponents ai of equation (14). That is, there

are 13 unknowns for each of the 4 temperature series.
The numerical results of the regressions are shown in

Table 5 and in equations (22) to (25). Graphical comparisons

between the experimental values and the predictions from
the equations can be seen in Appendix B for the four series
of temperatures, which demonstrate that high-quality
ake power.

RRMSE (%) RMBE (%) MRE (%) Engine

9.30 –0.61 22.74 GPU-3/He

8.18 –0.67 15.74 V-160



Table 4 Comparison of correlations of dimensionless engine speed corresponding to the maximum brake power.

Case No. Tested equation RRMSE (%) RMBE (%) MRE (%) Engine

1
N�

MA;max � 0:001223 1� sð Þ0:259 rhR
LR

� �0:193
c�1:204

P
ldxð Þ�0:091N0:172

p

8.99 –0.81 20.09 V-161

2
N�

MA;max � 0:000699f0
0:105 rhR

LR

� �0:087
c�1:348

P
ldxð Þ�0:121N0:168

p

9.66 –0.93 19.80 GPU-3/H2
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measured data are needed to make comparisons that have sci-
entifically definable uncertainties.

For the series corresponding toTwE ¼ 900	C, good adjust-
ments are obtained, with an average RRMSE of 3.04%, and
the mechanical power losses can be expressed by the following

equation:

fmec � 34:500
N0:500

m

N0:512
p

exp � 7:466 � 109
lL=lð Þ0:020NSG

 !
þ 120:000

N0:384
m N0:332

p

ð22Þ
The obtained adjustments are also good for the series

atTwE ¼ 800	C, with an average RRMSE of 2.48%, and the

mechanical power losses can be expressed by the following
equation:

fmec � 30:000
N0:500

m

N0:507
p

exp � 7:755 � 109
lL=lð Þ0:020NSG

 !
þ 137:000

N0:389
m N0:316

p

ð23Þ
Table 5 Experimental data of the Philips M102C engine.

TwE f0 pm PB;max n�s;max U W

(�C) (–) (bar) (W) (rpm) (–) (–)

900 0.4303 12.41 489 1513 0 12,86

11.03 461 1570 0 11,76

9.66 369 1459 5 12,55

8.28 391 1710 0 9635

6.90 340 1773 0 8885

5.52 269 1745 0 9165

4.14 184 1593 0 11,00

800 0.4041 12.41 409 1435 0 12,77

11.03 390 1496 0 11,57

9.66 360 1545 0 10,71

8.28 332 1632 0 9450

6.90 281 1640 0 9300

5.52 222 1609 0 9625

4.14 152 1463 0 11,67

700 0.3745 12.41 287 1324 32 6335

11.03 290 1393 23 7195

9.66 281 1368 4 11,74

8.28 257 1411 2 11,27

6.90 233 1966 37 90

5.52 171 1392 5 10,70

4.14 116 1288 32 6335

600 0.3406 12.41 190 1178 17 12,25

11.03 202 1265 14 10,90

9.66 194 1299 14 10,00

8.28 168 1280 18 9135

6.90 148 1274 18 8825

5.52 118 1229 20 8755

4.14 82 1120 24 9655
For the series atTwE ¼ 700	C, the mechanical power losses
can be expressed by equation (24), with an average RRMSE of

5.15%. If series corresponding to 6.90 bar is excluded, which
shows some measurement error, the average RRMSE is
reduced to 3.30%.

fmec � 25:200
N0:500

m

N0:507
p

exp � 7:755 � 109
lL=lð Þ0:020NSG

 !
þ 136:000

N0:389
m N0:315

p

ð24Þ
In the case of the series atTwE ¼ 600	C, there is generally a

greater dispersion of data, with values of U clearly greater than
zero. For the total of seven series, the mechanical power losses

can be expressed by equation (25), with an average RRMSE of
9.23%.

fmec � 28:600
N0:500

m

N0:492
p

exp � 6:518 � 109
lL=lð Þ0:020NSG

 !
þ 140:000

N0:375
m N0:317

p

ð25Þ
RRMSE Pind;max ns;max find;max NMA;max

(%) (W) (rpm) (–) (–)

