UNIFORM CONVERGENCE OF THE FEM. APPLICATIONS TO
STATE CONSTRAINED CONTROL PROBLEMS
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ABSTRACT. In this paper we focus the numerical discretization of a state
constrained control problem governed by a semilinear elliptic equation. Dis-
tributed and boundary controls are considered. We study the convergence of
the discrete optimal controls to the continuous optimal controls in the weak
and strong topologies. Previous to this analysis we obtain some results of con-
vergence in the L norm of the approximations of the state equation by finite
elements, which is essential to deal with the pointwise state constraints.
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1. INTRODUCTION

In this paper, our goal is to prove some convergence theorems of the discretiza-
tions of state constrained optimal control problems governed by semilinear elliptic
equations. The analysis is carried out for pointwise state constraints. Because of
these constraints, to achieve our goal we need the uniform convergence of the nu-
merical discretization of the state equation. Therefore the first part of the paper is
devoted to prove some convergence results and L error estimates of the approx-
imations of the state equation by finite elements. We consider the Dirichlet and
Neumann cases, which correspond to distributed and boundary controls.

The presence of the state constraints introduces some difficulties in the analy-
sis. Maybe the most important difficulty appears when we try to approximate an
admissible control by a sequence of discrete controls admissible for the correspond-
ing discrete problems. In particular the possibility of obtaining this approximation
for the optimal control is essential to prove the convergence of the discretizations.
This cannot be done for every control problem, some stability of the optimal cost
functional with respect to small perturbations of the set of admissible states is nec-
essary to have an approximating sequence of the optimal control formed by discrete
admissible controls.

An advance of these ideas was presented by E. Casas in [2] for the case of a
Dirichlet boundary value problem and distributed controls under the assumption
of H?()-regularity of the states. In this paper we consider the case where only
WLP(Q)-regularity of the states can be assured, which allows us to extend the
results to the case of a Neumann boundary value problem and boundary controls.
We prove some new error estimates and convergence results for the approximation
of the state equations by finite elements. Then we use these results to establish the
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convergence of the so called stable control problems. We will also see that almost
all problems are stable.

Error estimates for the control is not considered in this paper. It is an open
problem how to obtain error estimates for the discretizations of the controls under
the presence of pointwise state constraints. Second order optimality conditions have
to be used in order to derive these estimates, but these conditions are not well known
for the case of pointwise state constraints. In the absence of state constraints, some
papers dealing with error estimates can be found in the literature; see N. Arada,
E. Casas and F. Troltzsch [1] and the references there cited.

The plan of the paper is as follows. In Section 2, the error estimates for the
discretization of a semilinear elliptic equation is studied. The section is divided
into two parts, the first one devoted to the Dirichlet case, and the second one
dealing with the Neumann case. Section 3 is also divide into two parts, in the first
part the numerical approximation of a distributed control problem is studied. In
the second part, the case of a boundary control is considered.

2. ERROR ESTIMATES IN THE DISCRETIZATION OF SEMILINEAR EQUATIONS

There are some papers in the literature devoted to the study of uniform esti-
mates for the error in the finite element method for linear and quasilinear elliptic
equations; see R . Scott [14] or J. Frehse and R. Rannacher [9]. In these papers,
the regularity required for the solution of the equation is stronger than that one
we can assume for the optimal states of the pointwise state constrained optimal
control problems. In the linear case, P.G. Ciarlet and P.A. Raviart [6] relaxed the
regularity of the state by using a discrete maximum principle valid for some grids
of finite elements, the so called triangulations of monnegative type. They prove
uniform convergence of ||y — yn|lcoc — 0 for this type of triangulations under the
assumption that y € WHP(Q). Also they derived some error estimates for states
y € W2P(Q). Finally, by assuming H?(Q) regularity for y, there are some well
known uniform error estimates for linear equations; see for instance P.G. Ciarlet [4,
pags. 143-144].

In this section we will prove uniform convergence and error estimates for states
in H%(Q) and WH?(Q) and semilinear elliptic equations. As far as we know, these
results are new. We start with the Dirichlet problem and we will finish with the
Neumann problem. First we introduce some notation and hypotheses assumed in
the whole paper.

