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1 Introduction

Experiments suggest that quantum criticality is underlying many of the exotic transport
properties of ‘strange metals’ like high T, superconductors, heavy fermion, organic super-
conductors, etc. In most cases very little is known about the quantum critical theory or
theories that are responsible for the observed behavior, including something as basic as
their symmetries. Any clue in this direction would then be extremely valuable.

One of the simplest models of quantum critical behavior is the z = 2 Lifshitz theory
introduced in [1]. Theories with Lifshitz symmetry and dynamical exponent z exhibit a
minimal set of symmetries including time and space translations, space rotations and the
anisotropic scaling ¢ — A\?¢, ' — Az’, which may be anomalous for some observables.
Starting with [2], strongly coupled theories with Lifshitz symmetry have been extensively
studied using gravity duals with the goal of identifying universal properties that would
help to understand better the nature of the quantum critical point.

However, Lifshitz symmetry can in principle be extended to larger groups that include
Galilean boosts and for z = 2 also non-relativistic conformal transformations.! For z = 1 it
can be extended to the full relativistic conformal symmetry. One of the motivations for the
present work is to identify effects that distinguish between systems with and without boost

!There are other possible extensions for discrete values of z < 1 e.g. [3].



invariance. A first step in this direction is to develop the hydrodynamic description of a
theory with Lifshitz symmetry at finite temperature. This is well motivated as an effective
description of electrons in the case of strange metals [4]. The interaction rate between the
electrons is much larger than the interaction rate with the ions in the lattice or impurities,
so the electrons have time to reach local thermal equilibrium between scattering events
with the other elements of the system that produce momentum loss. Note that this is not
true in ordinary metals, that can be described as a weakly coupled gas of quasiparticles.

The description of Lifshitz hydrodynamics was initiated in [5] for neutral fluids and
extended for charged fluids and superfluids in [6]. In the present work we extend the
charged hydrodynamics to include parity breaking effects. This is partly motivated by the
fact that in many cases the strange metal behavior occurs in a magnetic material and/or
in the presence of magnetic fields. More generally, parity breaking introduces many effects
in hydrodynamics such as Hall transport in 2 + 1 dimensions or anomalous transport in
3 + 1 dimensions. An interesting question is if new effects are possible when there is
no boost invariance. We find that this is indeed the case in 3 + 1 dimensions, where
there can be currents in the direction of magnetic fields or vorticity. Usually these kind
of transports are associated to the presence of chiral anomalies and have been studied
in multiple systems, including e.g. astrophysics [7, 8] quark-gluon plasma [9], condensed
matter [10, 11], cosmology [12] and relativistic hydrodynamics [13-16],2 where they are
commonly known as Chiral Magnetic and Chiral Vortical Effects. The novelty is that in
Lifshitz theories it is allowed even if the currents are non-anomalous. In 2 + 1 dimensions
there are additional terms that affect the Hall conductivity and Hall thermal transport.

The transport described above is in the context of non-invariance under Lorentz boosts.
In addition, we take a non-relativistic limit to derive the Lifshitz hydrodynamics in the
context of non-invariance under Galilean boosts. We use it as a phenomenological descrip-
tion of the strange metal as a Drude model with a strongly coupled electron fluid, in the
spirit of [17] for graphene. We take into account the effects of scattering with the lattice
or impurities by adding a drag term to the hydrodynamic equations. Interestingly, we find
that in 3 + 1 dimensions a Chiral Magnetic term survives in the non-relativistic limit. In
2 4+ 1 dimensions there is an anomalous Hall effect in inhomogeneous configurations, i.e. a
Hall current in the absence of magnetic field.

The paper is organized as follows: in section 2 we review Lifshitz hydrodynamics and
derive the constitutive relations in parity breaking theories. We constrain possible terms
to first order in derivatives using the local second law of thermodynamics. This is done for
theories without Lorenz boost invariance, but otherwise relativistic. In section 3 we take
a non-relativistic limit and derive the constitutive relations for theories without Galilean
boost invariance. In section 4 we study some phenomenological consequences of broken
boost invariance using the Drude model of non-relativistic hydrodynamics with a drag
term. Finally in section 5 we summarize and discuss our results. We have collected several
technical results in an appendix A.

2In this context, anomalous transport coefficients were first computed in holographic models [18-21].



