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1 Introduction

Experiments suggest that quantum criticality is underlying many of the exotic transport

properties of ‘strange metals’ like high Tc superconductors, heavy fermion, organic super-

conductors, etc. In most cases very little is known about the quantum critical theory or

theories that are responsible for the observed behavior, including something as basic as

their symmetries. Any clue in this direction would then be extremely valuable.

One of the simplest models of quantum critical behavior is the z = 2 Lifshitz theory

introduced in [1]. Theories with Lifshitz symmetry and dynamical exponent z exhibit a

minimal set of symmetries including time and space translations, space rotations and the

anisotropic scaling t → λzt, xi → λxi, which may be anomalous for some observables.

Starting with [2], strongly coupled theories with Lifshitz symmetry have been extensively

studied using gravity duals with the goal of identifying universal properties that would

help to understand better the nature of the quantum critical point.

However, Lifshitz symmetry can in principle be extended to larger groups that include

Galilean boosts and for z = 2 also non-relativistic conformal transformations.1 For z = 1 it

can be extended to the full relativistic conformal symmetry. One of the motivations for the

present work is to identify effects that distinguish between systems with and without boost

1There are other possible extensions for discrete values of z < 1 e.g. [3].
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invariance. A first step in this direction is to develop the hydrodynamic description of a

theory with Lifshitz symmetry at finite temperature. This is well motivated as an effective

description of electrons in the case of strange metals [4]. The interaction rate between the

electrons is much larger than the interaction rate with the ions in the lattice or impurities,

so the electrons have time to reach local thermal equilibrium between scattering events

with the other elements of the system that produce momentum loss. Note that this is not

true in ordinary metals, that can be described as a weakly coupled gas of quasiparticles.

The description of Lifshitz hydrodynamics was initiated in [5] for neutral fluids and

extended for charged fluids and superfluids in [6]. In the present work we extend the

charged hydrodynamics to include parity breaking effects. This is partly motivated by the

fact that in many cases the strange metal behavior occurs in a magnetic material and/or

in the presence of magnetic fields. More generally, parity breaking introduces many effects

in hydrodynamics such as Hall transport in 2 + 1 dimensions or anomalous transport in

3 + 1 dimensions. An interesting question is if new effects are possible when there is

no boost invariance. We find that this is indeed the case in 3 + 1 dimensions, where

there can be currents in the direction of magnetic fields or vorticity. Usually these kind

of transports are associated to the presence of chiral anomalies and have been studied

in multiple systems, including e.g. astrophysics [7, 8] quark-gluon plasma [9], condensed

matter [10, 11], cosmology [12] and relativistic hydrodynamics [13–16],2 where they are

commonly known as Chiral Magnetic and Chiral Vortical Effects. The novelty is that in

Lifshitz theories it is allowed even if the currents are non-anomalous. In 2 + 1 dimensions

there are additional terms that affect the Hall conductivity and Hall thermal transport.

The transport described above is in the context of non-invariance under Lorentz boosts.

In addition, we take a non-relativistic limit to derive the Lifshitz hydrodynamics in the

context of non-invariance under Galilean boosts. We use it as a phenomenological descrip-

tion of the strange metal as a Drude model with a strongly coupled electron fluid, in the

spirit of [17] for graphene. We take into account the effects of scattering with the lattice

or impurities by adding a drag term to the hydrodynamic equations. Interestingly, we find

that in 3 + 1 dimensions a Chiral Magnetic term survives in the non-relativistic limit. In

2 + 1 dimensions there is an anomalous Hall effect in inhomogeneous configurations, i.e. a

Hall current in the absence of magnetic field.

The paper is organized as follows: in section 2 we review Lifshitz hydrodynamics and

derive the constitutive relations in parity breaking theories. We constrain possible terms

to first order in derivatives using the local second law of thermodynamics. This is done for

theories without Lorenz boost invariance, but otherwise relativistic. In section 3 we take

a non-relativistic limit and derive the constitutive relations for theories without Galilean

boost invariance. In section 4 we study some phenomenological consequences of broken

boost invariance using the Drude model of non-relativistic hydrodynamics with a drag

term. Finally in section 5 we summarize and discuss our results. We have collected several

technical results in an appendix A.

2In this context, anomalous transport coefficients were first computed in holographic models [18–21].
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2 Lifshitz hydrodynamics with parity breaking terms

The lack of invariance under Lorentz boosts in theories with Lifshitz symmetry implies that

the energy-momentum tensor is not necessarily symmetric. Using rotational invariance one

can show that no asymmetric terms are expected in the hydrodynamic energy-momentum

tensor at the ideal level, and we confirmed this explicitly by a calculation in free field

theory [22]. Note that rotational invariance is unbroken in the rest frame of the fluid.

For an observer that sees the fluid moving with a velocity uµ the corresponding symmetry

condition is

(Tµν − T νµ)PµαPνβ = 0 , (2.1)

where Pµν = ηµν + uµuν is the projector in the directions transverse to the velocity.

The absence of invariance under Lorentz boosts on the other hand allows the following

components to be asymmetric:

(Tµν − T νµ)uµPνβ 6= 0 . (2.2)

In the rest frame of the fluid this becomes

T 0i − T i0 6= 0 . (2.3)

But in a state with rotational invariance the expectation value of T 0i vanishes, so at

the ideal order the hydrodynamic energy-momentum is symmetric. When the velocity or

other fluid variables are not constant there can be asymmetric terms that depend on the

derivatives of the fluid variables. In previous works [5, 6] we found the possible asymmetric

terms to first viscous order in fluids and superfluids with unbroken parity symmetry. Here

we will give a detailed presentation for charged fluids with parity breaking terms.

We will work in the Landau frame Tµνuν = −εuµ, where the energy-momentum tensor

takes the form3

Tµν = εuµuν + pPµν + π
(µν)
S + π

[µν]
A +

(
uµπ

[νσ]
A + uνπ

[µσ]
A

)
uσ . (2.4)

Both πA and πS contain terms that are at least first order in derivatives. The last symmetric

term depending on πA ensures that the Landau condition will be satisfied when we add

the antisymmetric part. In addition, the symmetric part should be transverse π
(µν)
S uν = 0.

The condition (2.1) constrains the anisymmetric part to be of the form

π
[µν]
A = u[µV

ν]
A . (2.5)

Where V ν
Auν = 0. Then, the form of the energy-momentum tensor in the Landau frame

becomes

Tµν = εuµuν + pPµν + π
(µν)
S + uµV ν

A . (2.6)

In addition to the energy-momentum tensor, there is a conserved global current whose

constitutive relation is

Jµ = quµ + νµ, (2.7)

where we impose the condition νµuµ = 0, so that the charge density is q = −Jµuµ.