0 2.23 587 1542 0.2869 0.0033

0 3.87 546 1613 0.2869 0.0035

0 4.33 437 1501 0.2814 0.0033

0.84 453 1782 0.2869 0.0039

3.83 393 1855 0.2869 0.0040

2.22 309 1827 0.2869 0.0040

0 3.96 212 1667 0.2869 0.0036

5 2.02 536 1500 0.2694 0.0032

5 3.86 501 1575 0.2694 0.0034

5 1.66 456 1637 0.2694 0.0035

2.21 416 1743 0.2694 0.0038

2.82 350 1757 0.2694 0.0038

3.09 275 1728 0.2694 0.0037

5 1.68 187 1569 0.2694 0.0034

3.64 408 1415 0.2170 0.0031

0.35 396 1493 0.2249 0.0032

0 3.08 369 1454 0.2455 0.0031

0 2.37 331 1510 0.2475 0.0033

16.23 319 2295 0.1884 0.0050

5 3.03 217 1507 0.2443 0.0033

7.34 148 1401 0.2386 0.0030

0 7.19 341 1208 0.2123 0.0026

5 18.54 329 1305 0.2139 0.0028

5 13.88 299 1355 0.2134 0.0029

1.58 251 1353 0.2095 0.0029

4.30 212 1372 0.2093 0.0030

7.59 165 1348 0.2076 0.0029

11.51 113 1246 0.2055 0.0027
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In equations (22) to (25), the variations of numerical
parameters may be due to uncertainties of the experimental
procedure and the influence of the temperature ratio, as pro-

vided in equation (13). However, the influence of the tempera-
ture ratio seems to be small, as can be seen in Appendix C.

4.2. Analysis of the ST05G engine

The ST05G engine has a gamma configuration with dual-crank

drive mechanism and Vsw ¼ 425:59cm3, and is designed to
operate with nitrogen. Two brake power curves have been
published for this engine [39], operating at the respective tem-

peratures of TwE ¼ 650	C and TwE ¼ 450	C, both for
TwC ¼ 15	C and a mean pressure of 10 bar. Indicator diagrams
corresponding to the rotational frequency of 500 rpm have
also been published for the same temperature and pressure

conditions.
The power curves for each series have been deduced from

the brake power measurements by the same indirect character-

isation procedure as used for the M102C engine. Assuming
that the same values of the parameters ai of equation (14)
are applicable for both series, the mechanical power losses

can be expressed by the following equation and the experimen-
tal values of the brake power can be adjusted to the model with
RRMSE = 3.89%:

fmec � 1:155
N0:168

m

N0:200
p

exp � 2:220 � 1010
lL=lð Þ0:023NSG

 !

þ 0:180

N0:186
m N0:008

p

þ 1:958 � 107 N0:079
m

N0:057
p NSG

ð26Þ

Table 6 shows the results of the calculations and Fig. 3

shows a comparison of the experimental values with the char-
acteristic curves defined by equations (2) and (12). The figure
also shows that the solid lines of the indicated power roughly

pass through the red symbols that represent the indicated
power values calculated by integrating the indicator diagrams
obtained experimentally at 500 rpm.

The ST05G engine has been the subject of other recent
investigations. Maximum brake power values of 362 W at
679 rpm, 471 W at 752 rpm and 514 W at 800 rpm have been
measured, operating with air at pm ¼ 7bar and TwE ¼ 500, 600

and 700 �C, respectively [40]. For these operating conditions,
the respective values of f0 ¼ 0:2250, 0.2491 and 0.2697 have
been calculated.

Numerical simulations aimed at engine optimization are
also available [41], which allow estimating values of
PB;max ¼ 313W and 575 W, both at 633 rpm, TwE ¼ 500	C
and TwC ¼ 15	C, with air at pm ¼ 5 and 10 bar, respectively,
as well as values of PB;max ¼ 198W at 455 rpm, 329 W at

538 rpm and 478 W at 633 rpm, operating with air at
pm ¼ 8bar, for the respective temperatures of TwE ¼ 300, 400

and 500 �C. For these operating conditions, the respective val-
ues of f0 ¼ 0:1685, 0.2034 and 0.2319 have been calculated.

