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Foreword

It is with great pleasure that we present the Proceedings of the 26th Congress of Differential Equations and Appli-
cations / 16th Congress of Applied Mathematics (XXVI CEDYA / XVI CMA), the biennial congress of the Spanish
Society of Applied Mathematics SEeMA, which is held in Gijón, Spain from June 14 to June 18, 2021.

In this volume we gather the short papers sent by some of the almost three hundred and twenty communications
presented in the conference. Abstracts of all those communications can be found in the abstract book of the
congress. Moreover, full papers by invited lecturers will shortly appear in a special issue of the SEeMA Journal.

The first CEDYA was celebrated in 1978 in Madrid, and the first joint CEDYA / CMA took place in Málaga in
1989. Our congress focuses on different fields of applied mathematics: Dynamical Systems and Ordinary Differ-
ential Equations, Partial Differential Equations, Numerical Analysis and Simulation, Numerical Linear Algebra,
Optimal Control and Inverse Problems and Applications of Mathematics to Industry, Social Sciences, and Biol-
ogy. Communications in other related topics such as Scientific Computation, Approximation Theory, Discrete
Mathematics and Mathematical Education are also common.

For the last few editions, the congress has been structured in mini-symposia. In Gijón, we will have eighteen
minis-symposia, proposed by different researchers and groups, and also five thematic sessions organized by the
local organizing committee to distribute the individual contributions. We will also have a poster session and ten
invited lectures. Among all the mini-symposia, we want to highlight the one dedicated to the memory of our
colleague Francisco Javier “Pancho” Sayas, which gathers two plenary lectures, thirty-six talks, and more than
forty invited people that have expressed their wish to pay tribute to his figure and work.

This edition has been deeply marked by the COVID-19 pandemic. First scheduled for June 2020, we had to
postpone it one year, and move to a hybrid format. Roughly half of the participants attended the conference online,
while the other half came to Gijón. Taking a normal conference and moving to a hybrid format in one year has
meant a lot of efforts from all the parties involved. Not only did we, as organizing committee, see how much of the
work already done had to be undone and redone in a different way, but also the administration staff, the scientific
committee, the mini-symposia organizers, and many of the contributors had to work overtime for the change.

Just to name a few of the problems that all of us faced: some of the already accepted mini-symposia and
contributed talks had to be withdrawn for different reasons (mainly because of the lack of flexibility of the funding
agencies); it became quite clear since the very first moment that, no matter how well things evolved, it would be
nearly impossible for most international participants to come to Gijón; reservations with the hotels and contracts
with the suppliers had to be cancelled; and there was a lot of uncertainty, and even anxiety could be said, until we
were able to confirm that the face-to-face part of the congress could take place as planned.

On the other hand, in the new open call for scientific proposals, we had a nice surprise: many people that would
have not been able to participate in the original congress were sending new ideas for mini-symposia, individual
contributions and posters. This meant that the total number of communications was about twenty percent greater
than the original one, with most of the new contributions sent by students.

There were almost one hundred and twenty students registered for this CEDYA / CMA. The hybrid format
allows students to participate at very low expense for their funding agencies, and this gives them the opportunity
to attend different conferences and get more merits. But this, which can be seen as an advantage, makes it harder
for them to obtain a full conference experience. Alfréd Rényi said: “a mathematician is a device for turning coffee
into theorems”. Experience has taught us that a congress is the best place for a mathematician to have a lot of
coffee. And coffee cannot be served online.

In Gijón, June 4, 2021

The Local Organizing Committee from the Universidad de Oviedo

3



Scientific Committee

� Juan Luis Vázquez, Universidad Autónoma de Madrid

� Marı́a Paz Calvo, Universidad de Valladolid

� Laura Grigori, INRIA Paris
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Analysis of turbulence models for flow simulation in the aorta
Samuel Santos1, Jose M. Rojas2, Pau Romero1, Miguel Lozano1, J. Alberto Conejero3, Ignacio

García-Fernández1
1. CoMMLab, Universidad de Valencia, Burjassot, Valencia, Spain, ignacio.garcia@uv.es