2 Lifshitz hydrodynamics with parity breaking terms

The lack of invariance under Lorentz boosts in theories with Lifshitz symmetry implies that
the energy-momentum tensor is not necessarily symmetric. Using rotational invariance one
can show that no asymmetric terms are expected in the hydrodynamic energy-momentum
tensor at the ideal level, and we confirmed this explicitly by a calculation in free field
theory [22]. Note that rotational invariance is unbroken in the rest frame of the fluid.
For an observer that sees the fluid moving with a velocity u* the corresponding symmetry
condition is

(T" = T"")PuoPyg =0, (2.1)

where P = n* 4+ utu” is the projector in the directions transverse to the velocity.
The absence of invariance under Lorentz boosts on the other hand allows the following
components to be asymmetric:

(™ —T"")u, P, #0. (2.2)
In the rest frame of the fluid this becomes
T% — T +£90. (2.3)

But in a state with rotational invariance the expectation value of T% vanishes, so at
the ideal order the hydrodynamic energy-momentum is symmetric. When the velocity or
other fluid variables are not constant there can be asymmetric terms that depend on the
derivatives of the fluid variables. In previous works [5, 6] we found the possible asymmetric
terms to first viscous order in fluids and superfluids with unbroken parity symmetry. Here
we will give a detailed presentation for charged fluids with parity breaking terms.

We will work in the Landau frame T*"u, = —eu*, where the energy-momentum tensor
takes the form?

TH = euru” + pP* + Wé”y) + ﬂ%ll] + (u“w[;(a} + u”ﬂ%ﬂ)ug . (2.4)
Both 74 and 7g contain terms that are at least first order in derivatives. The last symmetric
term depending on w4 ensures that the Landau condition will be satisfied when we add
the antisymmetric part. In addition, the symmetric part should be transverse W(S“ V)u,, = 0.

The condition (2.1) constrains the anisymmetric part to be of the form
bl — ey, (2.5)

Where Vju, = 0. Then, the form of the energy-momentum tensor in the Landau frame
becomes

TH = eut'u” + pP"" + ﬂ'gw) +urVy . (2.6)
In addition to the energy-momentum tensor, there is a conserved global current whose
constitutive relation is

JH = qutt + vH, (2.7)
where we impose the condition v#u, = 0, so that the charge density is ¢ = —J"u,,.
3We follow the usual bracket convention for symmetrized A*BY) = 1(A*BY + A”B"), and antisym-

metrized A¥BY = 1(A*B” — AYB") tensors.



The name of the game is to find all possible first order viscous terms, constructed from
derivatives of the velocity, temperature 7', chemical potential u and external electromag-
netic fields A,,. We consider the derivatives of the external fields to be of first order. There
are many such terms that one can build, but we will constrain them by demanding a local
form of the second law of thermodynamics holds. This means that it should be possible to
define an entropy current (which coincides with the usual notion of entropy at equilibrium)
whose divergence is not negative

Oujl > 0. (2.8)

Starting with Landau, this approach has been used with great success to constrain hy-
drodynamic coefficients. For parity breaking terms we will restrict the analysis to 2 + 1
dimensions and 3 4+ 1 dimensions. If parity is unbroken the entropy current takes the

generic form

Jh = sut — %1/“. (2.9)

Where s is the canonical entropy density € + p = T's 4+ puq. When parity is broken it is in
principle possible to add to the entropy current additional terms that are pseudovectors,
we will denote them as V/*. The entropy current is then defined as

= sut — %y# + D,V (2.10)
We can derive the equation for the entropy current from the conservation equations
0T wy + poy J" = F*u,J, + pA. (2.11)

Here we allow for an anomaly 9,,J# = A in the global current, such term can be present in
3 4+ 1 dimensions. In 2 + 1 dimension one should simply set A = 0. Expanding explicitly
the equation above one finds

— T, (su™) + 0,7 4™ uy + 10, Viuy + pdut = —Eu + pA. (2.12)
Where we have used € + p = T's + uq, the first law
Oue =T0O,s + pouq, (2.13)

and we have defined the electric field as E#* = F*u,,. Straightforward algebra leads to the
following equation for the entropy current

L (w 1 1 -
Ot = —m§" Q= ZVhay + 20" €, = LA+ 0DV (2.14)

Where a* = u*0,ut is the acceleration and we have defined the vector
£, =E,-TP 8, L). (2.15)
I M 0 T

The positivity condition d,,j§ > 0 implies that terms on the right hand side of the equation
that do not cancel out should form squares. We can separate parity preserving and parity
breaking contributions

Guj§=AP+AP. (2.16)



They do not mix, so we should impose the positivity condition separately for each of them

Ap>0, Ap>0. (2.17)

For illustration purposes we will review the analysis of [6] for the parity preserving con-
tributions. The most general form of the viscous terms allowed by the entropy current

equation are

W(S“V) = —not” — (P*" 0 u”,
Vi = —aqa — 208", (2.18)

vt =2azat + o&F.

Where 1 and ¢ are the shear and bulk viscosities respectively, o is the conductivity, and
the shear tensor in d + 1 dimensions is defined as

gl = phepvh (za(auﬁ) . % aﬁ(aguao . (2.19)

From (2.14), the positivity condition imposes the following constraints on the parity pre-
serving coefficients

n>0, ¢>0, c>0, oay > (ag + az)? (2.20)

The combination as — ag drops from the divergence, so it is dissipationless. It will vanish
if we impose Onsager’s relations.