3We follow the usual bracket convention for symmetrized A(µBν) = 1
2
(AµBν + AνBµ), and antisym-

metrized A[µBν] = 1
2
(AµBν −AνBµ) tensors.
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The name of the game is to find all possible first order viscous terms, constructed from

derivatives of the velocity, temperature T , chemical potential µ and external electromag-

netic fields Aµ. We consider the derivatives of the external fields to be of first order. There

are many such terms that one can build, but we will constrain them by demanding a local

form of the second law of thermodynamics holds. This means that it should be possible to

define an entropy current (which coincides with the usual notion of entropy at equilibrium)

whose divergence is not negative

∂µj
µ
s ≥ 0 . (2.8)

Starting with Landau, this approach has been used with great success to constrain hy-

drodynamic coefficients. For parity breaking terms we will restrict the analysis to 2 + 1

dimensions and 3 + 1 dimensions. If parity is unbroken the entropy current takes the

generic form

jµs = suµ −
µ

T
νµ. (2.9)

Where s is the canonical entropy density ε+ p = Ts + µq. When parity is broken it is in

principle possible to add to the entropy current additional terms that are pseudovectors,

we will denote them as Ṽ µ
a . The entropy current is then defined as

jµs = suµ −
µ

T
νµ +DaṼ

µ
a . (2.10)

We can derive the equation for the entropy current from the conservation equations

∂µT
µνuν + µ∂µJ

µ = FµνuµJν + µA . (2.11)

Here we allow for an anomaly ∂µJ
µ = A in the global current, such term can be present in

3 + 1 dimensions. In 2 + 1 dimension one should simply set A = 0. Expanding explicitly

the equation above one finds

− T∂µ(su
µ) + ∂µπ

(µν)
S uν + uµ∂µV

ν
Auν + µ∂µν

µ = −Eµν
µ + µA . (2.12)

Where we have used ε+ p = Ts+ µq, the first law

∂µε = T∂µs+ µ∂µq , (2.13)

and we have defined the electric field as Eµ = Fµνuν . Straightforward algebra leads to the

following equation for the entropy current

∂µj
µ
s = −

1

T
π
(µν)
S ∂µuν −

1

T
V µ
Aaµ +

1

T
νµEµ −

µ

T
A+ ∂µ(DaṼ

µ
a ) . (2.14)

Where aµ = uα∂αu
µ is the acceleration and we have defined the vector

Eµ = Eµ − TP ν
µ ∂ν

(
µ

T

)
. (2.15)

The positivity condition ∂µj
µ
s ≥ 0 implies that terms on the right hand side of the equation

that do not cancel out should form squares. We can separate parity preserving and parity

breaking contributions

∂µj
µ
s = ∆P +∆P/ . (2.16)
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They do not mix, so we should impose the positivity condition separately for each of them

∆P ≥ 0 , ∆P/ ≥ 0 . (2.17)

For illustration purposes we will review the analysis of [6] for the parity preserving con-

tributions. The most general form of the viscous terms allowed by the entropy current

equation are

π
(µν)
S = −ησµν − ζPµν∂αu

α,

V µ
A = −α1a

µ − 2α2E
µ,

νµ = 2α3a
µ + σEµ.

(2.18)

Where η and ζ are the shear and bulk viscosities respectively, σ is the conductivity, and

the shear tensor in d+ 1 dimensions is defined as

σµν = PµαP νβ

(
2∂(αuβ) −

2

d
Pαβ(∂σu

σ)

)
. (2.19)

From (2.14), the positivity condition imposes the following constraints on the parity pre-

serving coefficients

η ≥ 0 , ζ ≥ 0 , σ ≥ 0 , σα1 ≥ (α2 + α3)
2. (2.20)

The combination α2 − α3 drops from the divergence, so it is dissipationless. It will vanish

if we impose Onsager’s relations.

We will now proceed with the parity breaking terms. The analysis depends on the

number of dimensions, so we treat them separately.

2.1 Parity breaking transport in 3+1 dimensions

In 3 + 1 dimensions there can be interesting new effects when parity is broken due to

chiral anomalies. A purely hydrodynamic analysis shows that the value of some transport

coefficients is fixed by the anomaly [13–15].

There are two possible independent pseudovectors we can construct [13], the vorticity

ωµ and the magnetic field Bµ. They are defined as follows:

ωµ =
1

2
ǫµνρσuν∂ρuσ ,

Bµ =
1

2
ǫµνρσuνFρσ .

(2.21)

The entropy current has then the form

jµs = suµ −
µ

T
νµ +Dωω

µ +DBB
µ. (2.22)

The parity breaking contribution to the divergence is

∆P/ = −
1

T
V µ
A,P/aµ +

1

T
νµP/Eµ + ∂µ(Dωω

µ) + ∂µ(DBB
µ)−

µ

T
CEµB

µ. (2.23)

– 5 –
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Where we have introduced a possible chiral anomaly for the current A = CEµB
µ. Note

that there are no ω2 or B2, so the positivity condition for the entropy current is that there

should be an exact cancellation among the parity breaking contributions

∆P/ = 0 . (2.24)

This implies that all the related transport is non-dissipative. The divergence of the vorticity

and of the magnetic field are not independent scalar quantities, but they can be decomposed

as follows:

∂µω
µ = 2aµω

µ, ∂µB
µ = aµB

µ − 2ωµE
µ. (2.25)

The possible parity breaking contributions that can appear in the viscous terms are

V µ
A, P/ = −Tβωω

µ − TβBB
µ,

νµP/ = ξωω
µ + ξBB

µ.
(2.26)

It is sufficient if the cancellation is realized on-shell, this means that at this order we are

allowed to use the hydrodynamic equations truncated to ideal order. In particular, this

fixes the acceleration

aµ =
q

ε+ p
Eµ −

1

ε+ p
Pµν∂νp . (2.27)

Collecting terms, we find

∆P/ = ωµ

(
∂µDω − (2Dω + βω)

∂µp

ε+ p
− ξω∂µ

(
µ

T

))

+ ωµEµ

(
(2Dω + βω)

q

ε+ p
− 2DB +

ξω
T

)

+Bµ

(
∂µDB −

∂µp

ε+ p
(DB + βB)− ξB∂µ

µ

T

)

+BµEµ

(
q(DB + βB)

ε+ p
+

ξB
T

− C
µ

T

)
= 0 . (2.28)

Each of the brackets has to vanish independently, this results in the following conditions:

∂µDω − (2Dω + βω)
∂µp

ε+ p
− ξω∂µ

(
µ

T

)
= 0 , (2.29)

(2Dω + βω)
q

ε+ p
− 2DB +

ξω
T

= 0 , (2.30)

∂µDB −
∂µp

ε+ p
(DB + βB)− ξB∂µ

µ

T
= 0 , (2.31)

q(DB + βB)

ε+ p
+

ξB
T

− C
µ

T
= 0 . (2.32)

– 6 –
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The derivation of the solutions can be found in the appendix A.1, here we present the final

result:

βω(µ̄, T ) = 2µ̄TβB + bω , (2.33)

ξB(µ̄, T ) = C

(
µ−

1

2

qµ2

ε+ p

)
−

qT

ε+ p
(dB + βB) , (2.34)

ξω(µ̄, T ) = C

(
µ2 −

2

3

qµ3

ε+ p

)
+ 2T

(
dB −

2µq

ε+ p
dB

)

−
qT

ε+ p
(2dω + 2T µ̄βB + bω) , (2.35)

DB(µ̄, T ) =
1

2
CTµ̄2 + dB , (2.36)

Dω(µ̄, T ) =
1

3
CT 2µ̄3 + 2µ̄TdB + dω , (2.37)

dB(T ) = γBT + T

∫ T βB(τ)

τ2
dτ , (2.38)

dω(T ) = γωT
2 + T 2

∫ T bω(τ)

τ3
dτ . (2.39)

With bω(T ) and βB(T ) arbitrary functions of the temperature.