Let Q be a convex subset of R, N = 2 or N = 3, I its boundary and A4 an
operator of the form

N
Ay = - Z a:r:j [azja:rly] ’

ij=1
where a; ; € C%1(Q) and such that there exist m, M > 0 satisfying
N
mlg* < Y aij(@)&ig; < Mg|* v¢ € RY and Vo € Q.
ij=1

Let f: 2 xR — R be a Carathéodory function, monotone decreasing in the second
variable, with f(-,0) € LP/2(), for some p > N, and satisfying the following local
Lipschitz condition: for all M > 0 there exists ¢ps € L?(Q2) such that

(1) [f(@m) = f(@,92)] < [om(@)[lyr — y2| for ae. x € Qand |y, |y2| < M.
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In 2 we consider a family of triangulations on {74}, .. To each element T' € Ty,
let us associate two parameters: p(T) and o(T'), where p(T) denotes the diameter
of the set T and o(T') is the diameter of the greatest ball included in T. We will set
h = maxpeT, p(T). We will make the following assumptions on the triangulation:

e Regularity assumption: there exists ¢ > 0 such that % <o VT €T,
and h > 0.

e Inverse assumption: there exists p > 0 such that % <p VT €T, and
h > 0.

e Set ), = Uper, T, Q its interior and T'j, its boundary. Then we will
suppose that the vertexes of 7, placed on the boundary of I'j, are points of
r.

Consider the spaces
Vio={yn € C(Q): ynj, € P(T) YT € Ty yn =0in Q\ Qp}
and -
Wy, = {yh € O(Qh) Y Yhlr c Pl(T) VT ¢ E},
where P;(T) is the space of polynomials of degree 1 on T. V}, is a vector subspace
of W, P(2) and W}, is a subspace of WP ().
We will use the Lagrange interpolation operator
11, : C(Q) — Wy
being II;z the unique element in W}, such that IT,z(x;) = z(z;) for every node of
the triangulation x;. In the case of a function z vanishing on I"; we will extend Il z

to by zero and we will denote this extension by II;z too. In the last case we have
that I1,z € Vj,.

2.1. Dirichlet case. Here our goal is to study the uniform approximation by the
finite element method of the solution of the equation
(2) { Ay = f()y)+f0 in Q
Yy = 0 on F,
where fo € W~1P(Q) for some p > N.

By classical arguments we can deduce from the monotonicity of f and (1) the
existence of a unique solution of (2) in Hg(Q2) N C(Q); see G. Stampacchia [15] for
the boundedness of the solution. Now if fo = 0 and f(-,0) € L*(Q), we deduce
from the convexity of 2 and the Lipschitz continuity of the coefficients a;; that the
solution is in H?(2); see P. Grisvard [10]. If fo # 0 or f(-,0) & L?(f2) , then the
solution belongs only to the Sobolev space W1P(Q) for some p > N, close to N;
see D. Jerison and C. Kenig [11] and M. Mateos [12].

The discrete version of (2) is defined as follows. For every h, let us define y;, € V3,
as the unique element that satisfies

(3) a(yhazh) = / f(xayh(x))zhdx + <f07 Zh>w—1,p(Q)><W01’P(Q) Vzn € V,
Q
where
N
a(yn, zn) = Z / a; ()02, yn(x)0r, 21 (x)dx.
ij=1"9

The proof of the existence of a solution of (3) is well known. It is enough to apply,

in a convenient way, Browder’s fixed point theorem along with the monotonicity
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of f. Our purpose is to prove that 3, — y in C(Q2). We will distinguish the most
regular case corresponding to fy = 0 from the general one fy # 0. In the regular
case, we will derive the same error estimates than for the linear case. Before stating
the results let us formulate a lemma whose proof can be found in P.G. Ciarlet and
P.A. Raviart [5]; see also P.G. Ciarlet [3].

Lemma 1. Setm >0, k >0, and p,q € [1,00]. If the embeddings

WHHLP(T) — CO(T)
WHhHLP(T) —y W™ 4(T)

hold, then there exists a constant C > 0 independent of h such that
11 _

(4) ly = Tryllwmacry < CHN Gy oy,

where Iy is the restriction of Iy to the element T .

The following inequality, whose proof can be found in P.G. Ciarlet [3, Theorem
17.2], gives us the equivalence constant between two Sobolev norms in a finite
dimensional space:

1

hN max{(),%fé}h

(5) ||thWm,f1(Qh) <C = ||yh||wl,p(Qh) Yop € Vy, if I < m,

C > 0 being independent of h.