Additional data can also be obtained from the ST05G unit

that has been installed at the University of Oviedo in order to
evaluate its operation with energy supply through a commer-
cial biomass boiler (Fig. 4). The experimental results, operat-

ing with nitrogen at pm ¼ 5:3bar, TwE ¼ 420	C and
TwC ¼ 23	C, lead to PB;max ¼ 156W at 494 rpm [42]. For this

operating condition, the value f0 ¼ 0:2038 has been calculated.
5. Discussion

5.1. Correlations for maximum indicated power

For the 21 data used as a basis for the correlation in Case 2 of
Table 1, the greatest deviations correspond to the Ecoboy

engine (�8.70%) and the Yamanokami-1 engine (+7.80%).
Most of the 21 values of the M102C engine that were not used
in the correlations, that is, those corresponding to the operat-

ing conditions of 600, 700, and 900 �C, are included in
the ± 10% deviation range. The value furthest from the cor-
relation corresponds to 700 �C and 6.90 bar, with a deviation
of + 32.25% that corroborates the already mentioned doubt-

fulness of the validity of this value. For the ST05G engine, the
deviations are � 17.95% and � 14.69%, respectively, under
the first two operating conditions mentioned in the previous

section.
Based on these results, it was considered interesting to

expand the dataset used to construct the correlation by includ-

ing these two data from the ST05G engine. To balance the
contributions of the various prototypes, only three V-160
engine data were added, at pm values of 120, 80 and 40 bar,
whereas only four M102C engine data were included, at TwE

values of 1073 K and 1173 K, and pm values of 12.41 and
4.14 bar.

In the first instance, the same influential variables assumed

in Case 2 were considered, however, better results were
obtained after replacing the rhR=LR ratio by the following
parameter, which implicitly includes more geometric proper-

ties related to the thermodynamic behaviour of the
regenerator:

r2hRLR

Vsw

¼ rhR
LR

� �2

� LR

V1=3
sw

 !3

¼ l3
dR

a2wR � axR ¼ ldR

awR

� �2

� ldR

axR

Deviations also decreased after the temperature and dead
volume ratios of the heater and cooler were included as explicit

influential variables, which does not mean using unknown
parameters at the preliminary design stage. The following
equation fits the 18 experimental data thus available with

RRMSE = 3.20% and RMBE = –0.17%:

find;max ¼ 0:8280f1:07160

r2hRLR

Vsw

� �0:0209

c�0:1696
X

ldx

� ��0:0527

N0:0184
p s0:1932l�0:1012

dxe l
0:0518

dxc

ð27Þ

As can be seen in Fig. 5(a), all the data used as a basis for
the correlation are included among the dashed lines that deli-
mit deviations of ± 10% from the correlation. The limits of

the relative deviations now correspond to the P-40 engine
operating with hydrogen (+6.60%) and the ST05G operating
at 650 �C (�6.35%). With respect to values used for the vali-

dation, the deviations are acceptable for the V-160 engine data
and most of the M102C engine data, as shown in Fig. 5(b),
except the value corresponding to 700 �C and 6.90 bar, which

shows an even greater deviation (+34.55%) than in previous
correlations. The correlation also conforms acceptably to the
beta type engine designed by Philips to produce 400 BHP using
a single gas circuit, with rhombic drive mechanism and

Vsw ¼ 15000cm3, operating with helium at pm ¼ 110bar and
TwE ¼ 694	C [43]. Taking into account that f0 ¼ 0:4310 can

be calculated for these operating conditions, the values of



Table 6 Analysis of maximum brake power and velocity for the ST05G engine.

TwE TwC pm f0 find;max NMA;max U W Pind;max ns;max PB;max n�s;max

(�C) (�C) (bar) (–) (–) (–) (–) (–) (W) (rpm) (W) (rpm)

650 15 10.0 0.2662 0.1644 0.00295 13.3 7199 802 688 508 600

450 15 10.0 0.2183 0.1323 0.00242 16.4 7905 530 565 260 500

Fig. 4 Test rig with Stirling engine connected to the biomass

boiler and the electrical generator.
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Pind;max � 325kW at 430 rpm and PB;max � 266 kW at 450 rpm

have been estimated, which are in agreement with Philips’
specifications and tests.