2. Escuela Técnica Superior de Ingeniería del Diseño, Universidad Politécnica de Valencia, Valencia, Spain,joroar1@etsid.upv.es
3. Departmento de Matemática Aplicada, Universidad Politécnica de Valencia, Valencia, Spain,aconejero@upv.es

Abstract

Computation of Wall Shear Stress (WSS) in the aorta wall is a relevant problem, since it has been related to the
appearance of several cardiovascular diseases. In this context, our aim is to solve Navier-Stokes (NS) equations
with boundary conditions in the aorta. For an accurate estimation of WSS, a proper election of the turbulence
model is of great relevance. We present a study to compare WSS estimation considering three different turbulence
models in the thoracic aorta and an analysis of the influence of the aortic valve. The size and properties of the
appropriate mesh to use is also discussed. Our simulations are carried out with the Finite Volume Method solver
OpenFoam.

1. Introduction
Computational Fluid Dynamics has become an essential tool in the study of blood flow in order to understand
genesis of cardiovascular diseases. In this work we focus on the WSS reached in the toracic aorta at peak systolic
conditions. Particularly, we know that low values of WSS are related to atherosclerosis, see [5]. To do so, we first
need to determine what model is more appropiate to this task. On the one hand we test a model based in the NS
equations and on the other hand 𝑘 − 𝜖 , 𝑘 −𝜔 and SST 𝑘 −𝜔 turbulence models which are reformulations of the first
one. Once we have chosen our model we will study the influence of three types of aortic valves: a healhty valve
and two prosthetic valves. This document is structured as follows: In section 2 we introduce the models of fluid
likely to be chosen and the corresponding equations. In section 3 we explain tecnical details of simulations and
results obtained. Finally, in section 4 we summarize, conclude and expose some improvements and future works.

2. Models and boundary conditions
Fluid dynamics is governed by NS equations, a system of coupled partial differential equations concerning fluid
velocity and pressure. In this work we deal with blood flowing through aorta. In this context we can suppose that
blood is an incompressible newtonian fluid. As our aim is to get WSS, we first need to compute blood flow. This
requires to solve NS equations with a set of boundary conditions that, in our case, will reproduce peak systolic
conditions. We also neglect time derivatives in all model considered so we are calculating instantaneous WSS in
the time of maximum blood flow. We consider, in the first place, the usual stationary Navier-Stokes equations for
an incompressible Newtonian fluid, given by

∇ · ®𝑣 = 0; ®𝑣 · ∇𝒗 = − 1
𝜌
∇𝑝 + 1

𝜌
∇ · Σ, (2.1)

where 𝒗 is blood velocity, 𝑝 is pressure, 𝜌 is the blood density and Σ = 𝜇
(∇𝒗 + ∇𝒗𝑇 )

is the viscous stress tensor for
a Newtonian fluid, with 𝜇 the viscosity of blood. We apply a zero-gradient condition in the outlet for the velocity
and a non-slip condition in the aortic wall. Besides, velocity profiles in the inlet are settled trying to reproduce
a healthy valve and two artificial prosthetic valves as shown in Figure 1. For pressure, we use a zero-gradient
condition in the inlet and set a 0 value condition in the outlet.
The other three models are turbulence models (as 𝑅𝑒 ∼ 6500) and are included in the context of the Reynolds-

Averaged-Navier-Stokes (RANS) equations, consisting in the decomposition of each variable in a time average
component and a fluctuating component. For example, 𝒗 = 𝑽 + 𝒗′ where 𝑽 and 𝒗′ are the time averaged and the
fluctuating component of velocity respectively. The average is taken in a sufficiently high time. The first RANS
model considered is the 𝑘 − 𝜖 model where turbulence is stored in the new variables

𝑘 =
𝒗′ · 𝒗′
2

,
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(a) Natural healthy valve. (b) Artificial bileaflet valve. (c) Artificial tilting disk valve.