We will now proceed with the parity breaking terms. The analysis depends on the
number of dimensions, so we treat them separately.

2.1 Parity breaking transport in 3+1 dimensions

In 3 + 1 dimensions there can be interesting new effects when parity is broken due to
chiral anomalies. A purely hydrodynamic analysis shows that the value of some transport
coefficients is fixed by the anomaly [13-15].

There are two possible independent pseudovectors we can construct [13], the vorticity
w’ and the magnetic field B*. They are defined as follows:

1
wH = ie“l’p"uyapua ,

1 (2.21)
BY = ie‘wp"uprU.
The entropy current has then the form
= sul — %u“ + Dywh + DpB*. (2.22)
The parity breaking contribution to the divergence is
Ap= —%Vj“fa# + %u;j)gu + Ou(Dpw) + 8,(DpB*) — %C’EMB“. (2.23)



Where we have introduced a possible chiral anomaly for the current A = CE,B". Note
that there are no w? or B2, so the positivity condition for the entropy current is that there
should be an exact cancellation among the parity breaking contributions

Ap=0. (2.24)

This implies that all the related transport is non-dissipative. The divergence of the vorticity
and of the magnetic field are not independent scalar quantities, but they can be decomposed
as follows:

Ot = 2a,w", 0uB" = a,B" — 2w, E". (2.25)
The possible parity breaking contributions that can appear in the viscous terms are

VE p=—Thuw" — TBpB",

F (2.26)
V}LJ = gww,u + gBBu-

It is sufficient if the cancellation is realized on-shell, this means that at this order we are

allowed to use the hydrodynamic equations truncated to ideal order. In particular, this

fixes the acceleration

1
at = i B!~ P d,p. (2.27)
e+p e+p

Collecting terms, we find

Ap=uwh (@D = (2Du + Bu) 2 OP ¢ (T>>

q §w
PEL (2D —— —2D
+w ,LL<( w+6w)€+p B+T>

p 7
+ B <auD - j_p(DB + BB) — §BGMT>
pp (4PB+08B) &8 1 _
+ B'E, <6+p +32 o) =0 (2.28)

Each of the brackets has to vanish independently, this results in the following conditions:

— &, “(T) =0, (2.29)
§w

8,D,, — (2D, +Bw) Oup

(2D, + Bw)Tp —2Dp + 2 =0, (2.30)
- jp(DB + Bp) — Ep0u = 0, (2.31)
¢(Dp + BB) §B M



The derivation of the solutions can be found in the appendix A.1, here we present the final

result:

Bu(it, T) = 20T Bp + by, (2.33)

£5(,T) = C(u - ;jfp) - gqu (d5 + B5). (2.34)

€, T) = C(xf - gfﬁl) +oT (dB - :f_quB)

— quer(de +2T1Bp + bu) s (2.35)

Dp(i,T) = %c:rfﬁ +dp, (2.36)

Dy, T) = %CTQ/Z?’ +2aTdp +d,, , (2.37)

dg(T) = fyBT+T/T BBT(;)dr, (2.38)

dy(T) = 7, T2 + T2 / ! b”T(; Jir | (2.39)

With b,(T") and Bp(T) arbitrary functions of the temperature.

For z = 1, we would expect B = ¢gT and b, = ¢,T? if there is scale invariance,
as in theories with Lifshitz symmetry. However scale invariance would actually be bro-
ken because for this temperature dependence when we do the integrals over temperature
in (2.38), (2.39) we find logarithmic terms

dg =BT + cgTlog(T/A),  dy =v.T%+ ¢, T?log(T/A), (2.40)

where A is the scale associated to the breaking of symmetry. Therefore, Lifshitz symmetry
demands Sg = b, = 0. In this case the transport coefficients are simplified to

Bu(ii,T) =0, (2.41)
57, T) = C(u - ;;fp) = :_1;21)’)’3, (2.42)
&un.7) = 1 - jqf’p) 2T = 2y 1T, (243
Dp(i,T) = %CT[P + 7T, (2.44)
Dy,(i,T) = %CTZ/ZS + 20T%yg + 4,17 (2.45)

Note that these are the same results as for the relativistic theory [18]. If we further impose
CPT invariance (note that for a Lifshitz theory this is not a requirement), we will fix
Y» = 0. For a detailed explanation on how the hydrodynamic quantities transform under
CPT see [23].

