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1 | INTRODUCTION

Nonassociative algebras play a fundamental role in Physics and Communications. For instance, Lie and Jordan algebras pro-
vide the mathematical structure of Quantum Mechanics, while finite nonassociative division rings have applications on coding
theory*#, combinatorics and graph theoryd. On the other hand, the symmetry of these objects can be related with several
properties, as conservation laws and invariances in Physics. In this context, symmetries can be seen as transformation of the
structure into itself and so, its group of automorphisms gives information about the behaviour of this kind of objects.

During the last few years, computational efforts in order to clasify some of these objects have been made. For instance, the
classification of finite division rings, also called semifields, with 64 elements is completely known, 16 a5 well as those with 243
elements, 2. However, many questions are open yet: there is not a classification of semifields with 128 or 256 elements, despite
of the powerful computers available nowadays.

The knowledge of the structure of these concrete division rings can inspire new general constructions, as suggested in”. In this
sense, the work of Lavrauw and Sheekey'!' gives examples of constructions of semifields which are neither twisted fields nor
two-dimensional over a nucleus starting from the classification of semifields with 64 elements. In particular, these are the rings
labelled as XIV, XXIV, XXVI and XXVII in'®, On the other hand, the construction of finite division rings with a prescribed
automorphism group has been carried out in references such as? and'#.

The present work is motivated by the behaviour of some division rings with 64 elements which also appear in the classification
of 19 In particular, semifields coordinatizing 18 planes in the Knuth classes XVII and XVIII and 27 in the Knuth class XXXIX
(see Table 5 of'!%) have an automorphism group isomorphic to the group Cs. Notice that the order of this group, 5, and the
dimension of the semifields over their center, 6, are relatively prime (a fact that differs completely from the situation of the finite
field Fgy).

We will see in the next section that all these rings can be additively described as a direct sum of two Galois fields of orders 4
and 16. Moreover, some of them can be seen as a 3—dimensional vector spaces over a so called weak nucleus, see 10

In the last part of the paper, we will use this concept in order to generalize the construction of such division rings. Exploring
these ideas, we will be able to construct sporadic examples of semifields with 256 and 512 elements whose automorphism groups
contain a subgroup of prescribed structure. These rings are new, since they do not fall in the Knuth orbit of any finite semifield
either listed in'2 or contructed by'%,
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2 | DIVISION RINGS OF ORDER 64 WITH A CYCLIC AUTOMORPHISM GROUP C;

In this section we will study the structure of a division ring, i.e. a semifield, .S with 64 elements with cyclic automorphism group
Cs. First of all, observe that the center of any such a finite semifield contains F, = {0, 1}, and .S is naturally a 6-dimensional
[F,—algebra. We will prove that it is possible to find a set of 4 elements fixed by the action of the automorphism group, which
yields an alternative additive decomposition of .S

Theorem 1. Let (S, +, %) be a semifield with 64 elements and automorphism group Aut(.S) = (@) isomorphic to Cs. Then, there
exists an element a # 0, 1, such that ({0, 1,a,a + 1}, +, %) is a semifield isomorphic to [, which is fixed by the automorphism
group. Moreover, there exists an element b € S \ {0, 1,a,a + 1} such that ({@'(b) | i € N}, +,-), with ¢'(b) - ¢/ (b) = @'/ (b),
is isomorphic to the finite field [F4. So, S can be seen as a [,-vector space isomorphic to the direct sum [F, @ F4, with basis
{1,a,b, @(b), p*(b), 9 (b)}.

Proof. Let us consider the set Fix(p) = {x € S|@(x) = x} of fixed points under the action of Aut(S) over S. Since
|Aut(S)| = 5, we have 64 # |Fix(p)| = 64 (mod 5). So, |Fix(¢)| = 4 and, because there is a unique semifield with four
elements, (Fix(g), +, *) = [F,. Therefore, we can find an element a € S \ {0, 1} such that Fix(p) = {0,1,a,a + 1}.

Since @ # I = @ and x° + 1 = (x + 1)(x* + x> + x2 + x + 1), then the F,-irreducible polynomial x* + x> + x> + x + 1
divides the minimal polynomial of ¢. So, there exist an element b € S \ {0, 1, a, a + 1} such that the F,[x]—cyclic submodule
generated by b, (b, @(b), p*(b), p* (b)), is isomorphic to F[x]/{(x* + x? + x> + x + 1) = Fys.

Finally, notice that dim[F2 S = 6, so the set {1, a, b, p(b), p*(b), p>(b)}, which is linearly independent over F,, is an [F,—basis
of S.

O

Remark 1. The decomposition of .S as F, @ [, corresponds to the [F,—module decomposition ([F2[x] J{x+ 1))2 O F[x]/{(x*+
x> +x%+x+ 1) and that ¢ preserves this decomposition. Notice that the restriction of the product * of .S to Fix(¢) is the product
of the field F,, but this does not happen with [F,s. However, £ = @(b) € F 4 can be identified with a 5th—primitive root of unity,
and it can be assumed that the action of the automorphism ¢ over the elements of Fq is given by @(c) = & - c forall ¢ € Fy.
From now on we shall simply write &c instead of & - c.

The next step in the description of semifields with 64 elements with cyclic automorphism group Cs consists on the introduction
of the definition of weak nucleus in the sense of'".

Definition 1. Let (S, +, %) be a semifield and let F C .S be a field. Then, F is a weak nucleus for S if (a * b) x ¢ = a * (b * ¢)
whenever any two of a, b, ¢ are in .