5.2. Correlations for engine speed corresponding to maximum
indicated power

In this case, the dispersion is greater than in the correlations of

dimensionless maximum indicated power. Among the 21 data
used as a basis for the correlation in Case 1 of Table 2, the
greatest deviations correspond to the GPU-3 engine operating

with hydrogen (+20.67%) and the SOLO V-161 engine
(�18.56%). The value of NMA;max � 0:0059 considered for this

prototype is the highest observed in Stirling engines to date,
but it should be noted that it results from an extrapolation
from an analysis of data from the SOLO V-160 engine operat-

ing with helium at nearly constant rotation frequencies [31],
and thus it might be increased by uncertainties inherent in
the estimation. With respect to data used for the validation,
the values furthest from the correlation correspond to the

M102C engine, operating in the already mentioned condition
of 6.90 bar and 700 �C (�24.63%), and operating at various
pressures of the 600 �C series, with deviations that may be

greater than 40%. The deviations corresponding to the
ST05G engine are even greater, especially at 450 �C
(+74.60%).

Using the same influential variables assumed in Case 2 of
Table 2, another correlation was obtained including the
ST05G engine operating point at 650 �C, whereas keeping

the value at 450 �C for validation purposes only. The following
equation fits the 22 experimental data thus available with
RRMSE = 12.04% and RMBE = � 1.38%:
Fig. 3 Characteristic power curves of ST05G
NMA;max � 0:000479f�0:061
0

rhR
LR

� ��0:155

c�0:579
X

ldx

� ��0:123

N0:073
p

ð28Þ
For the data used as a basis of the correlation, the devia-

tions are between those corresponding to the V-161 engine
(�27.23%) and the Yamanokami-1 engine (+24.87%), and
that of the ST05G engine at 650 �C improves markedly

(+14.37%). With respect to values used for the validation,
the M102C engine series have somewhat smaller deviations
than in the previous cases, but that of the ST05G engine

remains high at 450 �C (+40.83%).
Finally, an additional correlation was obtained for the

same operating points and influential variables used in the con-

struction of equation (27). The following equation fits the 18
engine: (a)TwE ¼ 650	C; (b)TwE ¼ 450	C.



Fig. 5 Correlation for dimensionless maximum indicated power: (a) data used as a basis for the correlation; (b) data used for the

validation.

Power correlations as complementary tools for generalised analysis and preliminary design of Stirling engines 243
experimental data with RRMSE = 6.35% and
RMBE = 0.43%:

NMA;max ¼ 0:000356f�2:0664
0

r2hRLR

Vsw

� �0:1131

c�0:8828
X

ldx

� ��1:8519

N�0:0106
p s�2:7810l0:5639

dxe l0:0189
dxc ð29Þ

As can be seen in Fig. 6(a), most of the data used as a basis
for the correlation are included among the dashed lines that
delimit deviations of ± 10% from the correlation. The limits
of the relative deviations now correspond to the

Yamanokami-2 engine (+11.00%) and the P-40 engine oper-
ating with nitrogen (�11.92%). With respect to values used
for the validation, the deviations are acceptable for the
V-160 engine data and most of the M102C engine data, as
shown in Fig. 6(b). The deviation is almost negligible

(�2.18%) for the P-400 HP/cyl project, whereas that of the
M102C engine value corresponding to 700 �C and 6.90 bar
(�42.64%) confirms the existence of measurement errors.

The analyses reflect the uncertainties inherent in any pro-
cess of measurement and data processing. It seems easier to
estimate the maximum power value than to accurately locate
the corresponding speed, especially if the measurements are

not numerous and are relatively dispersed, as occurs for exam-
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ple in certain series of the M102C engine at 600 �C. This
difficulty affects the deviations in both correlations of find;max

and NMA;max.