For z # 1, we would expect Sp = cgT % and by = ch% if there is scale invariance,
as in theories with Lifshitz symmetry. However, in this case the terms proportional to vp



and 7, break scale invariance. In this case, Lifshitz symmetry demands vy = 7, = 0.
Therefore, the transport coefficients are
2
Buljis T) = (2t + co)T? | (2.46)
_ 1 oqu? 2—2z q .2
T=Clp—= —cp——— T= 2.47
(i T) = O 12 2018 2 (o 2 g
= —_ = C — z
wik Al Y P B =2 e+p
q Cw _ 2+z
— 2 T 2.48
(3% e )T (2.48)
Dy, T) = ~CTE + ——cpT™" (2.49)
BULE) = o=t T — )Pt T '
1 z 2
Dy(ii,T) = zCT?i® + —————(2[i T=. 2.50
w(p, T) = 3CT R +2(1_Z)(u03+cw) (2.50)

2.2 Parity breaking transport in 2+1 dimensions

We follow closely the analysis of parity breaking fluids in [24]. There are three possible
independent transverse pseudovectors we can construct

Ul = ePuga,,

Uy = e"Pu, By, (2.51)
~ 1

Ul = —fe“”pu,,é’p.

We can also construct two independent peudoscalars, the vorticity w and the magnetic field
B, and a pseudotensor, the Hall viscosity ¢#:4

1

w= 56“”’)1@&,%,
1
B = §e“ypuMF,,p, (2.52)
1
oM = z(e“pgupag” + €"u,o ).
Note that our definitions differ from those of [24], the relation is Bipeirs = —Bowrs and
Qtheirs = —2Wours- 1t will be convenient for the analysis of the entropy current to group all
the possible pseudovectors (transverse and not transverse) in the following basis (R = %)
VI = eé"Pu,8,T = ~TU}' — RT*UY
VI = evry, 9, = U“—I—lf]"
3 vOprp 3 tpYas (2.53)

B 1 .
Vi = §e“VpFl,p = U} — But,

VI = e"P,u, = Ul — 2wu.

*An useful relation is 20),u,) = —2€.,u"w.



We can add the following parity breaking terms in the viscous contributions to the

energy-momentum tensor and the currents:
e Symmetric part of the energy-momentum tensor:

Ty =GP w — (P B — . (2.54)

e Asymmetric part of the energy-momentum tensor:

3
Vip=-TY mVi". (2.55)

i=1

e Current:

3
A (2.56)
i=1

e Entropy current

5
= sul — %uﬂ +Y vt (2.57)
i=1

The parity breaking contribution to the divergence of the entropy current is

ov;

Ap=—Lalma fo U +Z<8yla TV =2 5 OV + ;0 V“) (2.58)

TSP,UV

Where we have set the anomalous term to zero A = 0 since the number of spacetime
dimensions is odd. The positivity condition for the entropy current is that there should be
an exact cancellation among the parity breaking contributions, since it is not possible to
form squares

Ap=0. (2.59)

This implies that all the related transport is non-dissipative. The divergences of the pseu-
dovectors are not independent scalar quantities, but they can be decomposed as follows:

V' = —2wu®0,T — Ul'9,T, (2.60)

0,V4" = 0a(Bu®), (2.61)
v a H & 1%

V4’ = —2w0u Oy — U O (2.62)

V=0, (2.63)

V=0, (2.64)

It is sufficient if the cancellation is realized on-shell, this means that at this order we are
allowed to use the hydrodynamic equations truncated to ideal order. In particular, this



fixes the acceleration to (2.27) and we have the following relations among derivatives

w9, T = —T<8p> 9,
Oe g

e 3{8)e

oa--ion(2) )

PH9,T = —~TU! — RT?UY = —~Ta" + RTEX,
_ 1 1
PFOup = —(e + p)(a* — RE").
Collecting terms, we find

AP = Ulljg ([Lg — RT2/]1 — Tgl — RT2(8T175 + 171) -+ (8ﬁl75 + 173) + T(aﬁﬁl

~ 1. Ols + U
+ U1U2 (M2+M3+“53

T T + 8ﬁﬁ1 — Orvg — T8T54>

Y I
+ UsUs (52 + f(Sg + RT(Orvs — 3ﬂ171) — Ouvy + RT20TI74>

op Op
-+ B@( (p+ T(86>q8TV4 + = T (8(])68“”4)

dp - ~ 1 /0p - _
+ 2wb (Cw + T<a€ )q(aTV5 + 1) + T (8(1)6(0;1’/5 + V3)>
+ 8“520:2 + 5BO + ﬁgu“aﬂB

(2.65)

— Ori3))

(2.66)

Each of the brackets has to vanish independently, this results in the following conditions:

7y =0
fis — RT?[iy — TSy — RT*(Dris + 1) + (Opivs + i73) + T (91 — Opivg) = 0
1 Ouis + 1
o + =3 + M + 6,;&1 — Org —TOorv, =0
T T
N 1 -
02+ 03 + RT(GTﬁg — Ouin) — Oy + RT?Orig = 0
dp dp
= T =
CB—F (8>8TV4+T<6(]>68V4 0

0 . 5 1 /0p - -
G +T(af) Oris + 1) + T<aq> (Opis + 73) = 0
q €

(2.67)
(2.68)