Notice that if there exists a weak nucleus F of .S, then .S can be written as an F-vector space. However, right and left multi-
plications (R,(x) = x * a, L (x) = a * x, for all a,x € §) will not be, in general, F-linear transformations. Moreover, the weak
nucleus is generally not preserved by isotopy.

In order to describe the structure of the semifields with weak nucleus presented in this section, we need the following result,
which will be stated without proof.

Lemma 1. [Theorem 4.1 of 9] Let R = GR(q?, p?) be a Galois ring of order g¢ and characteristic p? (in particular a finite
field). For any finite (R, R)-bimodule z M, there exist a generator system {1, ..., y; } (called distinguished basis) and a system
of automorphism o, ..., 6, € Aut(R) such that

Vae R,Ie{l,....k} : yja=oc/(a)yand M = Ru; @ - ® y,,
is a direct sum of cyclic (R, R)-bimodules.

Theorem 2. Let (S, +, %) be a semifield with 64 elements, automorphism group Aut(.S) = (@) = Cs5 and weak nucleus F =
Fix(¢) = F,. Then, there exists an element A € S such that {1, 4, ¢(4)} is an F,-basis of S. Moreover, either a * A = 4 * a for
all ¢ € F, and the basis is called of fype A, or a = A = A * a® for all @ € F, and it is called of type B.

Proof. From Definition [I] it follows that the semifield .S is a bimodule over the weak nucleus F. So, by Lemmal[I] there exists a
distinguished F-basis of S, that is, it is possible to find an F-basis {s,, s,, 53} of S such that, for 1 <i <3,a * s, =5, * 6,(a),
with ¢; € Aut(F), for all a € F. Notice that we can always take s, = 1 and 6, = Id. If s; = 1 for some i, the claim is trivial.
Otherwise, it suffices to see that {1, s,, 53} is a generator system from .S whitha * 1 =1 xaforalla € F.
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Let us denote the element s, by A. Suppose that 6, = Id and so, a = A = A * a for all a € F. Since .S is isomorphic, as
[, —vector space, to the direct sum F @ F,4, we can assume that A € F;4. Otherwise, A = A + B, with A € F and B € F4, and
{1, A — A, s;} is also a distinguished [F-basis of .S. Under these assumptions, we claim that {1, 4, @(4)} is an F—distinguished
basis of S. Since A € F,¢, the minimal polynomial gp—annihilating A is x* + x> + x>+ x + 1, i.e, Zi:o @*(A) = 0. Let us suppose
that the system {1, 4, @(4)} is not F-linearly independent. In such case, we can find ¢, ¢, € F such that (1) = ¢; + ¢, 4. This
implies that @*(4) = ¢; + ¢,@*~'(4) for all k € N and so we have

5 5
0= d"D=c+6 ) ¢ 'WD=¢,
k=1 k=1

that is, @(4) — c,4 = 0, and so x* + x* + x> + x + 1 divides x — c,, a contradiction. Now, it is easy to check that {1, 4, p(1)} is
a distinguished basis and thus the claim is proved. The case o3 = Id is handled similarly.

Finally, suppose that ,(a) = 65(a) = a* for all a € F. Consider s, = A, + B, and s; = A; + B; with A; € F and B, € Fy,
fori = 2,3. If A, = 0 (resp. A; = 0), we can take 1 = 5, € Fj; (resp. A = 53 € [F4) and, repeating the argument used
when o, = Id, we can prove that {1, 4, ¢(1)} is a distinguished [F-basis of .S. Otherwise, A, # 0, A; # 0 and we can take
0#4=A" % 5,4+ A % 55 = A]' « By + A]' % B; € [y (observe that F is a weak nucleus and a * 4 = A * a* forall a € F).
Using the previous argument, {1, 4, ¢(4)} can be shown to be a distinguished [F-basis of .S.

O

We are able now to describe the product * of the semifield S. First of all, from the previous result, we know that, if F is
a weak nucleus of .S, there exists a distinguished F-basis {1, 4, p(4)} of S. So, .S can be seen as the direct sum of the weak
nucleus [, fixed by @, and the F-bimodule L = (A, ¢(4)), which is invariant under ¢. Thus, any element s € .S can be written
asasums = s; + 5, with s; € F and 5, € (4, @(4)). It is straightforward to see that, if a € F, thena * s = a * (s; + 5,) =
sy * a+ s, * o(a), where ¢ is the automorphism of [ associated with elements {4, (1)} of the distinguished basis. Also,
@(s; + 5,) = 51 + @(s,). Taking these ideas into account, we can deduce the following result.

Theorem 3. Let (.S, +, *) be a semifield with 64 elements and automorphism group Aut(.S) = (@) isomorphic to Cs. Let us
suppose that F = Fix(¢) = F, is a weak nucleus for .S and that {1, A, ¢(4)} is a distinguished F-basis of .S with associated
automorphism . If S = F @ L, with L = [, then there exist two [,-bilinear functions F : FjgxXFy = F,and G : FgxFg —
[, satisfying F(@(b), p(d)) = F(b,d) and G(p(b), p(d)) = ¢(G(b,d)) for all b,d € L, such that

(@+b)x(c+d)=(axc+ F(b,d)) + (axd+o(c) * b+ G(b,d)).

Proof. Since the product * is distributive, it is clear that
(@a+b)x(c+d)y=axc+axd+bxc+bxd=axc+axd+o(c)*xb+b=xd.

Notice that the product a * ¢ € F, and that b % ¢ = o(c) * b, since L has a distinguished basis associated with the automorphism
o. Let the product b * d be F(b,d)+ G(b,d), where F : LX L — F and G : L X L — L must be [F,-bilinear functions, since
* is distributive and the centre of .S is [,. Thus, we arrive to

(a+b) % (c+d)=(a*c+F(bd) + (axd+ac(c)* b+ Gb,d)).