2.1.1. Regular case. Suppose now that fo = 0 and f(-,0) € L*(Q). In a first step,
we will also make a stronger assumption on f than that one fixed in (1): there
exists a function ¢ € L?(2) such that

(6) |f(z,t1) — f(z,t2)] < |o(2)|[t1 — ta] Vii,t2 €R, ae. z€Q.

This restrictive condition of global type will be relaxed later and we will see that
assumption (1) is enough. As mentioned before, equation (2) has a unique solution
in H2(2) N H}(Q) and it can be formulated variationally as follows

(7) { aly,z) = (f(z,y),2) 2 Vz € H ().
The numerical approximation of y is now given by the variational equation

() { Find y;, € V}, such that

a(yn, zn) = (f(2,yn), 2n)12(Q) Yzn € V.

The following result is a generalization for semilinear equations of the well known
Céa’s Lemma

Lemma 2. Let y and yp, be solutions of the variational problems (7) and (8)
respectively. Then there exists a constant C' > 0 independent of h such that

ly — ynllar ) < Clly — nyll g o)

Proof. The result is a consequence of the Hg (Q2)-ellipticity of a, the monotonicity of
f in the second variable, the Lipschitz condition imposed on f and the continuous
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embedding from H*(Q) in L*(Q):

||y - th?ql(Q) < Ca(y —Yn, Y — yh)
<C{a(y —yny—yn) — (f(y) = foyn)y —yn)} =

=Claly —yny—2n) — (fCy) = fCoun)y —2n)} <

<C {||Z/ yh||H1(Q ly — Zh||H1(Q) + ||¢HL2(Q ly — yh||L4(Q)Hy - Zh||L4(Q } <
< CH{lly = wnllmr o lly — 2l @) + el 2@ ly — vnllar @ lly — znll Q)} <
< COlly = ynllarolly — Zh||H1(Q) for all z;, € Vj,.

Dividing by ||y —yn | 51 (o) and taking z;, = I,y we achieve to the desired result. [
Now we have the following lemma.

Lemma 3. Let y and yn be solutions of the variational problems (7) and (8)
respectively. Then there ezists a constant C > 0 independent of h such that

1y =yl @) < Chllyllaz o)
Proof. Using Lemma 2, the inequality

1Yl @00y < CllYlla20)

(cf. P.A. Raviart and J.M. Thomas [13, Lemma 5.2-3]) and Lemma 1 with m = 1,
q=2,k=1and p=2, we have that

ly = ynllzr @) < Clly — pyllar @) <

C (Il mr @) + 1y = ayll i @n)) < Chllyllaz),
and the proof is complete. O

To obtain the error estimate in L2(£2) let us introduce the function

f(@,yn(2) — flz,y(@) .
9) a(r) = y(z) — yn(2) if y(z) # yn(x)
0 in other case.

Notice that a(z) > 0.
We have that for all v € L*(Q) there exists a unique z, € H?(Q) N H(Q)
satisfying
A'zpy +a(x)zy = ¢ inQ
{ zp = 0 onl.
From (6) we deduce that [[a||z2() < [|¢]lz2(q), then there exists a constant C' > 0
independent of a such that [|zy||g2) < C||¥|L2(q). This Dirichlet problem can
be formulated variationally as

(10) a(z,zy) + (ozy, 2) = (Y, 2) Vz € H}(Q),
and it can be approximated by
(11) a(zn, 2g.n) + (Qzy ns 2n) = (¥, 2n) V2 € Vi

We are going to apply a very similar technique to that of the linear case to find an
error estimate for y — y; in L?(Q).

Lemma 4. Let y and y, be solutions of the variational problems (7) and (8)
respectively. Then there exists a constant C > 0 independent of h such that

ly = ynllr20) < CR* |yl r2e0)
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Proof. Take any v € L%(Q). Using (10), the definition of a(x), (7) and (8), the
continuity of a, Lipschitz’s condition (6), and Sobolev’s and Hoélder’s inequalities
as in the previous proof, we have

(wvy - yh) = a(y - yhazdl) + (OéZw,y - yh) =
=a(y — yn, 2y — 2p,n) +a(y — yn, 2¢,) + (Q2g, Y — yn) =