(2.69)
(2.70)

(2.71)

(2.72)

For fi; = 0 we recover the results of [24]. If we assume Lifshitz scale invariance, in general

the coefficientes will have a power dependence on the temperature times an arbitrary

function of . The power is determined by demanding that all the terms in the same

,10,



equation have the same scaling, taking into account that the scaling dimension of the
temperature is [T] = z. This fixes:

- 1—2 - 1—=z - 1

pr~T=", po~ T =, pg ~ 1=,

~ 1—=2 ~ 1—=z ~ 1

51 ~Y T z 5 62 ~Y T z 5 63 ~Y T;,

- 1—=2 - 1 - 1—2 - 1 (273)
I/1NTZ, I/;),NTZ7 V4NTZ, V5NTZ,

Cp~ TV, (o~ TF

3 The non-relativistic limit

We now study fluids with broken Galilean boost invariance. Instead of deriving the hy-
drodynamic constitutive relations from the start, we will take a non-relativistic limit of
the Lifshitz hydrodynamic equations we have discussed in the previous sections. This will
automatically lead to non-relativistic hydrodynamic equations. Similar limits have been
used in the context of Galilean invariant fluids in [25, 26].

In the relativistic fluid the maximal velocity ¢ appears in v* = (1,5)/+/1 — 32, where
B* = v'/c. In the non-relativistic limit ¢ — oo, the pressure is not affected while the
relativistic energy is expanded in terms of the mass density p and the internal energy U as

pv

2
From the thermodynamic relation € + p = T's + uq, we get that

6202/)— +U (31)

7)2
pr C — _—
q=p p207

The electromagnetic fields scale as A; — A;, Ag — A;/c, which give the relations:

uzc%—@ (3.2)

e In 341 dimensions:
A g . .
B' =~ (B + ¢ u;Bare) +0(1/c), B =Blp+0(1/c).  (33)

e In 2+1 dimensions:

T 3
B = ~(Exg — €’viBxr) +o(l/c), B =DBnr+ o(1/c?). (34)

The subscript NR will be left out in the reminder of the text. We use the conventions in
which €123 = €123 = 12 = 1.
For charged hydrodynamics we first go to the Eckart frame, where J#* = qu*. To first

order in derivatives the energy-momentum tensor in this frame is

tp

™ = eutu” + pP* + uHV} + 7t — c (ufv” +u’vh). (3.5)

Note that in the Eckart frame the current conservation equation gives the usual continuity
equation. If #* ~ O(1), the energy conservation equation becomes

ip + 0;(pv' — ') = 0. (3.6)

— 11 —



This would make the charge and mass currents different, while we are interested in de-
scribing systems made of particles with fixed charge over mass ratio. In order to have a
consistent expansion, the dissipative terms in 1’ should start contributing only to the next
order, where they enter in the thermal current. Then we have to impose that v* ~ O(1/c?).
In this case, there are no contributions from v terms to the Navier-Stokes equations.

Galilean boost invariance will fix a relation between momentum density and mass
current P = J' = pv'. When we take the non-relativistic limit of the boost-breaking
hydrodynamics, this condition does not hold anymore beyond ideal order. We find that
the Navier-Stokes equations become

e In 3 + 1 dimensions:
O P’ + 0;(P?) + 0'p = p(E" + ¢%v; By,) + 0;(no™? + 6" (o) . (3.7)

Where 0;; = 0;vj + 0jv; — %&jﬁkvk is the shear tensor (in this case for d = 3). The

momentum density is
P! = pv' — aga’ — arpd'T — TBRBY, (3.8)

where we define the acceleration as a* = Dyt = vt + v7 ajvi and the magnetic field
as B = %eijkﬁ}k. The term SBp allows a Chiral Magnetic Effect in a non-relativistic
theory. If the theory was obtained from a non-relativistic limit, it is determined by
the value of the anomaly in the original relativistic theory. Note that the continuity
equation for the current holds in this limit, and the effect of the anomaly enters in
the thermal current and the momentum density.

We got these expressions by demanding that the leading order dependence of the
relativistic coefficients with the speed of light is,

n~0(c), ¢~O(c), a~O(P),  Bu~O0(?),  Bp~O(c), az~O(1),
w0t), 5-0(L). e0(1), w-o(L). c-o(L).