Since @ is an automorphism of S, the relation @(a + b) * @(c +d) = @((a + b) * (c + d)) holds. Expanding this equation and
using a, ¢, o(c) € Fix(@), we arrive at

F(p(b), p(d)) + G(p(b), p(d)) = p(F (b, d)) + p(G(b, d)),
but F(b,d) € [, which is fixed by ¢. So, we have
F(o((b), p(d)) + F(b,d) = G(p(b), p(d)) + p(G(b, d)).

The sum [F @ L is direct and L is invariant under ¢, so F N L = 0 and the result follows. ]

As a consequence of this result, we can deduce the form of the functions F and G.

Corollary 1. The F,-bilinear function G : Fy¢ X Fg — F4 of Theorem [3]is of the form

3

3
Gb.d)=) Y g b d”,
i=0 j

=0
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with g;; € Fyg forall 0 < i, j < 3. Moreover, g;; must be 0 for all 0 < i,/ < 3 such that 2’ +2/ # 1 mod 5.

Proof. For each b € [F4 consider the [,-linear application G, : F,; — [ defined by G,(d) = G(b,d) for all d € F.

From Theorem 2.1 of2, G,(d) = Zizo g;(b) d? . Now, notice that, for each 0 < j < 3, g  Fe — [Fy is Fy-linear, so

g,(b) =Y g, b*. Thus, Gb,d) =Y, 2}?:0 g, b*d”.
From Theorem we know that @(G(b, d)) = G(@(b), p(d)) for all b, d € F4. Using Remark this condition can be rewrite
as £G(b,d) = G(E b, Ed), with & a Sth—primitive root of unity. That is,

3 3 3 3
(BZera ) =TT e

i=0 j=0 i=0 j=0

which implies g;;£2+¥ -1 = g, forall 1 <i,j < 3. So, g;; = 0 whenever 2/ + 2/ % 1 mod 5. O

Corollary 2. The F,-bilinear function F : Fy X F¢ — [F, of Theorem [3]is of the form

3 1
F(b,d)= ) Y\ Tr(f, b7 d®),

i=0 j=0
with f;; € F4 for all 0 < i, j < 3. Moreover, f;; must be 0 for all 0 <i < 3,0 < j < 1 such that 2’ + 2/ # 0 mod 5.

Proof. Since F : Fig X Fg — F is Fy-linear, F(b,d) = ¥, ) 37 f,; b*d* . For each b,d € Fq, F(b,d) € F, if and only if
F(b,d)* = F(b,d), that is, if and only if

3 303
Z 1 2j— 2b2id2j = ZZfij bZidzj’

i=0 j=0

LM~

where i, j are taken modulo 4. Thus, f;; = f ,forall0<i<3,0<j<3andso

3 1
F(b,d) = Z Y (S b7 + frppua ") =

i=0 j=0

301 301
Z 2 (flj b2’d21 + f,4J (b2’)4(d21 )4) Z Z [Flé(fij b2’d2!).
i=0 j=0 i=0 j=0

From TheoremE], we know that F(b,d) = F(p(b), (d)) for all b,d € F4. Using RemarkE], this condition can be rewrite as
F(b,d) = F(£b,Ed), with a £ a Sth—primitive root of unity. That is,

1 301
Z Z (flj b2'd2f + f b2’+2d2/+2> — z Z (fij§2i+2j bzid2/ + f13§2i+2+2j+2 b2i+2d2j+2) ,
i=0 j=0 i=0 j=0
which implies f[jfz +2 = fijforall1 <i<3,0<;<1.8So, f;; =0 whenever 2 + 2/ # 0 mod 5.
O]

From the computational classification of1%, it can be checked that there exist 33 non isomorphic semifields (.S, +, *) with 64
elements, automorphism group isomorphic to Cs; and weak nucleus [F,. Twelve of them are of type A and 21 of type B. The
semifields of type A are distributed in 4 different planes lying in the Knuth classes XVII and XVIII of 1, whereas the other ones
coordinatize 5 planes in the Knuth classes X VIII and XXXIX of1®,

From Corollaries [Iland 2] we know that

F(,d) = ngf’(fozbd4 + f136°d%), G(b,d) = gy, b*d” + g,b°d" + gy3b°d®.

The actual parameters for the different types and planes are shown in Table[T | The element a € F¢ is a primitive 15-th root of
unity satisfying * + a + 1 = 0.

Except for the plane 7, all these semifields have an isotopy (H, J, K) of order 3 which commutes with the automorphism of
order 5. In such case, 15 must divide the order of the autotopism group. In agreement with'1%, for the Knuth classes XVII and
XVIII, this group has order 15 and so, it must be generated by the automorphism of order 5 and the isotopy (H, J, K). For the
Knuth class XXXIX, the autotopism group has order 5 and so it must be generated only by the automorphism.



Type A Type B
Knuth class |Plane | F G Plane| F G
Fis, 87 74 912 48 8 18
XVII Trg? (a®bd® + a”b°d®)|ab®d
2 Tr[,E““"(oﬂbd4 + ab*d®) |abdd®
3 |Ti@’h2d®) b*d? + ab?d*|5 | Tr“(a’bd*) ab*d* + b3d®
4 4
xvin |4 |T@pd®) ab'd® + a6 [T (a""b?d®) ab*d® + b3d®
7| T (a'0n2d®) b*d? + aBb8d8
4
8 [Tr(bd*) b2 d* + abd®
4
XXXIX 9 Trgﬁ(oﬁ?bd4 + a2b2d®) | b*d? + b2d* + abbd®

TABLE 1 Functions F and G of semifields of order 64 with automorphism group isomorphic to C5 and weak nucleus F,.