For z = 1, we would expect βB = cBT and bω = cωT
2 if there is scale invariance,

as in theories with Lifshitz symmetry. However scale invariance would actually be bro-

ken because for this temperature dependence when we do the integrals over temperature

in (2.38), (2.39) we find logarithmic terms

dB = γBT + cBT log(T/Λ) , dω = γωT
2 + cωT

2 log(T/Λ) , (2.40)

where Λ is the scale associated to the breaking of symmetry. Therefore, Lifshitz symmetry

demands βB = bω = 0. In this case the transport coefficients are simplified to

βω(µ̄, T ) = 0, (2.41)

ξB(µ̄, T ) = C

(
µ−

1

2

qµ2

ε+ p

)
−

qT 2

ε+ p
γB , (2.42)

ξω(µ̄, T ) = C

(
µ2 −

2

3

qµ3

ε+ p

)
+ 2γBT

2 −
2q

ε+ p
(2γBµT

2 + γωT
3) , (2.43)

DB(µ̄, T ) =
1

2
CTµ̄2 + γBT , (2.44)

Dω(µ̄, T ) =
1

3
CT 2µ̄3 + 2µ̄T 2γB + γωT

2. (2.45)

Note that these are the same results as for the relativistic theory [18]. If we further impose

CPT invariance (note that for a Lifshitz theory this is not a requirement), we will fix

γω = 0. For a detailed explanation on how the hydrodynamic quantities transform under

CPT see [23].

For z 6= 1, we would expect βB = cBT
2−z
z and bω = cωT

2
z if there is scale invariance,

as in theories with Lifshitz symmetry. However, in this case the terms proportional to γB

– 7 –
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and γω break scale invariance. In this case, Lifshitz symmetry demands γB = γω = 0.

Therefore, the transport coefficients are

βω(µ̄, T ) = (2cBµ̄+ cω)T
2
z , (2.46)

ξB(µ̄, T ) = C

(
µ−

1

2

qµ2

ε+ p

)
− cB

2− z

2(1− z)

q

ε+ p
T

2
z , (2.47)

ξω(µ̄, T ) = C

(
µ2 −

2

3

qµ3

ε+ p

)
+ cB

z

1− z

(
1−

2µq

ε+ p

)
T

2
z

−
q

ε+ p

(
cω

1− z
+ 2cBµ̄

)
T

2+z
z , (2.48)

DB(µ̄, T ) =
1

2
CTµ̄2 +

z

2(1− z)
cBT

2−z
z , (2.49)

Dω(µ̄, T ) =
1

3
CT 2µ̄3 +

z

2(1− z)
(2µ̄cB + cω)T

2
z . (2.50)

2.2 Parity breaking transport in 2+1 dimensions

We follow closely the analysis of parity breaking fluids in [24]. There are three possible

independent transverse pseudovectors we can construct

Ũµ
1 = ǫµνρuνaρ ,

Ũµ
2 = ǫµνρuνEρ ,

Ũµ
3 = −

1

T
ǫµνρuνEρ .

(2.51)

We can also construct two independent peudoscalars, the vorticity ω and the magnetic field

B, and a pseudotensor, the Hall viscosity σ̃µν :4

ω =
1

2
ǫµνρuµ∂νuρ ,

B =
1

2
ǫµνρuµFνρ ,

σ̃µν =
1

4
(ǫµρσuρσ

ν
σ + ǫνρσuρσ

µ
σ ) .

(2.52)

Note that our definitions differ from those of [24], the relation is Btheirs = −Bours and

Ωtheirs = −2ωours. It will be convenient for the analysis of the entropy current to group all

the possible pseudovectors (transverse and not transverse) in the following basis (R = q
ε+p)

Ṽ µ
1 = ǫµνρuν∂ρT = −TŨµ

1 −RT 2Ũµ
3 ,

Ṽ µ
2 = Ũµ

2 ,

Ṽ µ
3 = ǫµνρuν∂ρ

µ

T
= Ũµ

3 +
1

T
Ũµ
2 ,

Ṽ µ
4 =

1

2
ǫµνρFνρ = Ũµ

2 −Buµ,

Ṽ µ
5 = ǫµνρ∂νuρ = −Ũµ

1 − 2ωuµ.

(2.53)

4An useful relation is 2∂[µuν] = −2ǫµνρu
ρω.
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We can add the following parity breaking terms in the viscous contributions to the

energy-momentum tensor and the currents:

• Symmetric part of the energy-momentum tensor:

π
(µν)
S,P/ = −ζωP

µνω − ζBP
µνB − ηH σ̃µν . (2.54)

• Asymmetric part of the energy-momentum tensor:

V µ
A,P/ = −T

3∑

i=1

µ̃iṼ
µ
i . (2.55)

• Current:

νµP/ =

3∑

i=1

δ̃iṼ
µ
i . (2.56)

• Entropy current

jµs = suµ −
µ

T
νµ +

5∑

i=1

ν̃iṼ
µ
i . (2.57)

The parity breaking contribution to the divergence of the entropy current is

∆P/ = −
1

T
π
(µν)
S,P/ ∂µuν−

1

T
V µ
A,P/U

(1)
µ −νµP/U

(3)
µ +

5∑

i=1

(
∂ν̃i
∂T

∂µT Ṽ
µ
i +

∂ν̃i
∂µ̄

∂µµ̄Ṽ
µ
i + ν̃i∂µṼ

µ
i

)
(2.58)

Where we have set the anomalous term to zero A = 0 since the number of spacetime

dimensions is odd. The positivity condition for the entropy current is that there should be

an exact cancellation among the parity breaking contributions, since it is not possible to

form squares

∆P/ = 0 . (2.59)

This implies that all the related transport is non-dissipative. The divergences of the pseu-

dovectors are not independent scalar quantities, but they can be decomposed as follows:

∂µṼ
µ
1 = −2ωuα∂αT − Ũµ

1 ∂µT , (2.60)

∂µṼ
µ
2 = ∂α(Buα) , (2.61)

∂µṼ
µ
3 = −2ωuα∂α

µ

T
− Ũµ

1 ∂µ
µ

T
, (2.62)

∂µṼ
µ
4 = 0 , (2.63)

∂µṼ
µ
5 = 0 . (2.64)

It is sufficient if the cancellation is realized on-shell, this means that at this order we are

allowed to use the hydrodynamic equations truncated to ideal order. In particular, this

– 9 –
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fixes the acceleration to (2.27) and we have the following relations among derivatives

uµ∂µT = −T

(
∂p

∂ǫ

)

q

θ ,

uµ∂µµ̄ = −
1

T

(
∂p

∂q

)

ε

θ ,

uµ∂µp = −(ε+ p)

((
∂p

∂ǫ

)

q

+R

(
∂p

∂q

)

ε

)
θ ,

Pµα∂αT = −TUµ
1 −RT 2Uµ

3 = −Taµ +RTEµ,

Pµα∂αµ̄ = Uµ
3 +

1

T
Uµ
2 =

1

T
(−Eµ + Eµ) ,

Pµα∂αp = −(ε+ p)(aµ −REµ) .