In principle we could add to the momentum a term of the form
B, (3.10)

where Q) = %eijkﬁkvj is the vorticity. However, the entropy analysis that we detail
in appendix A.2 reveals that those terms should be zero in the non-relativistic limit.
Therefore, Chiral Vortical Effects are suppressed in the non-relativistic limit.

e In 2+ 1 dimensions:
O P+ 0;(Pv?) + d'p = p(E* — ¢9v; B) 4+ 0;(no™ +npe™ +69¢op0")  (3.11)
Where the Hall viscosity tensor is

1
o = i(elkai + ekal), (3.12)

— 12 —



and o;; is the shear tensor for d = 2. The momentum density is?
P! = pv' — aga’ — apd'T — BTeij(?jT — ﬁueijﬁj,uNR — ﬁEeij(Ej — ejkka) . (3.13)

We got this expression by demanding that the leading order dependence of the rela-
tivistic coefficients with the speed of light is,

Cw ~1H ~ O(C) ) CB ~ O(l) ) (3'14)
3
- c - - - - ~

m=fw9+w9+md,Angﬁww9+ﬂh,/m~06% (3.15)
5 = 501001/ 5= L50so)@).  h~on 3.16
1 =10, +0(1/c), 3= 0 +0(1/¢%), 2~ O0(1/c).  (3.16)

In principle we could add to the stress tensor terms of the form
8 (CeB + (o), (3.17)
with B the magnetic field and Q = —%eij O;v; the vorticity. However, the entropy

analysis that we detail in appendix A.3 reveals that those terms should be zero in
the non-relativistic limit.

4 Drude model

We model the collective motion of electrons in the strange metal as a charged fluid moving
through a static medium, that produces a drag on the fluid. The hydrodynamic equa-
tions are

Ot =A, 9" =F"J, — \cd""J;. (4.1)

We are interested in describing a steady state where the fluid has been accelerated by the
electric field, increasing the current until the drag force is large enough to compensate for
it. In order for this to happen we keep the external fields constant in time, although we
allow them to vary slowly in space. In the steady state configuration the current does not
change but other quantities like the energy can change with time since there is dissipation.

4.1 Effects in 3+1 dimensions

The Navier-Stokes equations with the drag term included are
QP+ 0;(Pv?) + d'p = p(E" + ¢%0; By) + 9;(no™? + 6" ¢opu*) — Apo'. (4.2)

Where P’ is given by (3.8). We can see the effect of breaking of boost invariance and parity
by introducing constant electric and a slowly varying magnetic field E, and B,(x), in such
a way that when we solve for the velocity derivative terms are suppressed. We also assume
that the amplitude of the electromagnetic field is small, so non-linear terms are subleading.
To leading order, the current has only a longitudinal component

P
Jy=<FE,. 4.3
2 (43)

5The coefficients 8 are combinations of the original coefficients ji in the non-relativistic limit. We have

separated the different independent contributions.
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Since d;0° = 0 to this order, we can take the density p to be constant, as well as the
temperature and the chemical potential.

In addition to subleading corrections to the longitudinal current, currents in the trans-
verse directions are also generated. There are two kind of contributions, pointing in different
directions. One is coming from the Lorenz force term

J:—%&&. (4.4)
The second is due to the Chiral Magnetic term and points in the direction of the magnetic
field T8

Jo = 5 EsB: (4.5)

Note that this current would be forbidden in a Galilean-invariant theory (with a single
species of particles).

4.2 Effects in 2+1 dimensions

Assuming a time-independent configuration, the hydrodynamic equations for the density
and the velocity are

di(pv') =0, (PR +0'p = O (no™ +nua* 4+-¢5%0) — Apv' +p(E' —€v;B) . (4.6)
Where the momentum P*, given by (3.13), is to first order

Pi = p’Ui — aavkﬁkvi - aT(?iT — ,BTEijajT — BufijajuNR - BEGij (Ej — ejkka) . (4.7)

We will allow a constant electric field F, and gradients of temperature and chemical po-
tential along the same direction T'(z), p(z). This implies that the pressure and the density
are not constant but also vary along the = direction p(z), p(x). We will assume that the
gradients are small so we can do a derivative expansion and solve order by order around
constant density and velocities.

To leading order we get the usual longitudinal current

_r
Jo =SBy (4.8)

A transverse (Hall) current is also generated. The leading contribution to the velocity in
the y direction is

_ 1B
=3l

This can be interpreted as an anomalous Hall effect: there is a transverse current in the

Jy 07p — Bro;T — Bud7une | Ex . (4.9)

absence of magnetic fields.

There can also be a higher order correction due to the Hall viscosity O(93). Therefore,
this non-homogeneous configuration allows to measure the new transport coefficients from
a Hall current generated in the absence of magnetic fields. In the case of a fluid with
Galilean invariance the Hall viscosity would be the leading order contribution. One can
distinguish them in principle because the Lifshitz contributions would be largest close to
a minimum or a maximum of the pressure, temperature and or chemical potential, while
the contribution from the Hall viscosity would approximately vanish.

— 14 —



5 Summary and conclusions

We have studied the constitutive relations of fluids for systems with Lifshitz symmetry and
broken parity. We find new possible effects in the presence of magnetic field or vorticity.
These are qualitatively different from theories with unbroken boost invariance and could
be used to discern whether quantum critical points are really Lifshitz or a different type of
theories with scaling symmetry.