The preliminary design criterion based on optimizing f0 was
recommended in previous publications [18,32], because it fol-
lows from equation (2) that find;max=f0 ¼ 0:58� 0:08 whatever

the parameters of a Stirling engine. This is in agreement with
the low dispersion observed when comparing the variety of

experimental data with the predictions of the find;max

correlation.
Consequently, equation (27), and the complementary equa-

tion (29), can be useful for estimating with sufficient accuracy
Fig. 6 Correlations for the characteristic Mach number at the max

correlation; (b) data used for the validation.
the indicated power expectations of an engine, by means of a
not too high number of parameters available at the prelimi-
nary design stage.

5.3. Correlations for maximum brake power

For the 21 data used as a basis for the correlation in Case 2 of

Table 3, it is observed that the majority are practically con-
tained between the dashed lines that delimit deviations
of ± 10%. The largest deviations correspond to the Ecoboy

engine (�9.59%) and the V-160 engine (+15.74%). With
respect to the operating points used for validation purposes,
imum indicated power based on: (a) data used as a basis for the
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it is observed that the data of the M102C engine at 900 �C and
most values at 700 �C are consistent with the correlation. On
the contrary, some values at 600 �C show deviations greater

than 50%, which is consistent with the aforementioned disper-
sion presented by several measurements of these series. The
value of the ST05G engine at 650 �C almost coincides with

the prediction of the correlation, whereas the deviation is high
at 450 �C (+37.25%).

Performing the analysis with the same operating points and

influential variables used to construct the correlations of equa-
tions (27) and (29), an analogous correlation is obtained for all
of the available engines. The following equation fits the
18 experimental data with RRMSE = 6.39% and

RMBE = � 0.44%:

fB;max ¼ 0:8358f�0:2918
0

r2hRLR

Vsw

� �0:1123

c�0:7655
X

ldx

� ��1:6930

N�0:0406
p s�1:2756l0:4952

dxe l�0:0429
dxc

ð30Þ

As can be seen in Fig. 7(a), most of the data used as a basis
for the correlation are practically contained between the

dashed lines that delimit deviations of ± 10%. The greatest
deviations now correspond to the ST05G engine at 650 �C
(�14.97%) and the P-40 engine operating with hydrogen

(+14.81%), which is consistent with the observed divergences
for the deviations of both engines in the NMA;max correlation.

Fig. 7(b) shows a comparison of experimental data with the
values predicted by this correlation for operating points used
for validation purposes. Acceptable deviations are observed

for the V-160 engine and for most M102C engine values at
700, 800 and 900 �C. The greatest deviation at 700 �C again
corresponds to the mean pressure of 6.90 bar (+27.26%),

but there are two values at 600 �C with greater deviations,
which are assumed due to the already mentioned dispersion
in these series. Regarding the ST05G engine, the data corre-
sponding to 420 �C adjusts acceptably to the correlation

(�10.24%), but the values corresponding to 500, 600 and
700 �C show deviations of the order of � 20%, which seem
inconsistent with the rest of experimental measurements.

In the case of the Philips 400 HP/cyl project, the correlation
predicts a value not too far from the specification (�16.74%).
A similar deviation is obtained for the numerical simulation of

the ST05G engine operating at 300 �C (�16.88%), but the
remaining predictions are questionable, because they are
greater than experimental values obtained at higher
temperatures.

Equation (30) cannot achieve the accuracy of equation (27)
because more variables influence on the brake power than on
the indicated power, however it seems acceptable to explain

the variability of fB;max, that is, the Beale number, for the set

of analysed engines. The remarkable difference (�1700%) that
exists between respective fB;max values of the M102C engine at

900 �C and the Yamanokami-2 engine at 95 �C evidences that
the Beale number concept (NB � 0:15) must be used with cau-
tion and that inter-engine comparisons based on relative errors

are advisable.

5.4. Correlations for engine speed corresponding to maximum
brake power

Even if the Beale number could be calculated as accurately as
possible, such a concept becomes useless if the engine speed
corresponding to the maximum brake power cannot be esti-
mated. The comparison of the experimental results of the char-
acteristic Mach number corresponding to the maximum brake

power with the predictions from the equation of Case 2 of
Table 4 shows that most of the data used as a basis for the cor-
relation are between or very close to the ± 10% deviation lim-

its, which correspond to the GPU-3 engine operating with
hydrogen (+19.80%) and the P-40 engine operating with
helium (�15.14%). The value of N�

MA;max of the V-161 engine

fits the correlation quite well, unlike the results of the analo-

gous correlation for NMA;max. With respect to data used for

the validation, the majority of M102C engine values show

acceptable deviations, except for the value at the already men-
tioned conditions of 6.90 bar and 700 �C (�25.73%), and cer-
tain values of the 600 �C series. Much greater deviations are

obtained for the ST05G engine data at 650 �C (+41.60%)
and particularly at 450 �C (+64.12%).