=aly —yn,zp — zwh)+/ﬂ(f($,y)—f(x,yh))zw,hdﬂ”r
f T, yn) z,y) B _
2y (y — yn) dx =

= a(y — Yn, 2y — 2y, h)+/9(f(w,yh)—f(w7y))(zzp—Zw,h)dxﬁ

SCM—ymmumww—@wmpmyﬁ/wmmw—yuvw—%ﬁst

Q
< Clly = ynllm @) llzp — 2g nllz @) + 19l L2 1y — yrllLa@)llzg — 2enllze@) <
< Clly = ynllm o llzy — 2zl < Chllyll )bz H20) <
< CP2 ||yl gz 1¥] L2 (0

where the last estimates follow from Lemma 3 and the usual estimates for finite
elements. Thus

ly—wnllz =  sup (¥, y —yn) < CR?|yllm2(a),
|‘¢|‘L2(Q)Sl

and the proof is complete. ([

Theorem 1. Let y and y, be solutions of the variational problems (7) and (8)
respectively. Then there exists a constant C > 0, independent of h such that

_N
ly = ynllp=(@n) < CR*™ 2 |yl m2(o).-

Proof. We have that
(12) 1y = ynllze= () < 11y — Daylle @, + 10y — yallze(@u)-

Due to Lemma 1, taking m =0, ¢ = 0o, k = 1 and p = 2, we have that

_N

(13) ly = Thyll o @) < CH*7 [yl 2

Applying (5) we have that

_N

(14) 1Ty — ynlle(,) < Ch™ 2 [y — yullz2(0,)-

Again due to Lemma 1, taking m =0, ¢ =2, k=1 and p = 2, we get
(15) IMhy — vl < CR o,
and due to Lemma 4
(16) 1y = ynllz2) < CR®|lyllaz(o)-
From (15) and (16) it follows that

My = yall2@n) < IMhy = yllzzn) + 1y = vallz2 @) < CR [yl a2 o)
This along with (14) implies that
_N
Iy = yallLoen) < Ch*™ = [yl ()

which together with (12) and (13) complete the proof of the theorem. O
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Let us see now how we can obtain the same results with less restrictive conditions
on the growing of f in the second variable.

Theorem 2. Suppose that (1) holds and that f(x,0) € L*(Q). Then the conclu-
sions of Lemmas 8 and 4 and of Theorem 1 remain valid.

Proof. Set M = ||y||po ) + 1 and
flxz,—M) ift<-M
fu(z,t) =4 f(z,t) if [t| <M
Fle, M) ift> M.
We have that for all z € Q, fa(z,y(x)) = f(z,y(z)). And therefore we have that

{Ay = fu(z,y)in Q
= 0 .

Take y{l\/f the solution of the discrete variational problem
Find y} € Vj, such that
a(y}yvzh) = (fM(x7y}ILVI)aZh) VZ}L € Vh'
From Theorem 1 we have that
N
ly = wn" |2 @) < CH*~% lyllz2(e)
therefore for all h less than a certain ho we have that ||y — Y2 || 1= (q,) < 1, and
then ||y || (0,) < [lyllL=(0) + 1 = M, which implies that fas(z,yp") = f(z,yp")
and consequently yﬂ/l is the solution of the problem (8) and the desired estimates
hold. |

2.1.2. Non regular case. Now we suppose that fo # 0, fo € W~=1P(Q). Under this
situation y € WO1 P(Q) for some p > N. As before, we will start assuming that the
global condition (6) holds. First we prove convergence in H'(Q).

Lemma 5. Let y and y, be the solutions of equations (2) and (3) respectively.
Then

li — =0.
hlg%) ly yh||H1(sz)
Proof. Obviously Cea’s Lemma 2 remains valid, then
lim lly = ynllm (o) < lim Clly = ayllm @) < lim Clly = Hpyllwir @) =0,
the last equality being a well known result of the interpolation theory in Sobolev
spaces; see P.G. Ciarlet[3]. O
A convergence result in L?(£2) can also be proved.

Lemma 6. Let y and y, be the solutions of equations (2) and (3) respectively.
Then

im Y= wnllz2e
h—0 h

Proof. Take ¢ € L*(2). Following exactly the proof of Lemma 4 we obtain
(yy = yn) < Clly =yl llze — 2p.nllmr@) < Chlly — ynllm @ ll¥ll L2 0)-
So )
EHy —nllzz) < Clly — ynllar (o
and applying Lemma 5 we obtain the desired limit. [
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Lemma 7. Let y € WYP(Q) with p > N. Then

y ly — Myl e (o)
1m =
h—0 h

Proof. We use Lemma 1 and the fact that I,y € WP(€},) to deduce that

0.