(2.65)

Collecting terms, we find

∆P/ = U1Ũ3

(
µ̃3 −RT 2µ̃1 − T δ̃1 −RT 2(∂T ν̃5 + ν̃1) + (∂µ̄ν̃5 + ν̃3) + T (∂µ̄ν̃1 − ∂T ν̃3)

)

+ U1Ũ2

(
µ̃2 +

1

T
µ̃3 +

∂µ̄ν̃5 + ν̃3
T

+ ∂µ̄ν̃1 − ∂T ν̃3 − T∂T ν̃4

)

+ U2Ũ3

(
δ̃2 +

1

T
δ̃3 +RT (∂T ν̃3 − ∂µ̄ν̃1)− ∂µ̄ν̃4 +RT 2∂T ν̃4

)

+Bθ

(
1

T
ζB + T

(
∂p

∂ǫ

)

q

∂T ν̃4 +
1

T

(
∂p

∂q

)

ǫ

∂µ̄ν̃4

)

+ 2ωθ

(
1

2T
ζω + T

(
∂p

∂ǫ

)

q

(∂T ν̃5 + ν̃1) +
1

T

(
∂p

∂q

)

ǫ

(∂µ̄ν̃5 + ν̃3)

)

+ ∂µν̃2Ũ2 + ν̃2Bθ + ν̃2u
µ∂µB (2.66)

Each of the brackets has to vanish independently, this results in the following conditions:

ν̃2 = 0 (2.67)

µ̃3 −RT 2µ̃1 − T δ̃1 −RT 2(∂T ν̃5 + ν̃1) + (∂µ̄ν̃5 + ν̃3) + T (∂µ̄ν̃1 − ∂T ν̃3) = 0 (2.68)

µ̃2 +
1

T
µ̃3 +

∂µ̄ν̃5 + ν̃3
T

+ ∂µ̄ν̃1 − ∂T ν̃3 − T∂T ν̃4 = 0 (2.69)

δ̃2 +
1

T
δ̃3 +RT (∂T ν̃3 − ∂µ̄ν̃1)− ∂µ̄ν̃4 +RT 2∂T ν̃4 = 0 (2.70)

1

T
ζB + T

(
∂p

∂ǫ

)

q

∂T ν̃4 +
1

T

(
∂p

∂q

)

ǫ

∂µ̄ν̃4 = 0 (2.71)

1

2T
ζω + T

(
∂p

∂ǫ

)

q

(∂T ν̃5 + ν̃1) +
1

T

(
∂p

∂q

)

ǫ

(∂µ̄ν̃5 + ν̃3) = 0 (2.72)

For µ̃i = 0 we recover the results of [24]. If we assume Lifshitz scale invariance, in general

the coefficientes will have a power dependence on the temperature times an arbitrary

function of µ̄. The power is determined by demanding that all the terms in the same
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equation have the same scaling, taking into account that the scaling dimension of the

temperature is [T ] = z. This fixes:

µ̃1 ∼ T
1−z
z , µ̃2 ∼ T

1−z
z , µ̃3 ∼ T

1
z ,

δ̃1 ∼ T
1−z
z , δ̃2 ∼ T

1−z
z , δ̃3 ∼ T

1
z ,

ν̃1 ∼ T
1−z
z , ν̃3 ∼ T

1
z , ν̃4 ∼ T

1−z
z , ν̃5 ∼ T

1
z ,

ζB ∼ T 1/z, ζω ∼ T
z+1
z

(2.73)

3 The non-relativistic limit

We now study fluids with broken Galilean boost invariance. Instead of deriving the hy-

drodynamic constitutive relations from the start, we will take a non-relativistic limit of

the Lifshitz hydrodynamic equations we have discussed in the previous sections. This will

automatically lead to non-relativistic hydrodynamic equations. Similar limits have been

used in the context of Galilean invariant fluids in [25, 26].

In the relativistic fluid the maximal velocity c appears in uµ = (1, β)/
√
1− β2, where

βi = vi/c. In the non-relativistic limit c → ∞, the pressure is not affected while the

relativistic energy is expanded in terms of the mass density ρ and the internal energy U as

ε = c2ρ−
ρv2

2
+ U (3.1)

From the thermodynamic relation ε+ p = Ts+ µq, we get that

q = ρc− ρ
v2

2c
, µ = c+

µNR

c
(3.2)

The electromagnetic fields scale as Ai → Ai, A0 → At/c, which give the relations:

• In 3+1 dimensions:

Ei =
1

c
(Ei

NR + ǫijkvjBNR,k) + o(1/c) , Bi = Bi
NR +O(1/c2) . (3.3)

• In 2+1 dimensions:

Ei =
1

c
(Ei

NR − ǫijvjBNR) + o(1/c) , B = BNR +O(1/c2) . (3.4)

The subscript NR will be left out in the reminder of the text. We use the conventions in

which ǫ0123 = ǫ123 = ǫ12 = 1.

For charged hydrodynamics we first go to the Eckart frame, where Jµ = quµ. To first

order in derivatives the energy-momentum tensor in this frame is

Tµν = εuµuν + pPµν + uµV ν
A + πµν −

ε+ p

q
(uµνν + uννµ) . (3.5)

Note that in the Eckart frame the current conservation equation gives the usual continuity

equation. If νi ∼ O(1), the energy conservation equation becomes

∂tρ+ ∂i(ρv
i − νi) = 0 . (3.6)
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This would make the charge and mass currents different, while we are interested in de-

scribing systems made of particles with fixed charge over mass ratio. In order to have a

consistent expansion, the dissipative terms in νi should start contributing only to the next

order, where they enter in the thermal current. Then we have to impose that νi ∼ O(1/c2).

In this case, there are no contributions from νi terms to the Navier-Stokes equations.

Galilean boost invariance will fix a relation between momentum density and mass

current P i = J i = ρvi. When we take the non-relativistic limit of the boost-breaking

hydrodynamics, this condition does not hold anymore beyond ideal order. We find that

the Navier-Stokes equations become

• In 3 + 1 dimensions:

∂tP
i + ∂j(P

ivj) + ∂ip = ρ(Ei + ǫijkvjBk) + ∂j(ησ
ij + δijζ∂kv

k) . (3.7)

Where σij = ∂ivj + ∂jvi −
2
dδij∂kv

k is the shear tensor (in this case for d = 3). The

momentum density is

P i = ρvi − αaa
i − αT∂

iT − TβBB
i, (3.8)

where we define the acceleration as ai = Dtv
i = ∂tv

i + vj∂jv
i and the magnetic field

as Bi = 1
2ǫ

ijkFjk. The term βB allows a Chiral Magnetic Effect in a non-relativistic

theory. If the theory was obtained from a non-relativistic limit, it is determined by

the value of the anomaly in the original relativistic theory. Note that the continuity

equation for the current holds in this limit, and the effect of the anomaly enters in

the thermal current and the momentum density.