As in the NMA;max correlation case, an additional correlation

was obtained including the ST05G engine operating point at
650 �C, whereas keeping the value at 450 �C for validation pur-
poses only. The following equation fits the 22 experimental

data with RRMSE = 10.26% and RMBE = � 1.00%:

N�
MA;max � 0:000588f0:0010

rhR
LR

� �0:004

c�1:390
X

ldx

� ��0:259

N0:138
p

ð31Þ
For the data used as a basis for this correlation, most values

have adjustments close to the previous cases, except for the V-
161 engine, which marks one of the limits of the deviations
(�17.38%), and the Ecoboy engine, with a similar deviation

(�17.23%). The V-160 engine marks the other limit of the
deviations operating at 40 bar (+14.89%), whereas the adjust-
ment is good for other pressures. With respect to data used for

the validation, the deviations of the M102C engine data oper-
ating at 600 �C are similar to those obtained in Case 2 of
Table 4. As for the ST05G engine, the deviation at 650 �C is

moderate (+14.85%) and that at 450 �C is markedly reduced
compared to the previous correlation, although it is still high
(+37.80%).

The analysis evidences the difficulty of obtaining a good
correlation applicable to all the operating points, as in the
NMA;max correlation case. Thus, an additional correlation was

obtained for the same operating conditions and influential
variables used in the construction of equations (27), (29) and
(30). The following equation fits the 18 experimental data

available with RRMSE = 10.93% and RMBE = � 5.15%:

N�
MA;max � 0:000220f�1:0846

0

r2hRLR

Vsw

� �0:0322

c�1:5436
X

ldx

� ��0:9204

N0:0500
p s�1:6547l0:1708

dxe l
�0:0178

dxc

ð32Þ

As can be seen in Fig. 8(a), most of the data used as a basis
for the correlation are included among the dashed lines that

delimit deviations of ± 10% from the correlation. The limits
of the relative deviations now correspond to the V-160 engine
at the mean pressure of 40 bar (+18.87%) and the V-161

engine (�17.21%). With respect to values used for the valida-
tion, the deviations seem acceptable for both V-160 and
M102C engines, except again for the value of this engine cor-

responding to 700 �C and 6.90 bar (�36.04%), as shown in
Fig. 8(b). The deviation of the ST05G engine data at 420 �C
(�4.64%) is consistent with the values at 450 and 650 �C,



Fig. 7 Correlations for the dimensionless maximum brake power based on: (a) data used as a basis for the correlation; (b) data used for

the validation.
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but data at 500, 600 and 700 �C show deviations of the order
of � 25%, which again seem inconsistent with the rest of inde-
pendent experimental measurements and should be the subject

of future research. Regarding the numerical simulations, the
deviations are closer to the limits than in the correlation of
equation (30), particularly at 300 �C (�3.66%). For the Philips
400 HP/cyl project, the correlation predicts a somewhat

greater value than specified (+14.86%).
In summary, previous design criteria based on experimental
averages of N�

MA;max=NMA;max ratio and mechanical efficiency

[21,34] can be improved by equations (30) and (32), but
experimental performance data and characteristics of more

prototypes are desirable to facilitate future updates of the
proposed correlations or other variants aimed at generalised
prototype analysis.



Fig. 8 Correlations for the characteristic Mach number at the maximum brake power based on: (a) data used as a basis for the

correlation; (b) data used for the validation.
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6. Conclusions

Experimental data of fB;max, usually known as the Beale num-
ber, may differ by a factor proximate to 15, so it is recom-

mended to use the classical correlation (NB � 0:15) with
caution. On the other hand, fB;max data from well-known engi-

nes are less than 0.27 so far, thus higher values predicted by
numerical simulations are pending experimental confirmation.