1y = nyllze,) = 1y — My = Mn(y — May)ll e,y < Chlly — pyllwie,)
and the result follows dividing by h and using again the convergence of the inter-
polation in WP (). O

Now we can prove the uniform convergence in dimension 2.

Theorem 3. Suppose N = 2. Let y and yp be the solutions of equations (2) and
(3) respectively. Then

i — . =0.
hlg%Hy Ynll=) =0

Proof. If we apply the triangular inequality, Lemma 1, the inequality (5) and that
N = 2 we obtain

ly = ynlle@ny < v —=Thyllre) + My = ynllze )
_2 _
< CR P lyllwsoy + 5 My — yall e, |
. Iy — -
< WP lally ooy + e | Bm il |

Taking into account p > N = 2, Lemmas 6 and 7 and the continuous embedding
LP(Q) C L*(Q), we deduce that the last three terms converge to zero.

Finally, notice that since y € C(2) and y(z) = 0 on I, then ||y 1= @\q,) tends
to zero when h — 0, so the proof is complete. O

To give a result in dimension 3 we must make two extra assumptions:

(H1) Function ¢ given in (6) belongs to L"(€2) for some r > 2

(H2) The triangulation is of non negative type; see P.G. Ciarlet and P.A. Raviart
[6] or P.G. Ciarlet [3] for this definition.

In the case of a non negative type triangulation 7, if p > N, a; ; € L>(Q2) and y
is the solution of the discrete problem

a(yn, zn) = (g,2n) for all z, € Vp,
with g € W=1P(Qy,), then the discrete maximum principle holds [6]:
(17) lynllLes @) < Cligllw-1.00,)-
Using this principle we prove the following theorem.

Theorem 4. Suppose that the coefficients a; ; € L>(Q), and let y and yy, be the
solutions of the equations (2) and (3) respectively. Then, if the triangulation is of
non negative type

(18) 1y = ynllL<(an) < Chllylwer) ify € WP(Q), p>2N
and

(19) %15}) ly =yl =0 ify € WHP(Q), p> N.
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Proof. Notice first that in order to have the solution in W(Q) it is sufficient for
the coefficients a; ; to belong to C(2). On the other hand, the W?2P(Q) regularity
can be assured if the coefficients are in C%1(Q), T is of class C*! and f(-,y) and
fo are in LP(Q).

Let y € W, P(Q) and y;, € Vi, be solutions of the problems (2) and (3) respec-
tively. We have that y; — Iy is the unique element of V}, that satisfies
(20) a(yn —ny, zn) = aly — May, zn) + (f (2, yn) — f(2,9), 21) YVan € Vi

Let us study the norm of the operator
T:Wh'(Q,) — R

Tz =aly — My, z) + (f(@,9n) — f(2,9),2),
where p’ is the conjugate exponent of p. Due to Holder’s inequality, we know that

Vz e W' (Qp).

a(y - tha Z) g CHy - th||W1’p(Qh) ZHWOLP/(Q}L)

We have that WHP(Qy,) — HY(Qy) — L°(Q4). If we suppose that p < 3 + ¢, with
e small enough, then W1' (Q) < L*(Q), with s < 3, as close to 3 as we precise.
So s can be chosen in such a way that
L1
r 6 s
Thus, using Holder’s inequality and Cea’s generalized lemma (Lemma 2)

/Q (@) — Fa,y))zde 6@ Iy — vl || da

h
ol ) 1y — ynllze @) 121 s 1)
Clly = yullar@mllzlwre @)
Clly = Iyl o) 12l )
Clly — Mayllwro @) 2 llwe 0,

ININININ TN

Therefore
ITllw-10(0) < Clly = Wnyllwre ey
But, applying maximum principle (17) if 3 < p < 3 + ¢ to equation (20) we have
that there exists a constant C' > 0 independent of h such that
v — Wpyllzos(a,) < ClITw-10(0,) < Clly — Mayllwie @),
and using that WP(€,) < L>(Qy,), we get to:
(21) ly =yl < Ny —nylle@u) + lyn = pyllee@,) <
< Clly— thHWl,p(Qh) — 0 when h — 0,
which proves (19).
If y € W2P(Q), applying Lemma 1 we have that
(22) 1y = Mayllwrrn) < Chllyllwee ),
which along with (21) implies (18). O
Theorem 5. Under the assumptions of Lemmas 5 and 6 and Theorems 3 and 4

and replacing the hypothesis (6) by (1), then the conclusions of these Lemmas and
Theorems remain valid.