Fig. 1 Vertical profile of some of the inlet boundary conditions considered. The maximum velocity is 1 m/s.

variable inlet wall outlet
𝜖 2 zero gradient zero gradient
𝑘 10−6 10−10 zero gradient
𝜔 1 𝜔-wall-function zero gradient

Tab. 1 Boundary conditions applied to turbulent variables. All units in SI.

and 𝜖 . 𝑘 is called turbulent kinetic energy and 𝜖 is the rate of dissipation of 𝑘 . The new equations for these variables
are:

𝑽 · ∇𝑘 =
1
𝜌
∇ · (𝜇𝑘∇𝑘) + 𝜇𝑡

𝜌
(Σ′ : ∇𝑽) − 𝜖, (2.2)

𝑽 · ∇𝜖 = 1
𝜌
∇ · (𝜇𝜖∇𝜖) + 𝐶𝜖 1 𝜖

𝜌𝑘
(Σ′ : ∇𝑽) − 𝐶𝜖 2 𝜖

2

𝑘
, (2.3)

where 𝜇𝑡 = 𝜌𝐶𝜇𝑘
2/𝜖 is the tubulent viscosity, 𝜇𝑘 = 𝜇 + 𝜇𝑡/𝜎𝑘 and 𝜇𝜖 = 𝜇 + 𝜇𝑡/𝜎𝜖 are effective viscosities and

𝐶𝜇, 𝐶𝜖 1,𝐶𝜖 2, 𝜎𝑘 and 𝜎𝜖 are empirical constants whose values can be consulted in [6]. On the other hand

Σ′ = 𝜌𝒗′ ⊗ 𝒗′

is the Reynolds stress tensor.

The second model used is the 𝑘 −𝜔 model. We introduce here the variable 𝜔 = 𝜖/(𝐶𝜇𝑘) for which an equation
can be derived from (2.3). The new set of equations for the turbulent variables rest

𝑽 · ∇𝑘 =
1
𝜌
∇ · (𝜇𝑘∇𝑘) + 𝜇𝑡

𝜌
(Σ′ : ∇𝑽) − 𝛽∗𝑘𝜔, (2.4)

𝑽 · ∇𝜔 =
1
𝜌
∇ · (𝜇𝜔∇𝜔) + 𝐶𝛼1 𝜔

𝜌𝑘
(Σ′ : ∇𝑽) − 𝐶𝛽1𝜔2, (2.5)

This model has the advantage of being more precise near the wall than 𝑘 − 𝜖 model, meanwhile the latter is
more precise in the bulk flow (the stream outside the boundary layer). The last turbulence model used is the SST
𝑘 −𝜔 model which combines 𝑘 − 𝜖 and 𝑘 −𝜔 models through blending functions. The details on the construction
of this model are too extensive to be included in this document and can be consulted in [6].

Boundary conditions over the new turbulent variables are shown in table 1. We have taken considerations
from [4], for 𝑘 and 𝜔 where also the 𝜔-wall-function can be read. Moreover, we have used formulas and
information from [1], to settle boundary conditions on 𝜖 .

3. Simulation and results
We employ the Finite Volume Method solver OpenFoam to solve the previous models of NS equations in a real
aorta acquired from Computerized Tomography. A mesh of about 8.6M elements with maximum spatial resolution
of 50𝜇𝑚 in the wall normal direction has been used in order to have accurate computation of the boundary layer.
We will not use wall functions in the simulations presented here for pressure and velocity so we compute the entire
boundary layer. A representation of the mesh used is shown in figure 2.
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Fig. 2 Section of aorta where the mesh used was outlined.

As it can be seen a 4 refinement level is used combined with 15 extra layers in the aortic wall in order to
get good WSS estimation. A Green-Gauss finite volume discretization is employed for the gradient of scalar
variables. On the other hand upwind schemes are applied in divergence terms. After discretization a combination
of a Gauss-Seidel method, Geometric-algebraic-multi-grid method and a smooth solver are used to solve the linear
systems involved. Details can be found in [6, 7]. Also, the resolution algorithm called semi-implicit method for
pressure-linked equations (SIMPLE algorithm) is employed in the conservation laws involving pressure and velocity.

Results are shown in figure 3. In the first row blood streamlines are presented, while the corresponding WSS
distribution are shown below. Each column corresponds to a different model. In the first four columns a healthy
valve has been settled and in the last two columns the bileaflet valve and tilting disk valve for the SST 𝑘 −𝜔 model
haven been implemented.