Correlations for the engine speed corresponding to the

maximum indicated and brake power are needed to comple-
ment find;max and fB;max correlations.
Correlations have been updated for a total of 10 engines of
various size and characteristics, with the criterion of minimis-
ing relative errors in the regression analyses, using additional

experimental data and selecting influential variables.
Correlations have acceptable accuracy in most cases using

the following eight influential variables: the quasi-static dimen-

sionless work per cycle f0, ratio between the square of the
hydraulic radius, multiplied by the length of the regenerator,

and the engine swept volume r2hRLR
=Vsw, adiabatic coefficient

of the working gas c, dimensionless dead volume of the total

engine spaces
P

ldx, characteristic pressure number Np, and
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temperature and dead volume ratios of the heater and cooler,
i.e. s, ldxe and ldxc.

The correlations of find;max and NMA;max allow constructing

the equivalent thermodynamic cycle and estimating the indi-

cated power for any operating condition, while the mechanical
efficiency can be calculated from the correlations of find;max and

fB;max.
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Appendix A. Comparison between Schmidt’s model

formulations.

Table A1 shows the solutions obtained with a particular for-
mulation [18,34] for the three basic configurations.

In these equations, the crank angle reference (h ¼ 0) is the

top dead centre of the compression piston stroke (vC ¼ 0 for
an alpha-type engine). Moreover, pam denotes the arithmetic
mean of the cycle pressure, i.e. pam ¼ pmax þ pminð Þ=2, and d
is half the cycle pressure amplitude normalized by pam. Thus,
it can be written:

d ¼ pmax � pmin

2pam
¼ Dp

2pam
ðA1Þ

pmax ¼ pam 1þ dð Þ ðA2Þ

pmin ¼ pam 1� dð Þ ðA3Þ
The instantaneous pressure is a non-harmonic function that

has a minimum at h ¼ p�H and a maximum at h ¼ 2p�H.

The function fðdÞ is defined in the interval 0 < d < 1 by the
following equation:
Table A1 Schmidt’s model equations for the basic Stirling engine c

Alpha-type engine Beta-type engine (with max

vE ¼ VE

2 1� cos hþ að Þ½ �
vC ¼ VC

2 1� cos h½ � vC ¼ VE

2 1þ cos hþ að Þ½ � þ V
2

VMO ¼ VE

2 1þ j� ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j

p�
p
pam

¼ 1�d2

1�d cos hþHð Þ
W0

pamVsw
¼ fðdÞj sin a�Hð Þ � j sinH½ � W0

pamVsw
¼ fðdÞ �j2 sinH

� �
d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2þ2js cos aþj2

p
sþjþ2S d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sð Þ2�2j 1�sð Þ cos aþj2

p
sþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�2j cos aþj2
p þ2S

H ¼ tan�1 s sin a
s cos aþj

h i
H ¼ tan�1 1�sð Þ sin a

1�sð Þ cos a�j

h i
fðdÞ ¼ p

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p
� 1� d2
� �

d
ðA4Þ

It is noted that some engines with a high degree of develop-

ment have fðdÞ values away from the maximum value of the
function, which is equal to 0.943 for d ¼ 0:786.

From the equations of W0= pamVswð Þ listed in Table A1, it is

easy to identify the work of each piston for each engine config-
uration, which is an advantage of this type of formulation.
Thus, the equation for the alpha-type engine has two terms
of different sign, consistent with the work done on each of

the pistons, whereas there is only one summand for the beta-
and gamma-type engines, because the work realized by the
displacer piston is null. The reader should note that sinH is

positive for an alpha-type engine, whereas it is negative for
the beta- and gamma-type engines.