The different values for the triplets (H, J, K) can be seen in Table The element f € [, is a primitive 3-th root of unity
satisfying 2+ f+1 = 0.

Type A Type B
Plane|H(a,b) |J(c,d) K(e, f)|Plane| H(a,b) |J(c,d) |K(e, f)
1 (Ba,Bb) |(B*c,p*d) (e, f) |5 (Ba,p*b)|(Be,d) |(PPe,ff)
(B*a, pb)|(B*c,pd) |(Be, f) (Ba,b) |(Be,pd)|(PPe,f*f)
(Ba,Bb) |(B*c,p*d)|(e, f) (Ba,b) |[(Be,pd)|(Be B f)
(B*a, B b)|(B*c,pd) [(Be, f) (Ba,p*b)|(Be,d) |(Be. B f)

Bl
O oo O\

TABLE 2 Isotopy (H, J, K) of order 3 for semifields of order 64 with automorphism group isomorphic to Cs.

3 | EXTENDING THE CONSTRUCTION: SPORADIC FINITE SEMIFIELDS OF ORDERS
256 AND 512

In this section, we introduce some examples of sporadic semifields constructed from a weak nucleus and a cyclic automorphism
group. The starting point are the semifields of 64 elements studied in the previous section.

Let F = [F,, with n € {2,3}. We want to construct semifields .S from the direct product of the field F, which will be a weak
nucleus for S, and the field K = [F,. for different values of k. Notice that F is a subfield of KK and so K can be seen as a vector
space over [F. Let us consider & € K an s—th primitive root of unity for an appropriate s | 2"¥ — 1. Let (S, +) be the direct product
of the additive groups (F, +) and (K, +), that is § = F X K. Inspired by the behaviour of the semifields of 64 elements studied
in the previous section, we define a product * in (.S, +, -) in the following way

(a,b) % (c,d)=(a-c+ F(b,d), a-d +0(c)- b+ G(b,d)), 1

where 0 € Aut(F) and F : KXK — F and G : KX K — K are F,-bilinear functions. It is easy to see that * is a well-defined
distributive product due to the [,-bilinearity of F and G. Moreover, the element (1, 0) is an identity for *.

The ring (S, +, *) will be a semifield if and only if there are no zero divisors for the product *. From now on, let us suppose
that (.S, +, *) is a semifield. Then, we can prove some facts about the structure of S.

Proposition 1. Let (S, +, x) be a semifield with multiplication defined by (I). Then, the field F is a weak nucleus for .S.
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Proof. Since S = FxIK, we identify the field F with the elements (a, 0) € S, which clearly is a subfield of .S. From the definition
of the product *, and using the fact that F and G are F, bilinear functions, we have that
((al,o) * (az,O)) * (¢, 0) = ((al @) - ¢, (ay - ay) - Cz)
(a;,0) ((a2,0) * (cl,cz)) = (al “(ay-cy),a;-(ay- cz))
The equality ((al,O) * (az,O)) * (¢, ¢y) = (a;,0) * ((az,O) * (cy, cz)) comes from the associativity of the product of the field
K. Notice that, since [ is a subfield of K, we can see the product of F as the restriction of the product of K.
In a similar way, since o € Aut(F), we can see that
((0130) * (bpbz)) % (a,y,0) = (a;,0) * ((bpbz) * (az,o))
((bl, b,) * (al,O)) * (a,,0) = (by, by) * ((al,O) * (a2,0))

So, [F is a weak nucleus for .S O

Using the same arguments presented in Corollaries|I|and 2} it is easy to see that the F,-bilinear functions F and G must have
the following form

F(b.d) = Y T T (f, b7 dY), Gb.d) = T B0 g, b7 d? @)

Let @ : S — S be the map defined by ¢(a, b) = (a,& - b) for all (a, b) € S. We can ensure that ¢ is an automorphism of the
semifield (S, +, ) provided that the functions F and G satisfy certain conditions.

Proposition 2. Let (.S, +, *) be the semifield with multiplication defined by (I). The map ¢ : .S — .S defined by ¢(a, b) =
(a, & - b) is an automorphism of (S, +, %) if and only if F(&-b,&-d) = F(b,d) and G(&-b,&-d) =& - G(b,d) for all (b,d) € S.

Proof. First of all, we will prove that ¢ is bijective. Notice that if @(a, b) = @(c,d) then a = ¢ and & - (b— d) = 0, which implies
b = d. Therefore, @ is injective and so bijective by finiteness.
Now, we will prove that ¢ is an homomorphism of (.S, +, ). Notice that

o((a,b)+ (c.d)) =plat+c,b+d)=(a+c, & (b+d)=e(ab)+ @ d).
From the definition of the product *, we have
@((a,b) x (c,d))=(a-c+ F(b,c), & -(a-d+o(c) b+ G(b,d))).
On the other hand,
@(a.b)x g(c,d)y=(a-c+ F(E-b,5-d), a-(5-d)+0o(c)-(§-b)+G(E-b.E-d)).
Which leads to F(& - b,& - d) = F(b,d)and G(& - b,& - d) = & - G(b, d) for all (b,d) € S. The converse is trivial. O

Corollary 3. If @ is an isomorphism of (S, +, ) with multiplication defined by , then f; ; must beOforall0 <i<nk-—1
and 0 < j < n— 1 such that 2 + 2/ # 0 mod 5. Moreover, g;; = 0 for all 0 <, j < nk — 1 such that 2 +2/ # 1 mod s.