The proof of this theorem is analogous to that of Theorem 3.
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2.2. Neumann case. We will suppose for Neumann’s problem that I' is polygonal

or polyhedrical. In this case €, = 2. Let us consider now ag € LN]\%(Q), apg > 0,
ap Z 01in Q, fo € (W2 (Q)) and v € L>®(T'). We want to study the uniform
approximation by the finite element method of the solution of the equation

Ay + agpy f,y)+fo inQ
(23) { O,y = v on I'.

For each h, let us define y, € W}, as the unique element that satisfies
(24)

N
Z / ;,j (%) 0z, Yyn () Oy, 2 (x)da +/ ao(z)yn(x)zp(x)dx =
ij=1" @
Jo £ (@ yn(@))zndz + (fo, zn)wre )y wre @) + Jrv(8)2n(s)ds  Van € Wi,
As for the Dirichlet case, this variational equation has a unique solution yy,.
Our objective is to show that y, — y in L°(Q). We will get advantage of these
results in next section to study a control problem, where v will stand for the control.
Generally v ¢ H2 (T') and therefore we cannot obtain H2 (Q) regularity for the state
y. The maximum regularity we can deduce is y € WHP(Q2) for some p > N; see
M. Dauge [7]. First we state the following lemma.

Lemma 8. Let y and y;, be respectively the solutions of the equations (23) and
(24). Then

li — 1 =0
hlj)%Hy ynlla (Q)
and

lim ly — thL2(Q) _

h—0 h 0-

Proof. The first equality is deduced in the same way than in the proof of Lemma 5.
For the second identity we can follow the same procedure as in the proof of Lemma
6 by taking for every ¢ € L?(), z, € H*(2) as the unique solution of
A*zy + apzy + () 2y ¥ inQ
Onye2py = 0 onl,

(25)

with a(x) defined as in (9). O

Finally, adapting, in the obvious way, the proofs of Theorems 3, 4 and 5 and
using Lemma 8 we obtain the next two theorems.

Theorem 6. Suppose that N = 2. Let y and yp be the solutions of the equations
(23) and (24) respectively. Then

1. - oo - O.
hlg% ly —ynllL (Q)
Theorem 7. Suppose that the coefficients a; ; € L>(Q), and let y and y;, be the

solutions of the equations (23) and (24) respectively. Then, if the triangulation is
of non negative type,

(26) ly = ynll=(q) < Chllyllw2r) ify € WHP(Q), p>2N
and

(27) %15}) ly =yl =0 ify € WHP(Q), p> N.
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3. NUMERICAL APPROXIMATION OF OPTIMAL CONTROL PROBLEMS

This section is devoted to the study of the discretization of a control problem.
In the first part we study a distributed control problem governed by a semilinear
equation with Dirichlet boundary conditions and in the second part a boundary
control problem governed by an equation with Neumann boundary conditions will
be considered.

3.1. Distributed control. We will follow the notation introduced in Section 2.
The control problem is defined as follows.
by { M0 = fo L (@ @), u(@) do
YV veKR, g@yur) <5 VreQ,
where
(1) K is a convex, weakly* closed, bounded and non empty subset of L>(2).

(2) L:QxR* — R is a Carathéodory function, convex in the third variable
and satisfying

(28) VM >0 Fp € LH(Q) such that |L(z,y,u)| < Par(z)

for a.e. z € Q and [y|, |u| < M.
(3) 9: Q2 xR — R is a continuous function.
(4) (y,u) satisfies the state equation
Ay, = flz,yu)+u inQ
(29) { Yo = 0 on I
Since f(-,0) +u € LP/?(Q) for some p > N, then (29) has a unique solution
Yu € Wol’p(Q) for some p > N small enough; see M. Mateos [12]. Moreover,

the boundedness and the estimates for y, provided in [12] imply that there exists
Ck > 0, independent of u, such that

(30) Hyu”Wl,p(Q) <Cg Yu€eK.