Walker [35] proposed an equivalent formulation for the

Schmidt model of the alpha-type engine, according to which
the indicated work can be calculated from the following
equation:

W0 ¼ p pmVsw 1� sð Þj 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p

d
sinHW ðA5Þ

which can be re-written as follows,

f0 ¼ fðdÞ 1� sð Þj sinHW ðA6Þ
where:

HW ¼ tan�1 j sin aW
sþ j cos aW

	 

ðA7Þ

The equations in Table A1 can be converted to Walker’s
formulation by considering that the mean cycle pressure and
the arithmetic mean pressure satisfy the following relation:

pm ¼
I

pdh ¼ pam

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p
ðA8Þ

and that Walker assumes a different reference for the crank
angle, i.e.:

hW ¼ p� h� a ðA9Þ

aW ¼ �a ðA10Þ

HW ¼ H� a ðA11Þ
onfigurations.

imum overlapping) Gamma CEC-type engine

C 1� cos h½ � � VMO vC ¼ VE

2 1þ cos hþ að Þ½ � þ VC

2 1� cos h½ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos aþ j2

�

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�sð Þ2�2j 1�sð Þ cos aþj2

p
sþjþ2Sþ1



Fig. B1 Experimental data and brake power predictions forTwE ¼ 900	C.

Fig. B2 Experimental data and brake power predictions forTwE ¼ 800	C.
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Appendix B. Comparisons between experimental values and

predictions from indirect characterization of the Philips M102C

engine.

See Figs. B1-B4.
Appendix C. Temperature influence on mechanical power losses

for the Philips M102C engine.

See Table C1.



Fig. B3 Experimental data and brake power predictions forTwE ¼ 700	C.

Fig. B4 Experimental data and brake power predictions forTwE ¼ 600	C.
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Table C1 Comparisons of the values of fB;max and N�
MA;max derived from applying equations (22), (24), and (25), and the values

obtained if equation (23) is applied to all the series.

s Np fB;max fB;max relative error N�
MA;max N�

MA;max relative error in N�
MA;max

[eq.(22)] [eq.(23)] in fB;max [eq.(22)] [eq.(23)]

0.2839 8.09E + 06 0.2432 0.2357 3.1% 0.00328 0.00336 2.5%

7.19E + 06 0.2491 0.2411 3.2% 0.00340 0.00350 3.0%

6.30E + 06 0.2448 0.2414 1.4% 0.00316 0.00319 1.0%

5.40E + 06 0.2578 0.2479 3.8% 0.00370 0.00389 5.1%

4.50E + 06 0.2602 0.2499 3.9% 0.00384 0.00406 5.6%

3.60E + 06 0.2608 0.2509 3.8% 0.00378 0.00398 5.3%

2.70E + 06 0.2614 0.2516 3.8% 0.00345 0.00358 3.9%

s Np fB;max fB;max relative error in fB;max N�
MA;max N�

MA;max relative error in N�
MA;max

[eq.(24)] [eq.(23)] [eq.(24)] [eq.(23)]

0.3422 8.09E + 06 0.1633 0.1607 1.6% 0.00287 0.00290 1.0%

7.19E + 06 0.1766 0.1759 0.4% 0.00302 0.00303 0.3%

6.30E + 06 0.1990 0.1977 0.6% 0.00296 0.00298 0.5%

5.40E + 06 0.2054 0.2048 0.3% 0.00306 0.00306 0.3%

4.50E + 06 0.1602 0.1594 0.5% 0.00426 0.00422 0.9%

3.60E + 06 0.2078 0.2078 0.0% 0.00301 0.00302 0.1%

2.70E + 06 0.2040 0.2041 0.0% 0.00279 0.00279 0.1%

s Np fB;max fB;max relative error in fB;max N�
MA;max N�

MA;max relative error in N�
MA;max

[eq.(25)] [eq.(23)] [eq.(25)] [eq.(23)]

0.3814 8.09E + 06 0.1214 0.1336 10.1% 0.00255 0.00244 4.4%

7.19E + 06 0.1356 0.1205 11.1% 0.00274 0.00272 0.8%

6.30E + 06 0.1448 0.1516 4.7% 0.00281 0.00272 3.3%

5.40E + 06 0.1484 0.1530 3.1% 0.00277 0.00268 3.2%

4.50E + 06 0.1570 0.1593 1.4% 0.00276 0.00269 2.3%

3.60E + 06 0.1623 0.1521 6.3% 0.00266 0.00264 0.8%

2.70E + 06 0.1652 0.1587 4.0% 0.00243 0.00238 2.0%
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