Proof. 1t suffices to apply the same argument of Corollaries [I] and 2} taking into account that the multiplicative order of & is
s. [

Now, we will analyse which conditions must verify the [,-bilinear functions F and G in order to make (.S, +, *) a semifield.
That is, in order to avoid zero divisors for the product *. In particular, we will apply the techniques presented in'?,
We start from the expression of the product =, that is

(a,b) % (c,d)=(a-c+ F(b,d), a-d+o(c)-b+ G(b,d)).
Recall that a,c € F whereas b,d € K. We get a zero divisor when (a,b) * (¢,d) = (0,0) but neither (a,b) = (0,0) nor
(c,d) = (0,0). In such case, we arrive at the following equations
a-c+ F(b,d) =0,
a-d+o(c)-b+G(b,d) =0.
Let us suppose that a - ¢ # 0. So, there exists an element x € F such that a = x # 0 and ¢ = x~! - F(b, d). Substitution in the

other equation leads us to
x-d+o(x)" - o(F(b,d) b+ G(b,d)=0.



This expression can be transformed into the following one
d-o(x)-x+G(b,d) o(x)+0c(F(,d)=0, 3)

which can be seen as a set of polynomials in K[x]. Thus, if any of these polynomials has a root in [, then we can ensure that there
exists a zero divisor in ,S. The converse is also true. That is, if there exist elements (a, b) and (c, d) such that (a, b) * (c,d) = (0,0)
with a - ¢ # 0, then it is easy to see that x = a € [ is a root of the polynomial

d-o(x) - x+G(b,d) - o(x)+c(F(d))

for certain values of b and d.

If a- ¢ = 0, then we have F(b,d) = 0 and either a = 0 or ¢ = 0. In such case, there exists a zero divisor if the equation
o(c)- b+ G(b,d) = 0 has a solution with b # 0, orif a - d + G(b,d) = 0 for some d # 0.

We have constructed some examples of new semifields starting from a weak nucleus F with a designed automorphism ¢. In
particular, we have chosen [ to be the field [, or [y whereas the field K is given by an extension of [F. The most difficult step
consists on the verification of the absence of zero divisors. For doing that, the previous techniques were applied with the help
of Magma, I Our results are summarized in Table

| FA\K [[ F | K | F | Fy | Bss ||
=1 o(a)=d n/a =1 oc@=a | =1 ocl@=ad|¢"=1
F o(a) = a® Pl =1
4 (p85 =1
o5 =1
#Planes 2 9 6 0
n/a o' =1 n/a =1 o(@=a |nha
Fg o(a) = a?
o(a) = a*
#Planes 0 18

TABLE 3 Possible choices for automorphisms in semifields with weak nucleus.

The weak nucleus [F appears in the rows of the table, while the columns represent the field K. Since F must be a subfield of
K there are some forbidden combinations. Such is the case of F = F,, K = F; and, for F = F, K = F,, F;4 and F,5,. The new
semifields are characterized by the order of the automorphism ¢ and ¢ € Aut(F). For F = K = [ there are no semifields with
an automorphim of order 7, as can be seen in the classification of 1, whereas for F = F, and K = F,s4 no semifields with an
automorphism of order 17 have been found.

The semifields S = (F, X F,, +, %) are already known. This construction provides semifields with 3 and 6 automorphisms
which are isotopic to the systems ¥ and W of Section 2.2 of !, The same happens with S = (F, X F, +, *) for the two possible
choices of o: these semifields are exactly those considered in the previous section.

The computational process for finding the new semifields is the following one. First of all, we choose the field F = [F,., which
will be the weak nucleus for .S, and an extension K = F,« of F. Now, we fix a F,-basis {1,¢, ... , &1} for K and choose an
automorphism o of F. Recall that the multiplicative order, s, of £ will be the order of the automorphism ¢ of .S. With Magma, 1}
we construct the functions F and G for all possible choices of the coefficients f;; and g;; (notice that some of these coefficients
are known to be 0), and then we find the roots of polynomial (3) for all possible choices of b, d € K. If there exists a root in [F,
then we have found a zero divisor and (S, +, *) can not be a semifield. Otherwise, we calculate (a, b) * (c,d) for all a,c € F
and b, d € K and verify the absence of zero divisors. If there are none of them, we have found a new semifield (.S, +, %) with an
automorphism ¢ of order s and weak nucleus [F.

Some semifields have been found with weak nucleus F = [F, and K = Fy,. They all have order 256 and automorphism group
isomorphic to Cy. From Corollary [3} we know that the functions F and G must have the following form

F(b,d) = Ti* (f3bd + f,b'°d%), G(b, d) = g, b°d® + g,5b7d® + gosb ™.



Plane| | F(b,d) G(b,d) Atm(S) | Atp(.S)
TrE“(a57b16d2) ab3d? + a®p2d® + a'2p324%2
1 TrE“(alzbmdz) ab3d? + & p2d® + a2 p2d%?
TrE“(aZIbmdz) ab3d? + a°p2d® + a2 p32d®?
TrEA(a60bl6d2) B3d2 + 2°b2d® + a22b32d2

2 TI.EA((I42b16d2) 3B8d? + a20b2d8® + a8 b32d3?
TrEA(a3bl6d2) 3B8d? + a*0b2d® + a8 h32d3?
TrE“(a“zbde) ab¥d? + a®b?d® + a¥7 p¥2d*?