We got these expressions by demanding that the leading order dependence of the

relativistic coefficients with the speed of light is,

η∼O(c) , ζ∼O(c) , α∼O(c3) , βω∼O(c2) , βB∼O(c) , α2∼O(1) ,

α3∼O(1) , σ∼O

(
1

c3

)
, ξω∼O

(
1

c

)
, ξB∼O

(
1

c2

)
, C∼O

(
1

c

)
. (3.9)

In principle we could add to the momentum a term of the form

βωΩ
i, (3.10)

where Ωi = 1
2ǫ

ijk∂kvj is the vorticity. However, the entropy analysis that we detail

in appendix A.2 reveals that those terms should be zero in the non-relativistic limit.

Therefore, Chiral Vortical Effects are suppressed in the non-relativistic limit.

• In 2 + 1 dimensions:

∂tP
i + ∂j(P

ivj) + ∂ip = ρ(Ei − ǫijvjB) + ∂j(ησ
ij + ηH σ̃ij + δijζ∂kv

k) (3.11)

Where the Hall viscosity tensor is

σ̃ij =
1

2
(ǫikσj

k + ǫjkσi
k) , (3.12)
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and σij is the shear tensor for d = 2. The momentum density is5

P i = ρvi −αaa
i −αT∂

iT − βT ǫ
ij∂jT − βµǫ

ij∂jµNR − βEǫ
ij(Ej − ǫjkv

kB) . (3.13)

We got this expression by demanding that the leading order dependence of the rela-

tivistic coefficients with the speed of light is,

ζω ∼ ηH ∼ O(c) , ζB ∼ O(1) , (3.14)

µ̃1 =
c3

T 2
µ̃
(0)
3 +cµ̃

(1)
1 +O(c) , µ̃3 = c2µ̃

(0)
3 +µ̃

(1)
3 +O(1) , µ̃2 ∼ O(c2) , (3.15)

δ̃1 = δ̃
(0)
1 +O(1/c2) , δ̃3 =

T 2

c
δ̃
(0)
1 +O(1/c3) , δ̃2 ∼ O(1/c) . (3.16)

In principle we could add to the stress tensor terms of the form

δij(ζBB + ζΩΩ) , (3.17)

with B the magnetic field and Ω = −1
2ǫ

ij∂ivj the vorticity. However, the entropy

analysis that we detail in appendix A.3 reveals that those terms should be zero in

the non-relativistic limit.

4 Drude model

We model the collective motion of electrons in the strange metal as a charged fluid moving

through a static medium, that produces a drag on the fluid. The hydrodynamic equa-

tions are

∂µJ
µ = A , ∂µT

µν = F νσJσ − λcδνiJi . (4.1)

We are interested in describing a steady state where the fluid has been accelerated by the

electric field, increasing the current until the drag force is large enough to compensate for

it. In order for this to happen we keep the external fields constant in time, although we

allow them to vary slowly in space. In the steady state configuration the current does not

change but other quantities like the energy can change with time since there is dissipation.

4.1 Effects in 3+1 dimensions

The Navier-Stokes equations with the drag term included are

∂tP
i + ∂j(P

ivj) + ∂ip = ρ(Ei + ǫijkvjBk) + ∂j(ησ
ij + δijζ∂kv

k)− λρvi. (4.2)

Where P i is given by (3.8). We can see the effect of breaking of boost invariance and parity

by introducing constant electric and a slowly varying magnetic field Ex and Bz(x), in such

a way that when we solve for the velocity derivative terms are suppressed. We also assume

that the amplitude of the electromagnetic field is small, so non-linear terms are subleading.

To leading order, the current has only a longitudinal component

Jx =
ρ

λ
Ex . (4.3)

5The coefficients β are combinations of the original coefficients µ̃ in the non-relativistic limit. We have

separated the different independent contributions.
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Since ∂iv
i = 0 to this order, we can take the density ρ to be constant, as well as the

temperature and the chemical potential.

In addition to subleading corrections to the longitudinal current, currents in the trans-

verse directions are also generated. There are two kind of contributions, pointing in different

directions. One is coming from the Lorenz force term

Jy = −
ρ

λ2
ExBz . (4.4)

The second is due to the Chiral Magnetic term and points in the direction of the magnetic

field

Jz =
TβB
λ2

Ex∂xBz . (4.5)

Note that this current would be forbidden in a Galilean-invariant theory (with a single

species of particles).

4.2 Effects in 2+1 dimensions

Assuming a time-independent configuration, the hydrodynamic equations for the density

and the velocity are

∂i(ρv
i) = 0 , ∂k(P

ivk)+∂ip = ∂k(ησ
ki+ηH σ̃ki+ζδkiθ)−λρvi+ρ(Ei−ǫijvjB) . (4.6)

Where the momentum P i, given by (3.13), is to first order

P i = ρvi − αav
k∂kv

i − αT∂
iT − βT ǫ

ij∂jT − βµǫ
ij∂jµNR − βEǫ

ij(Ej − ǫ k
j vkB) . (4.7)

We will allow a constant electric field Ex and gradients of temperature and chemical po-

tential along the same direction T (x), µ(x). This implies that the pressure and the density

are not constant but also vary along the x direction p(x), ρ(x). We will assume that the

gradients are small so we can do a derivative expansion and solve order by order around

constant density and velocities.

To leading order we get the usual longitudinal current

Jx =
ρ

λ
Ex . (4.8)

A transverse (Hall) current is also generated. The leading contribution to the velocity in

the y direction is

Jy =
1

λ2

[
βE
ρ
∂2
xp− βT∂

2
xT − βµ∂

2
xµNR

]
Ex . (4.9)

This can be interpreted as an anomalous Hall effect: there is a transverse current in the

absence of magnetic fields.

There can also be a higher order correction due to the Hall viscosity O(∂3
x). Therefore,

this non-homogeneous configuration allows to measure the new transport coefficients from

a Hall current generated in the absence of magnetic fields. In the case of a fluid with

Galilean invariance the Hall viscosity would be the leading order contribution. One can

distinguish them in principle because the Lifshitz contributions would be largest close to

a minimum or a maximum of the pressure, temperature and or chemical potential, while

the contribution from the Hall viscosity would approximately vanish.
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5 Summary and conclusions

We have studied the constitutive relations of fluids for systems with Lifshitz symmetry and

broken parity. We find new possible effects in the presence of magnetic field or vorticity.

These are qualitatively different from theories with unbroken boost invariance and could

be used to discern whether quantum critical points are really Lifshitz or a different type of

theories with scaling symmetry.