(a) No turbulence model
and healthy valve.

(b) 𝑘−𝜖 model and
healthy valve.

(c) 𝑘−𝜔model and
healthy valve.

(d) SST 𝑘 − 𝜔
model and healthy
valve.

(e) SST 𝑘 − 𝜔
model and bileaflet
valve.

(f) SST 𝑘 − 𝜔
model and tilting
disk valve.

Fig. 3 Streamlines (upper row) and WSS/𝜌 profiles (lower row) obtained with different turbulence models. All units in the SI.

The most remarkable result is the high values of WSS provided by the 𝑘 − 𝜖 in the descending aorta. Since this
model does not properly compute turbulence in regions with large pressure gradients (such as the boundary layer)
and strong accelerations (when the aortic duct narrows), this model can be assumed to provide a poor approximation.
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On the other hand, we know that the 𝑘−𝜔model is sensitive to boundary conditions of the turbulent variables in the
inlet free stream, which does not happen with the 𝑘 − 𝜖 model. This explains the distinct behaviour of streamlines
computed with 𝑘 −𝜔 model in the cavity of the aorta. Hence, it seems that the most suitable turbulence model, out
of the ones used here, is SST 𝑘 −𝜔 model. The cavity flow computed with this model looks like the one computed
with 𝑘 − 𝜖 model, which is most reliable in this region. Also, the WSS profile computed with SST 𝑘 − 𝜔 model
has more resemblance with the one computed with 𝑘 − 𝜔 model, the one that behaves well near the wall. Not
applying any turbulence model seems in good agreement with SST 𝑘 − 𝜔 model. Nevertheless 𝑘 is an esential pa-
rameter in the study of diseases like stenosis or coarctation. Then, SST 𝑘−𝜔model is the one selected from now on.

Streamlines obtained in ascending aorta with the three types of valves are trustable when comparing with
experimental and theoretical works, see [2, 8]. Regarding the effect of the valve type, it clearly affects the WSS
profile. We consider a WSS critical value of 0.5 Pa below which there is risk of atherosclerosis appearence. Figure
4 shows a detailed analysis of the influence of the type of valve on the WSS values. We analize 7 sections along
the aorta, 𝑆𝑖 for 1 ≤ 𝑖 ≤ 7. 𝑆1, 𝑆2 and 𝑆3 are placed in the ascending aorta where the results are more trustworthy.
We can see that in the case of the bileaflet valve almost 16% of 𝑆1 is in risk, the highest value of the analysis,
meanwhile 10% with the tilting disk valve around and 2% with the healthy valve. In 𝑆2 there is no region in risk
for any valve and in 𝑆3 we have 6%, 5% and 4% for the healthy, bileaflet and tilting disk valve respectivelly.

Fig. 4 Locations where sections analyzed were placed (left) and histogram of the percentage of section with critical WSS for
the seven sections and for the three types of valve (right).

Values on the descending aorta are not trustable as we are neglecting the supraortic arteries which suppose the
30% of the entire flow. However, we observe an increase of the risk region with artificial valves.

4. Conclusions
First of all we made an analsys about what model of turbulence was more suitable forWSS estimation. We conclude
that the SST 𝑘 −𝜔 model was the most realiable as it possesses the good properties from both 𝑘 − 𝜖 and 𝑘 −𝜔 mod-
els and, besides, it calculates the turbulent kinetic energy 𝑘 which is important in the study of cardiovascular diseases.

Concerning WSS values, it can be observed that both prosthetic valves contribute to increase them and that the
bileaflet valve does it in a minor level than the tilting disk valve in the ascending aorta. Hence, we can say that the
human biology has made a good work and that whenever a prosthetic valve is needed we support the bileaflet valve
above the tilting disk one.
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Transitory simulations to take into account the whole cardiac cycle are now taking place, so we will be able to
compute other hemodynamic variables of interest as OSI or TAWSS. Also, in the future, a fluid-structure interaction
should be considered to get a complete study of genesis of cardiovascular diseases.
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