3 TrEA(a33b16d2) abd? + a'3p2d® + o 7p32d% Co |CoxCy
TrEA(aISbmdz) ab3d? + a2 B2d® + a* p32dR
TrEA(a”bmdz) ab¥d? + a'p2d® + a*¥p2d2
4 TrE4(a48b16d2) ab3d? + a35h2d8 + a33p32d®?
TrE4(a3b16d2) ab3d? + a*' b2d8 + a®3 3242
TrE4(a24b16d2) ab¥d? + a'Bh2d8 + a1 p32432
5 TrE4(a21b16d2) 3h3d? + a*0b2d® + o p32dR
TrE4(a15b16d2) W3B3d? + a20B2d8 + ablp32432
TrE4(a6b16d2) ab¥d? + a®b?d® + a®p¥d*?

6 Tr%(azszmdz) ab3d? + a'8p2d8 + o1 p32432
Tr%(aﬁobmdz) ab¥d? + a®'p?d? + a¥p¥2d*?

TABLE 4 Functions F and G of new semifields of order 256 with a weak nucleus [F,, and their automorphism (Atm(.5)) and
autotopy (Atp(:S)) groups (all of them lie in the same Knuth class).

We have only found semifields when the automorphism ¢ is of the form o(a) = @ for all @ € F. Thus, the product * of S is
given by

(a,b) % (c,d)=(a-c+ F(b,d), a-d+c?-b+G(b,d)),

where the explicit form of F(b,d) and G(b,d) is given in Table The element « € K is a primitive 63-th root of unity
satisfying a® + a* + @® + @ + 1 = 0. As can be seen in that table, we have found a total of 18 non isomorphic semifields, lying
in six different planes. All these planes are in the same Knuth orbit.

By construction, for all these semifields the map @(a, b) = (a, & - b), is an automorphism of order 9. Thus, the order of their
automorphism group, |Atm(.S)|, must be a multiple of 9. After computational verification we found that, in fact, |Atm(S)| =9
and so, the automorphism group of any of these semifields is isomorphic to the cyclic group Cy. On the other hand, if § € Fg,
is a 3-rd root of unity, it is easy to see that the triple (H, J, K), defined by H(a, b) = (62 - a, > - b), J(c,d) = (f> - ¢, - d) and
K(e, f) = (f - e, f), satisfies the relation H(a, b) * J(c,d) = K((a,b) * (c,d)) and so, it is an isotopy of .S of order 3 which
commutes with the automorphism ¢. Then, the autotopism group, Atp(.S), must contain the group Cy X C; as subgroup. Using
the computational methods of*, we verified that Atp(S) = C, X C;.

In the case F = F, and K = [F,5¢ with an automorphism ¢ of order 17, we obtain from Corollary [3| that F(b,d) =
TrESG(beaI16 + f1sb*d*?) and G(b, d) = g,,b'%d> + g,,b*d"® + g;,b'?8d'?8. After a systematic computational search for these
semifields, we have not found any of them. For the automorphisms of order 51, 85 and 255, the function F (b, d) must be identi-
cally zero and G(b, d) = g;,b'?d'?8. As in the previous case, there are no semifields of this kind. A proof of the non existence
of these semifields is provided in Theorem 3

The results obtained for semifields with weak nucleus F = Fg and K = Fg, are summarized in Table[5 | The element @ € K is
a primitive 63-th root of unity such that a® + a* + a® + @ + 1 = 0. We have found a total of 94 non-isomorphic such semifields



Knuth Class| |Plane | F (b, d) G(b,d) Atm(S)| Atp(S)
T
1 T 64 12b8d 6b32d4 42b32d32
I g (@ bd ¥ abrd) * Cy X Cs|Cos X C
13 Tr[FGA(aIZbSd + a6b32d4) a21b32d32
I 2 TI{M((XBbSd + a58b16d2 + a2b32d4) a5b32d32 c c
8
3 TI.[FGA(aSIbSd + a49bl6d2 + a2b32d4) a31b32d32 9 63
F
- 4 Tri‘”(a%bgd +a%b'd? + a®b?2d*) |a'°p32d® c c
7 TI.E'F:64(a4b8d + a2 D542 + a®b2dh) | ap2d2 9 63
8
v 6 TI'?A((X%I)SGI + a12b16d2 + a2b32d4) a4b32d32 c c
12 Tr];"“(a”bgd + 0542 + a2b2d%) | a*b2d? 9 63
8
v 9 TI'?A((X29bgd + a5b16d2 + a6b32d4) a14b32d32 c c
8
10 Tr?“(a”bgd + aOb%d2 + a®b2d") |a®b2d%? 9 63
8
Fos (3418 18116 72 2132 g4y | 427,32 732
VI 5 TIBES(a b°d 4+ a'°b'°d” + ab>>d*) |a*b>°d ¢ Cer
8 TID:64(a52b8d + a9b16d2 + 0(2b32d4) a12b32d32
11 Tr?'::s4(a27bl()d2) (X3b8d2 + a45b2d8
8
14 |Te™(5'0d%) bd? + a2 b?d®
VII 15 Tr?"‘(b32d32) b2 + a2l p32g32 Co X C3|Coz X Cs
-8
16 Tr];64(a54b32d32) B3b8d? + p32d3?
8
17 [T (6%d) a2b2dd + b32d*2
18 [Tr™(6%) B*d® + a?b2d%
8

TABLE 5 Functions F and G of new semifields of order 512 with a weak nucleus F,, and their automorphism (Atm(S)) and
autotopy (Atp(.S)) groups.

of order 512 distributed in 18 planes. The product : is of the form
(a,b) *x (c,d)=(a-c+ F(b,d), a-d+oc(c)-b+ G(b,d)),

with F(b,d) = TrE“(f30 B¥d+ f,, b'%d> + fs, b2d*) and G(b, d) = g5, b¥d* + g3 b*d® + g5 b*2d™?, as is established in Corollary
The automorphism o is the identity for planes 1-14, ¢(a) = a? for planes 15 and 16, and finally, o(a) = a* for planes 17 and
18.