When the condition of boost invariance is relaxed there can be new terms in the
energy-momentum tensor that can be grouped in a vector V'

T = eut'u” + pP"" + Wg’“’) +ulVy,

(5.1)
JH = qut + vH.

In 3 + 1 dimensions the terms that break parity are proportional to the magnetic field or

the vorticity

VAJD = -TB,w' —TBpB", (5.2)
I/;, = ¢owh + EpBY.

If there was boost invariance, both £, and £ will be present only if there are chiral
anomalies. In a Lifshitz theory this is not necessary, however in order to preserve the
scaling symmetry for z = 1, one should set the coefficients 5, = 8 = 0.

In 2 + 1 dimensions there are many more terms allowed

Ty = =G P"w — (gP" B — ny,

Sp
3
vk =-T a; V>H
Ap ;“ i (5.3)
3
Mo S M
VP_Z(SZVZ

Where the definition of the pseudovectors V/* can be found in (2.51), (2.53). They are
constructed with epsilon tensors and the gradients of temperature and chemical potential
and the acceleration and electric field. The entropy analysis imposes some constraints
among the coefficients but all the terms are allowed.

In the non-relativistic limit the breaking of boost invariance can be seen as a modifica-
tion of the momentum density, which is no longer equal to the current J? = pv’ but receives
corrections to first order. In 3 + 1 dimensions there is a parity breaking term proportional
to the magnetic field

P! = pv' — apa’ — apd'T — TBB". (5.4)

In this case the second law forbids a term proportional to the vorticity but the scaling
symmetry does not impose the condition that S = 0. Therefore the relativistic and non-
relativistic cases are qualitatively different. Using a Drude model with drag coefficient A
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for the strange metal, the parity breaking term is responsible for producing a current in
the direction of the magnetic field, if the field is inhomogeneous

- [T

0, B } (5.5)

In 2 4 1 dimensions the momentum density receives several parity breaking contribu-
tions

P! = pv' — aqu koot — apd'T — 5Te”a T — 5p€]agMNR B ( i€ ka) (5.6)

Using the Drude model, gradients of the temperature and/or chemical potential will intro-
duce an anomalous Hall conductivity

BE

Jy = )\2

82 —B 82T BM +HUNR Eg;. (57)
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A Entropy calculations

A.1 Positivity conditions in 3+1 dimensions

In order to solve the conditions

OuDis = (2Du + Bu) a () —0, (A1)
q Sw
(2D, + Bw)Tp —2Dp+ 25 =0, (A.2)
9Dy — 2P L (Ds + ) = €n0, k5 = 0. (A.3)
¢(Dp+PBB) & no_
Ty 1 97 (A4)

We first take 1 = p/7T and p as independent thermodynamic variables, so that

IDp _ 0Dp
uDpw = ( 857 > Oult + < 85 )c'?yp. (A.5)
P

I
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Collecting terms of the same type we get

CE?Z—{WZO, (A7)
@Dw+@ggip—2DB+%j:o, (A.8)
(égfl_fBzo, (A.10)

q(pf:pﬁB) - A1)

We can trade derivatives with respect to p by derivatives with respect to T' by using the

equations
()t ()
op ), e+p’ on ), eE+p )
Then,
oD, B
T< 5T )M — (2D, + Bu) =0, (A.13)
oD, qT? <8Dw>
_ — &, =0, A.14
( ol )T e+p\ dT J, & ( )
q Sw
(2Dw+ﬁw)€+p 2Dp + T =0, (A.15)
0Dp B
T((‘)T>u — (Dp+BB) =0, (A.16)
ODp qT2<8DB)
—Z) — —2) —¢p=0 A7
<8u )T e+p\ 0T J, &5 ’ ( )
q(Dp + BB) §B o
T etp + T Cn=0. (A.18)

Combining the first three and the last three equations we get

(%ﬁ) —2TDp =0, (A.19)
T

8DB) _

—— | —CTp=0. A.20
<au . i (A.20)

The last equation can be integrated trivially

1
DBQLT):§CTﬁ2+dBﬂU. (A.21)
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Then, from the other equation we get
D, (i, T) = éCTQﬁS + 20T dg(T) + dy,(T) . (A.22)
From (A.16) we get the equation
Tdy —dg = fB. (A.23)

This is consistent only if (%)T = 0, hence Sp only depends on the temperature 7'. Then

the equation can be integrated and the general solution is

dp(T) = 5T + T /T BB(QT) dr . (A.24)

T

From (A.13) we get the equation
Td, —2d, +2uTBe = B. - (A.25)

This is a consistent equation only if

Buw = 2,aT/BB + by (T) : (A'26)
The general solution for d, is
T
be
d(T) = 7, T2 + T2 / (37 Jir (A.27)
T
Finally, we get the following expressions for {5 and &,
1 qu? qT
=Clp—= — d A28
3] <N 2e+p> €+p(B+/BB) (A.28)