When the condition of boost invariance is relaxed there can be new terms in the

energy-momentum tensor that can be grouped in a vector V µ
A

Tµν = εuµuν + pPµν + π
(µν)
S + uµV ν

A ,

Jµ = quµ + νµ.
(5.1)

In 3 + 1 dimensions the terms that break parity are proportional to the magnetic field or

the vorticity

V µ
A, P/ = −Tβωω

µ − TβBB
µ,

νµP/ = ξωω
µ + ξBB

µ.
(5.2)

If there was boost invariance, both ξω and ξB will be present only if there are chiral

anomalies. In a Lifshitz theory this is not necessary, however in order to preserve the

scaling symmetry for z = 1, one should set the coefficients βω = βB = 0.

In 2 + 1 dimensions there are many more terms allowed

π
(µν)
S,P/ = −ζωP

µνω − ζBP
µνB − ηH σ̃µν ,

V µ
A,P/ = −T

3∑

i=1

µ̃iṼ
µ
i ,

νµP/ =

3∑

i=1

δ̃iṼ
µ
i .

(5.3)

Where the definition of the pseudovectors Ṽ µ
i can be found in (2.51), (2.53). They are

constructed with epsilon tensors and the gradients of temperature and chemical potential

and the acceleration and electric field. The entropy analysis imposes some constraints

among the coefficients but all the terms are allowed.

In the non-relativistic limit the breaking of boost invariance can be seen as a modifica-

tion of the momentum density, which is no longer equal to the current J i = ρvi but receives

corrections to first order. In 3 + 1 dimensions there is a parity breaking term proportional

to the magnetic field

P i = ρvi − αaa
i − αT∂

iT − TβBB
i. (5.4)

In this case the second law forbids a term proportional to the vorticity but the scaling

symmetry does not impose the condition that βB = 0. Therefore the relativistic and non-

relativistic cases are qualitatively different. Using a Drude model with drag coefficient λ
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for the strange metal, the parity breaking term is responsible for producing a current in

the direction of the magnetic field, if the field is inhomogeneous

Jz =

[
TβB
λ2

∂xBz

]
Ex . (5.5)

In 2 + 1 dimensions the momentum density receives several parity breaking contribu-

tions

P i = ρvi − αav
k∂kv

i − αT∂
iT − βT ǫ

ij∂jT − βµǫ
ij∂jµNR − βEǫ

ij(Ej − ǫ k
j vkB) . (5.6)

Using the Drude model, gradients of the temperature and/or chemical potential will intro-

duce an anomalous Hall conductivity

Jy =
1

λ2

[
βE
ρ
∂2
xp− βT∂

2
xT − βµ∂

2
xµNR

]
Ex . (5.7)
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A Entropy calculations

A.1 Positivity conditions in 3+1 dimensions

In order to solve the conditions

∂µDω − (2Dω + βω)
∂µp

ε+ p
− ξω∂µ

(
µ

T

)
= 0 , (A.1)

(2Dω + βω)
q

ε+ p
− 2DB +

ξω
T

= 0 , (A.2)

∂µDB −
∂µp

ε+ p
(DB + βB)− ξB∂µ

µ

T
= 0 , (A.3)

q(DB + βB)

ε+ p
+

ξB
T

− C
µ

T
= 0 . (A.4)

We first take µ̄ = µ/T and p as independent thermodynamic variables, so that

∂µDB,ω =

(
∂DB,ω

∂µ̄

)

p

∂µµ̄+

(
∂DB,ω

∂p

)

µ̄

∂µp . (A.5)
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Collecting terms of the same type we get

(
∂Dω

∂p

)

µ̄

−
2Dω + βω

ε+ p
= 0 , (A.6)

(
∂Dω

∂µ̄

)

p

− ξω = 0 , (A.7)

(2Dω + βω)
q

ε+ p
− 2DB +

ξω
T

= 0 , (A.8)

(
∂DB

∂p

)

µ̄

−
DB + βB
ε+ p

= 0 , (A.9)

(
∂DB

∂µ̄

)

p

− ξB = 0 , (A.10)

q(DB + βB)

ε+ p
+

ξB
T

− Cµ̄ = 0 . (A.11)

We can trade derivatives with respect to p by derivatives with respect to T by using the

equations (
∂T

∂p

)

µ̄

=
T

ε+ p
,

(
∂T

∂µ̄

)

p

= −
qT 2

ε+ p
(A.12)

Then,

T

(
∂Dω

∂T

)

µ̄

− (2Dω + βω) = 0 , (A.13)

(
∂Dω

∂µ̄

)

T

−
qT 2

ε+ p

(
∂Dω

∂T

)

µ̄

− ξω = 0 , (A.14)

(2Dω + βω)
q

ε+ p
− 2DB +

ξω
T

= 0 , (A.15)

T

(
∂DB

∂T

)

µ̄

− (DB + βB) = 0 , (A.16)

(
∂DB

∂µ̄

)

T

−
qT 2

ε+ p

(
∂DB

∂T

)

µ̄

− ξB = 0 , (A.17)

q(DB + βB)

ε+ p
+

ξB
T

− Cµ̄ = 0 . (A.18)

Combining the first three and the last three equations we get

(
∂Dω

∂µ̄

)

T

− 2TDB = 0 , (A.19)

(
∂DB

∂µ̄

)

T

− CTµ̄ = 0 . (A.20)

The last equation can be integrated trivially

DB(µ̄, T ) =
1

2
CTµ̄2 + dB(T ) . (A.21)
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Then, from the other equation we get

Dω(µ̄, T ) =
1

3
CT 2µ̄3 + 2µ̄TdB(T ) + dω(T ) . (A.22)

From (A.16) we get the equation

Td′B − dB = βB . (A.23)

This is consistent only if
(∂βB

∂µ̄

)
T
= 0, hence βB only depends on the temperature T . Then

the equation can be integrated and the general solution is

dB(T ) = γBT + T

∫ T βB(τ)

τ2
dτ . (A.24)

From (A.13) we get the equation

Td′ω − 2dω + 2µ̄TβB = βω . (A.25)

This is a consistent equation only if

βω = 2µ̄TβB + bω(T ) . (A.26)

The general solution for dω is

dω(T ) = γωT
2 + T 2

∫ T bω(τ)

τ3
dτ . (A.27)

Finally, we get the following expressions for ξB and ξω

ξB = C

(
µ−

1

2

qµ2

ε+ p

)
−

qT

ε+ p
(dB + βB) (A.28)

ξω = C

(
µ2 −

2

3

qµ3

ε+ p

)
+ 2T

(
dB −

µq

ε+ p
dB

)
−

qT

ε+ p
(2dω + 2T µ̄βB + bω) . (A.29)

A.2 Non-relativistic limit in 3+1 dimensions

The relativistic hydrodynamic equation (2.11) reduces to the non-relativistic form

∂tρ+ ∂i(ρv
i) = 0 (A.30)

∂tU + ∂i(Uvi)− µNR

(
∂tρ+ ∂i(ρv

i)
)
+ p∂iv

i = ησ2 + ζ(∂iv
i)2 + α(ai)2

+Tai

(
βωΩ

i+βBB
i+

2

T 2
α2∂

iT

)
+∂i

(
2α3a

i+
σ

T
∂iT+ξωΩ

i+ξBB
i

)
−CEiBi .