By construction, the map @(a, b) = (a,¢& - b), with ¢ € Fg, a primitive 9-th root of unity satisfying &% + & + 1 = 0, is an
isomorphism of S. So, the group Atm(S) must have a cyclic subgroup of order 9. The planes 1, 11,13, 14,15,16,17 and 18
have another automorphism 7z of order 3, that can be found in Table @ It is straightforward to see that tepr~! = ¢’ and so, the
group Atm(.S') must contain the group G = (g;, g | g? =1, gg =1, g2g182_1 = gf) as a subgroup. This group has order 27 and
is isomorphic to a semidirect product Cy X C;. Using computational methods, we verified that the group Atm(S) has order 27
and so it is equal to G. The remaining 10 planes have no other automorphism apart from ¢ and its powers and so, Atm(:S) = C,
for all of them.

Planes 1,2,4,5, 6 and 9 lie on the Knuth classes I to VI. Each class also contains the dual plane of the chosen representative
(i.e., planes 13,3,7,12,10 and 8) see Table The other six planes constitute a single Knuth class: VII. For semifields in
classes I and VII, we can find an isotopy (H, J, K) of order 7, see Table @ which commutes with the automorphism ¢. Thus,
we have an isotopy (H, J, K) = (H - ¢, J - ¢, K - @) of order 63 which verifies that 7 - (H,J, K) - t~! = (H, J, K)!® forall =
in Table E So, the autotopy group, Atp(:S), for semifields in classes I and VII must contain the subgroup G = {(g,, &, | gl63 =
1, g; =1, 888 I = g116) which is isomorphic to a semidirect product Cq; X C;.After a computational verification, we
found that Atp(.S) has order 189 and so, Atp(.S) = G. For classes II to VI, there exist the automorphism ¢ and the isotopy
(H,J,K) of order 7 given by H(a,b) = (n%a,n®b), J(c,d) = (nc,nd) and K(e, f) = (e, f), where 7 is a 7-th root of unity. The
automorphism and the isotopy commute, so, in this case, the autotopy group Atp(.S) contains the direct product Cy X C; = Cg;.
Using computational methods, we found that, in fact, Atp = C;.



10

Knuth Class| |Plane |z (a, b) H(a,b) |J(c,d) |K(e, f)
1 (@, a®'") |(n°a,n°b)|(ne,nd) |(e, f)

! 13 [(a?,a®b'®) |(n°a,n®b)|(nc,nd) |(e, )
11 (@, a"b')|(na,n*b) |(ne,n*d) |(n*e,n’f)
14 (@, b)) |(na,n*b) |(nc,n*d) |(n*e,n’ f)
Vil 15 (@, b'%)  |(nPa,n’b)|(n°c,n’d)|(ne,nf)

16 [(a®, a>*b')|(n*a, n’b) |(n°c, nd) | (ne,nf)
17 [(@®b'%)  |(Pa,n%b)|(n*c,n’d)|(n°e,nf)
18 |(@*b'%)  |(Pa,nb)|(n*c,n’d)|(n°e,nf)

TABLE 6 Automorphism 7 of order 3 and Isotopy (H, J, K) of order 7 for semifields of order 512 in Knuth classes I and VII.
The element # is a 7-th root of unity.

3.1 | Proof that the sporadic semifields are new

In this subsection we provide some facts which show that the sporadic semifields described in this work are new. Since the size
of the nuclei N,, N, and N,,, is invariant under isotopy transformations, we will use this information in order to prove that the
constructed semifields are actually new.

The sporadic semifields with 256 elements lie in a unique Knuth orbit, and the size of their nucleiis |N,| = |N,| = |N,,| = 2.
In agreement with''2, these semifields could be in the Knuth orbit of:

1. Hughes-Kleinfeld semifields of order 22 and Sandler semifields of order 24 with center of order 2. All these semifields
have at least two of their nuclei of size 4. So, they can not be isotopic to any of the semifields constructed in this section.

2. Knuth semifields of type I, I, III or IV and binary Knuth semifields. Knuth semifields of type I, III and IV must have
two nuclei of size 2*. So, the only ones that can be isotopic to the semifields found in this section are those of type I.
Using computational methods, we found that the our semifields are neither Knuth semifields of type I nor binary Knuth
semifields, since they are not commutative.

In addition, we have taken into account the constructions of semifields presented in''®, They generalize some known structures
like generalized twisted fields and cyclic semifields, but some of them are completely new. As can be seen in Corollary 2 of 18,
there are two different families of these semifields. The first one is denoted by S, ; (1, p, F) < M, (F,.) < M, (F,), with ¢ = p®,
n € F,, p € Aut(F,,) and F an irreducible polynomial over K[x], with K a subfield of F,.. The second family is denoted by
S,.5x0,0, F), with F an irreducible polynomial over K[x]. In any case, for semifields of order 256, the size of their nuclei can
never be equal to |N,;| = |N,| = |N,| = 2. Thus, the semifields described in this section can never be isotopic nor fall in the
Knuth orbit of those presented in'l%,

There exist seven different Knuth classes for the sporadic semifields with 512 elements. The size of the nuclei for semifield
III in Tableare IN,| = |N,| = |N,,| = 2, whereas for the other ones we have |N,| = |[N,| = 2,|N,,| = 8. From'2, these
semifields could be isotopic to some of the following ones:

1. Albert generalized twisted fields of order 2°. These semifields have center of order 23. So, they can not be isotopic to
semifields in Table[5 |since the formers have center isomorphic to [F,.