2 q/f’) < 1q ) qT )
,=C(2 -2 ) +o1(dg — Fdg ) - 2d, + 2T +b,). A.29
& =c(w-3 2 b Lip) - L, 4 oTasn +b). (A20)

A.2 Non-relativistic limit in 3+1 dimensions
The relativistic hydrodynamic equation (2.11) reduces to the non-relativistic form

oip + 0;(pv') =0 (A.30)
oU + 8¢(Uvi) — MNR(atp + 8¢(pvi)) + povt = no? + C(@ivi)z + Oz(ai)2

+Ta; (BWQ’+,BBBZ+04287’T> +0; <2a3al+;8“T+§wQZ+§BB’> —CE'B; .

T2
(A.31)
We have defined the vorticity as QF = %eijkf)jvk. In this expression we have already
extracted the leading order dependence on c of the relativistic coefficients:
n~0(), ¢~Oc), a~O0(?), Bu~O0(?), Bp~O0(), az~O0(1),
1 1 1 1
OégNO(l), UNO(@)’ &UNO(C)’ 53N0<C2>, CNO<C> (A32)
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In order to find the non-relativistic constraint equations which guarantee positive definite
entropy current, we take the non-relativistic limit of (2.28),

ol ()

+0< )Q ((2Dw +ﬁw)$ —2Dg + %)

il 5 9ip o
+0(1)B ( ; p(DB + BB) — €BazT>
+O<1>BiEZ-<Q(DB+BB) LB an >:o. (A.33)
c e+p T

Using the first law of thermodynamics dU = T'ds+punrdp and U+p = T's+punrp, eq. (A.31)
determines the divergence of the canonical entropy current in the non-relativistic case. This
equation was derived by taking the O(1/c) order of (2.11), thus we demand that eq. (A.33)
will be of the same order. This fixes the leading order dependence of D, to be of order
O(c%) and of Dp to be O(%) After factoring out the ¢ dependence and taking the limit,
we find the following conditions:

B o

0D, ~ L0+ 50T =0 (A.34)

fu =0 (A.35)

9,0y — B,OB o+ 3 a1 =0 (A.36)
C

B — 7 =0 (A.37)

A.3 Non-relativistic limit in 241 dimensions
The relativistic hydrodynamic equation (2.11) reduces to the non-relativistic form
Op + 0i(pv') =0 (A.38)

8tU + aZ(UUl) — ,U,NRatp — uNR&-(pvi) +p6ivi =

. 1 .
no +<(8v) (a%>2+<wakv’“9+cBBakv’“+T(ﬂg—Tzﬂl)ViTl

- - ) O N .
—i—T/]gG”ViLj —I—Tﬂgewviaju%—’—ai ((;_(51>T2+(52€”Lj +<536”8jM1N})‘> .

(A.39)

Where we have defined

T'= 99,7, L'=FE—¢ev;B. (A.40)
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In order to find the non-relativistic constraint equations which guarantee positive def-
inite entropy current, we take the non-relativistic limit of (2.66). The result is

1 ~
AP =0 <C> ([Lg — RT2[L1 —T6 — RT2(8T175 + 171) + (8ﬂﬁ5 + 173) + T(@—Lﬂl — 0T173))

1 B 1_ Ons + U3 N N N
+ O<C3> <M2 + TM?’ + % =+ aﬂyl - aTV3 — TaTV4>

- 1 -
+0(1) (52 + 705 + RT(9ris — 0in) — s + RT28T54>
1 1 op . 1 /0p N
~o(3) <T<B w1 (5) o (aq)f“”)
1 1 dp . 1 /0p .
+ O <62> (HCW + T(a€>q(8TV5 + 7/1) + T <aq>e(aul/5 + V3)> (A41)

Using the first law of thermodynamics dU = Tds+puxgrdq and U+p = T's+unrq, eq. (A.39)
determines the divergence of the canonical entropy current in the non-relativistic case. This
equation is of order O(1/c), thus we demand that eq. (A.41) will be of the same order.

Given the expansion of the relativistic chemical potential with ¢ (3.2), in the non-
relativistic limit we can replace thermodynamic derivatives to

T

aﬁ - Ea/JNR (A-42)
1 HUNR
8T — aT + T (]. + C2)OP«NR (A43)

Therefore, using also that R =1 + O(c™3),

1 -
S+ Pl + gl = T2 — 16O — 120055 — T2y + i3 + T20,, 57
—TOriss — D

_ 1.
fi2 + fuéo) =0, (A45)

D5 =0, (A.44)

1.
5y + f5§0) + TOpis + Opu s — T20 i + T20704 =0, (A.46)
Co=0. (A.48)

The leading order dependence of the coefficients v with ¢ is,
v~ 0(c), vy~ O(1), vy~ O(1), U5 ~ O(c). (A.49)
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