(A.31)

We have defined the vorticity as Ωi = 1
2ǫ

ijk∂jvk. In this expression we have already

extracted the leading order dependence on c of the relativistic coefficients:

η ∼ O(c) , ζ ∼ O(c) , α ∼ O(c3) , βω ∼ O(c2) , βB ∼ O(c) , α2 ∼ O(1) ,

α3 ∼ O(1) , σ ∼ O

(
1

c3

)
, ξω ∼ O

(
1

c

)
, ξB ∼ O

(
1

c2

)
, C ∼ O

(
1

c

)
. (A.32)
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In order to find the non-relativistic constraint equations which guarantee positive definite

entropy current, we take the non-relativistic limit of (2.28),

∆P/ = O

(
1

c

)
Ωi

(
∂iDω − (2Dω + βω)

∂ip

ε+ p
− ξω∂i

(
µ

T

))

+O

(
1

c2

)
ΩiEi

(
(2Dω + βω)

q

ε+ p
− 2DB +

ξω
T

)

+O(1)Bi

(
∂iDB −

∂ip

ε+ p
(DB + βB)− ξB∂i

µ

T

)

+O

(
1

c

)
BiEi

(
q(DB + βB)

ε+ p
+

ξB
T

− C
µ

T

)
= 0 . (A.33)

Using the first law of thermodynamics dU = Tds+µNRdρ and U+p = Ts+µNRρ, eq. (A.31)

determines the divergence of the canonical entropy current in the non-relativistic case. This

equation was derived by taking the O(1/c) order of (2.11), thus we demand that eq. (A.33)

will be of the same order. This fixes the leading order dependence of Dω to be of order

O(c0) and of DB to be O
(
1
c

)
. After factoring out the c dependence and taking the limit,

we find the following conditions:

∂iDω −
βω
ρ
∂ip+

ξω
T 2

∂iT = 0 (A.34)

βω = 0 (A.35)

∂iDB −
βB
ρ
∂ip+

ξB
T 2

∂iT = 0 (A.36)

βB −
C

T
= 0 (A.37)

A.3 Non-relativistic limit in 2+1 dimensions

The relativistic hydrodynamic equation (2.11) reduces to the non-relativistic form

∂tρ+ ∂i(ρv
i) = 0 (A.38)

∂tU + ∂i(Uvi)− µNR∂tρ− µNR∂i(ρv
i) + p∂iv

i =

ησ2+
ζ

d
(∂iv

i)+α(ai)2+ζω∂kv
kΩ+ζBB∂kv

k+
1

T
(µ̃3−T 2µ̃1)ViT̃

i

+T µ̃2ǫ
ijViLj+T µ̃3ǫ

ijVi∂j
µNR

T
+∂i

((
δ̃3
T
−δ̃1

)
T̃ i+δ̃2ǫ

ijLj+δ̃3ǫ
ij∂j

µNR

T

)
.

(A.39)

Where we have defined

T̃ i = −ǫij∂jT , Li = Ei − ǫijvjB . (A.40)
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In order to find the non-relativistic constraint equations which guarantee positive def-

inite entropy current, we take the non-relativistic limit of (2.66). The result is

∆P/ = O

(
1

c

)(
µ̃3 −RT 2µ̃1 − T δ̃1 −RT 2(∂T ν̃5 + ν̃1) + (∂µ̄ν̃5 + ν̃3) + T (∂µ̄ν̃1 − ∂T ν̃3)

)

+O

(
1

c3

)(
µ̃2 +

1

T
µ̃3 +

∂µ̄ν̃5 + ν̃3
T

+ ∂µ̄ν̃1 − ∂T ν̃3 − T∂T ν̃4

)

+O(1)

(
δ̃2 +

1

T
δ̃3 +RT (∂T ν̃3 − ∂µ̄ν̃1)− ∂µ̄ν̃4 +RT 2∂T ν̃4

)

+O

(
1

c

)(
1

T
ζB + T

(
∂p

∂ǫ

)

q

∂T ν̃4 +
1

T

(
∂p

∂q

)

ǫ

∂µ̄ν̃4

)

+O

(
1

c2

)(
1

2T
ζω + T

(
∂p

∂ǫ

)

q

(∂T ν̃5 + ν̃1) +
1

T

(
∂p

∂q

)

ǫ

(∂µ̄ν̃5 + ν̃3)

)
(A.41)

Using the first law of thermodynamics dU = Tds+µNRdq and U+p = Ts+µNRq, eq. (A.39)

determines the divergence of the canonical entropy current in the non-relativistic case. This

equation is of order O(1/c), thus we demand that eq. (A.41) will be of the same order.

Given the expansion of the relativistic chemical potential with c (3.2), in the non-

relativistic limit we can replace thermodynamic derivatives to

∂µ̄ →
T

c
∂µNR (A.42)

∂T → ∂T +
1

T

(
1 +

µNR

c2

)
∂µNR (A.43)

Therefore, using also that R = 1
c +O(c−3),

1

ρ
(U + p)µ̃

(0)
3 + µ̃

(1)
3 − T 2µ̃

(1)
1 − T δ̃

(0)
1 − T 2∂T ν̃5 − T 2ν̃1 + ν̃3 + T 2∂µNR ν̃1 ,

−T∂T ν̃3 − ∂µNR ν̃3 = 0 , (A.44)

µ̃2 +
1

T
µ̃
(0)
3 = 0 , (A.45)

δ̃2 +
1

T
δ̃
(0)
1 + T∂T ν̃3 + ∂µNR ν̃3 − T 2∂µNR ν̃1 + T 2∂T ν̃4 = 0 , (A.46)

ζB = 0 , (A.47)

ζω = 0 . (A.48)

The leading order dependence of the coefficients ν̃ with c is,

ν̃1 ∼ O(c) , ν̃3 ∼ O(1) , ν̃4 ∼ O(1) , ν̃5 ∼ O(c) . (A.49)
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[10] A.Y. Alekseev, V.V. Cheianov and J. Fröhlich, Universality of transport properties in

equilibrium, Goldstone theorem and chiral anomaly, Phys. Rev. Lett. 81 (1998) 3503

[cond-mat/9803346] [INSPIRE].

[11] G.E. Volovik and A. Vilenkin, Macroscopic parity violating effects and 3He-A,

Phys. Rev. D 62 (2000) 025014 [hep-ph/9905460] [INSPIRE].

[12] M. Giovannini and M.E. Shaposhnikov, Primordial hypermagnetic fields and triangle

anomaly, Phys. Rev. D 57 (1998) 2186 [hep-ph/9710234] [INSPIRE].

[13] D.T. Son and P. Surowka, Hydrodynamics with triangle anomalies,

Phys. Rev. Lett. 103 (2009) 191601 [arXiv:0906.5044] [INSPIRE].

[14] A.V. Sadofyev and M.V. Isachenkov, The chiral magnetic effect in hydrodynamical approach,

Phys. Lett. B 697 (2011) 404 [arXiv:1010.1550] [INSPIRE].