2. Knuth binary semifields. These semifields are commutative and so their Knuth orbits have 3 semifields at most. However,
it has been computationally checked that the Knuth orbit of semifields in Table[5_|always has 6 semifields.

3. Jha-Johnson cyclic semifields. They are a special case of the construction in'®, and they will be analysed latter on.

4. Kantor-Williams symplectic pre-semifields of order 2° or 8 and their commutatives Knuth derivatives. Again, the Knuth
orbit of these semifields has 3 semifields at most, so those in Table[5_|can not be isotopic to any of them.

Finally, we have to consider the semifields S, ; (1, p, F) and S, ; (0,0, F) of I8, There are only two possible choices for the
parameters n and s in order to construct semifields with nuclei of sizes |N,| = |N,| = |N,| = 2 or |N,| = |N,| = 2 and
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N,,| = 8. For the firstcase,n =3, s = l and g = 23, By Remark 8 of 8 these semifields must be Albert generalized twisted
fields. But, in that case, the nuclei and the center must have 8 elements, which leads to a contradiction. So,n =3,s=3,g=2
and the semifield must be of type 8331, p, F). From Theorem 6 of!® this election of parameters implies # = 0 and so, as
a consequence of Theorem 8 of 18 the semifield must be of type 8531(0,0, F). In such a case, the sizes of the nuclei must be
IN,| = |N,,| =23, |N,| = 2°, which is impossible.

4 | CONCLUSIONS

In this work we have studied the structure of some division rings with 64 elements and automorphism group isomorphic to the
cyclic group Cs. Using the techniques presented in'', we have been able to extend this behaviour to other finite division rings
with 256 and 512 elements and with a designed automorphism group. Notice that all these rings are 3-dimensional vector spaces
over the weak nucleus instead of 2-dimensional, as in1%, These rings have been classified into Knuth orbits and their autotopism
group has been calculated. Finally, we have proved that these rings do not belong to the large class of semifields presented in"®,
The work finishes with some results about the non existence of division rings with 256 and 1024 and certain automorphisms
groups.
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APPENDIX
A NON EXISTENCE RESULTS

In this last section, we collect some results on the nonexistence of semifields with weak nucleus and designed automorphism
group.

In the case of semifields with 256 elements with weak nucleus F = F, and K = [, there exist two more possible choices for
the automorphism group. However, it is not possible to construct such semifield, as it is proved in the following result.

Theorem 4. There are no semifields S = (F, X Fy,, +, *) with multiplication defined by (1)) with an automorphism ¢ of order
21 or 63.

Proof. From Corollary |3| the order of the automorphism ¢ implies that, from , F(b,d) = 0 and G(b,d) = gssb**d>? for
all b,d € Fgy. So, (a,b) * (c,d) = (0,0) is equivalent to the conditions a - ¢ = 0 and a - d + o(c) - b + gssb*?d?*> = 0. If
8ss = 0, then (a, b) = (c,d) = (0, 1) are zero divisors. So let us assume that gs5 # 0. Let « € Fy, be a primitive 63-th root of
unity, so that gs5 = ak, for some integer k. Let us suppose that a = 0 and that b,c,d # 0. Then, o(c) - b = gs;5 b*2d*? and so,
o(c) = gss(db™1)* because b = 1 gives b= = b*!. Since ¢ € Aut(F,), the latter equation has a valid solution if and only
if (g5sd®?b2?)* = gs5d3?b732, that is, if and only if (db~')* = ggs because (db~")%32 = 1 gives (db~")73%3 = (db=")*°. The
previous equation can be written as a3” = 3, and it has solutions if and only if the congruence 30i = 3k (mod 63) has any
solutions in Z, which is true because gcd(30, 63) = 3 trivially divides 3k for any k. Let i be any one of these solutions, and let
z =a'. For any b # 0, let R,-; be the right multiplication by b~! in [Fy,. This operator is surjective, so there exists an element d
such that R, (d) = z. Then, (db™1)0 = @3 = g3 = 325 and so, we have found an element d # O such that (0, b) * (c,d) =0
and S cannot be a semifield.

O

For semifields with 1024 elements and weak nucleus F = [, notice that it is also possible to take automorphisms of order
51, 85 and 255. In such case, the functions F and G given in (2) must be F(b,d) = 0 and G(b,d) = g;,b'*d'?8. It is easy to see
that there are no semifields of this kind.

Theorem S. There are no semifields S’ = (F, X F,s¢, +, *) with multiplication defined by (1)) with an automorphism ¢ of order
51, 85 or 255.
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Proof. As in the proof of the previous theorem, it suffices to find b, d € F},, such that (db™")'26 = g3, If { € Fys4 is a primitive
255-th root of unity, this condition is equivalent to solve the congruence 126i = 3k (mod 255) for a certain k such that g;; = ¢ k.
But this congruence can always be solved, because gcd(126,255) = 3 divides 3k for any k. The rest of the proof is as in the
previous theorem and will be omitted. O

Finally, we state the following result about the non existence of semifields of order 1024 with weak nucleus F = [ and
automorphism group of order 21 or 63. The proof is similar to those of Theorems 4] and [5]and will be omitted.

Theorem 6. There are no semifields S = (Fy X Fyy, +, *) with multiplication defined by (I)) with an automorphism ¢ of order
21 or 63.
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