[15] Y. Neiman and Y. Oz, Relativistic hydrodynamics with general anomalous charges,

JHEP 03 (2011) 023 [arXiv:1011.5107] [INSPIRE].

[16] K. Landsteiner, E. Megias and F. Pena-Benitez, Gravitational anomaly and transport,

Phys. Rev. Lett. 107 (2011) 021601 [arXiv:1103.5006] [INSPIRE].

[17] M. Mendoza, H.J. Herrmann and S. Succi, Hydrodynamic model for conductivity in graphene,

Sci. Rept. 3 (2013) 1052 [arXiv:1301.3428].

[18] G.M. Newman, Anomalous hydrodynamics, JHEP 01 (2006) 158 [hep-ph/0511236]

[INSPIRE].

[19] J. Erdmenger, M. Haack, M. Kaminski and A. Yarom, Fluid dynamics of R-charged black

holes, JHEP 01 (2009) 055 [arXiv:0809.2488] [INSPIRE].

– 21 –

http://dx.doi.org/10.1016/j.aop.2004.01.004
http://arxiv.org/abs/cond-mat/0311466
http://inspirehep.net/search?p=find+EPRINT+cond-mat/0311466
http://dx.doi.org/10.1103/PhysRevD.78.106005
http://arxiv.org/abs/0808.1725
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.1725
http://dx.doi.org/10.1088/1126-6708/2009/07/037
http://arxiv.org/abs/0902.1385
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.1385
http://dx.doi.org/10.1063/1.3554314
http://arxiv.org/abs/1102.4628
http://inspirehep.net/search?p=find+EPRINT+arXiv:1102.4628
http://dx.doi.org/10.1007/JHEP11(2013)145
http://arxiv.org/abs/1304.7481
http://inspirehep.net/search?p=find+EPRINT+arXiv:1304.7481
http://dx.doi.org/10.1007/JHEP07(2014)027
http://arxiv.org/abs/1402.2981
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.2981
http://dx.doi.org/10.1103/PhysRevD.22.3080
http://inspirehep.net/search?p=find+J+Phys.Rev.,D22,3080
http://dx.doi.org/10.1103/PhysRevLett.41.1575
http://inspirehep.net/search?p=find+J+Phys.Rev.Lett.,41,1575
http://dx.doi.org/10.1103/PhysRevD.78.074033
http://arxiv.org/abs/0808.3382
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.3382
http://dx.doi.org/10.1103/PhysRevLett.81.3503
http://arxiv.org/abs/cond-mat/9803346
http://inspirehep.net/search?p=find+EPRINT+cond-mat/9803346
http://dx.doi.org/10.1103/PhysRevD.62.025014
http://arxiv.org/abs/hep-ph/9905460
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9905460
http://dx.doi.org/10.1103/PhysRevD.57.2186
http://arxiv.org/abs/hep-ph/9710234
http://inspirehep.net/search?p=find+EPRINT+hep-ph/9710234
http://dx.doi.org/10.1103/PhysRevLett.103.191601
http://arxiv.org/abs/0906.5044
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.5044
http://dx.doi.org/10.1016/j.physletb.2011.02.041
http://arxiv.org/abs/1010.1550
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.1550
http://dx.doi.org/10.1007/JHEP03(2011)023
http://arxiv.org/abs/1011.5107
http://inspirehep.net/search?p=find+EPRINT+arXiv:1011.5107
http://dx.doi.org/10.1103/PhysRevLett.107.021601
http://arxiv.org/abs/1103.5006
http://inspirehep.net/search?p=find+EPRINT+arXiv:1103.5006
http://dx.doi.org/10.1038/srep01052
http://arxiv.org/abs/1301.3428
http://dx.doi.org/10.1088/1126-6708/2006/01/158
http://arxiv.org/abs/hep-ph/0511236
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0511236
http://dx.doi.org/10.1088/1126-6708/2009/01/055
http://arxiv.org/abs/0809.2488
http://inspirehep.net/search?p=find+EPRINT+arXiv:0809.2488


J
H
E
P
0
9
(
2
0
1
5
)
0
3
1

[20] N. Banerjee et al., Hydrodynamics from charged black branes, JHEP 01 (2011) 094

[arXiv:0809.2596] [INSPIRE].

[21] M. Torabian and H.-U. Yee, Holographic nonlinear hydrodynamics from AdS/CFT with

multiple/non-Abelian symmetries, JHEP 08 (2009) 020 [arXiv:0903.4894] [INSPIRE].

[22] C. Hoyos, B.S. Kim and Y. Oz, Lifshitz field theories at non-zero temperature, hydrodynamics

and gravity, JHEP 03 (2014) 029 [arXiv:1309.6794] [INSPIRE].

[23] J. Bhattacharya, S. Bhattacharyya, S. Minwalla and A. Yarom, A theory of first order

dissipative superfluid dynamics, JHEP 05 (2014) 147 [arXiv:1105.3733] [INSPIRE].

[24] K. Jensen et al., Parity-violating hydrodynamics in 2+1 dimensions, JHEP 05 (2012) 102

[arXiv:1112.4498] [INSPIRE].

[25] M. Kaminski and S. Moroz, Nonrelativistic parity-violating hydrodynamics in two spatial

dimensions, Phys. Rev. B 89 (2014) 115418 [arXiv:1310.8305] [INSPIRE].

[26] K. Jensen and A. Karch, Revisiting non-relativistic limits, JHEP 04 (2015) 155

[arXiv:1412.2738] [INSPIRE].

– 22 –

http://dx.doi.org/10.1007/JHEP01(2011)094
http://arxiv.org/abs/0809.2596
http://inspirehep.net/search?p=find+EPRINT+arXiv:0809.2596
http://dx.doi.org/10.1088/1126-6708/2009/08/020
http://arxiv.org/abs/0903.4894
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.4894
http://dx.doi.org/10.1007/JHEP03(2014)029
http://arxiv.org/abs/1309.6794
http://inspirehep.net/search?p=find+EPRINT+arXiv:1309.6794
http://dx.doi.org/10.1007/JHEP05(2014)147
http://arxiv.org/abs/1105.3733
http://inspirehep.net/search?p=find+EPRINT+arXiv:1105.3733
http://dx.doi.org/10.1007/JHEP05(2012)102
http://arxiv.org/abs/1112.4498
http://inspirehep.net/search?p=find+EPRINT+arXiv:1112.4498
http://dx.doi.org/10.1103/PhysRevB.89.115418
http://arxiv.org/abs/1310.8305
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.8305
http://dx.doi.org/10.1007/JHEP04(2015)155
http://arxiv.org/abs/1412.2738
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.2738

	Introduction
	Lifshitz hydrodynamics with parity breaking terms
	Parity breaking transport in 3+1 dimensions
	Parity breaking transport in 2+1 dimensions

	The non-relativistic limit
	Drude model
	Effects in 3+1 dimensions
	Effects in 2+1 dimensions

	Summary and conclusions
	Entropy calculations
	Positivity conditions in 3+1 dimensions
	Non-relativistic limit in 3+1 dimensions
	Non-relativistic limit in 2+1 dimensions