Moreover if {u;}32; C L>(Q2) and u; — u weakly® in L*°(Q), then yu; — yu

strongly in W1P(Q). Finally, if f(-,0) € L?(), then y,, € H*(Q) N H}(Q).
Concerning the existence of a solution for problem (Ps), we have the following

result.

Theorem 8. There exists a number §g € R such that problem (Ps) has at least one
solution for every & > &g, and (Ps) has no admissible controls for § < dg.

Proof. From (30) we deduce that there exists a constant C' such that ||y, =) < C
for every u € K. Let M and m be the respectively the supremum and the infimum
of g in Q x [-C, C]. Then it is obvious that (Ps) does not have admissible controls
for § < m and all the elements of K are admissible controls for § > M. Let §y be the
infimum of the values d for which (Ps) has admissible controls. Then m < §y < M
and (Ps) has not admissible controls for § < dy. Let us prove that there exists at
least an admissible control for (Ps,). Let {d;} be a decreasing sequence converging
to dp and {u;} C K a sequence of controls such that every {u;} is admissible for
(ng). Since K is bounded, we can take a subsequence, denoted in the same way
and weakly* convergent in L>°(€2) to an element ug € K. Then y,, — yu, in

WP (), therefore {yu, } converges uniformly to y,, and hence

9(, Yyuo(2)) = lim g(z,yq, (x)) < lim §; = & for all z € €.
J—00 J—00
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Therefore ug is an admissible control for (Ps,).

To conclude the proof, we must establish the existence of an optimal control
for every 6 > do. Let {ux} C K be a minimizing sequence for (Ps), this is
J(ug) — inf (Ps). We can take a subsequence, denoted again in the same way,
which converges weakly™ in L>°(2) to an element @ € K. Arguing in a similar way
to the previous paragraph, we can check that g(x,yg(z)) < d for every z € Q. So
@ is an admissible control for problem (Ps). Let us check that J(@) = inf (Ps). To
do that we use Mazur’s Theorem (see, for instance, Ekeland and Temam [8]): there
exists a sequence of convex combinations {vg }ren,

n(k) n(k)
v = Z Ak, juj, with Z Mg =1 and A, ; >0,
j=k j=k

such that vy — @ strongly in LP(€2). Then, using the convexity of L with respect
to the third variable, the dominated convergence theorem and (28), we get

J@) = lim [ L(z,yz(z),ve(z))dx <

k—o0 Q
n(k) n(k)
lim su A /L x, Yz (x), u dr < limsu A (uj)+
kﬁoopjzk k.j 0 (@, ya(2), u;(2)) kﬁmpz kg ()
n(k)
imsup [ 3 Mg Lo, (), 105 0) = L) 0y o) =
—00 =k
n(k)
inf (Py) Jrhinsup/ Z)"W'L T, Yy, (), uj(x)) — Lz, ya(x), uj(z))|d,
—00

where we have used the convergence J(uy) — inf (Ps). To check that the second
summand of the previous expression tends to zero, we just have to notice that
for every fixed z, the function L(x,-,-) is uniformly continuous on bounded sets
of R?, that the sequences {y,, ()} and {u;(z)} are uniformly bounded an that
Yu,; () = ya(z) when j — oo. Therefore

n(k)
lerr;O Zk e | L(2, Yo, (), uj(2)) — Lz, ya(z),ui(x))] =0 for ae. z € Q.
.

Using again the dominated convergence theorem we deduce that
n(k)

thUP/QjZk Ak | L(@, Y, (%), () — Lz, ya (@), uj(@))|de = 0,

k—o0
and the proof is complete. ([

Now let us proceed to discretize the control problem. Consider the space
Up = {un € L®(Q) : up, € P(T) VT €Tn}.
For all up, € Uy, we will denote by yp,(up) the unique element in Vj, that satisfies

(31) Z / i, O, yn (un)Ox,; zndr = /(f(xayh(uh)) + up)zpdr  Vzp € V.

2,j=1



UNIFORM CONVERGENCE OF THE FEM. APPLICATIONS TO CONTROL PROBLEMS 13

For every h > 0 we take a convex, closed, bounded and non empty subset K
of Uy, in such a way that {K}} constitutes an internal approximation of K in the
following sense

(1) For all u € K there exists uj, € Kj, with uj, — u in L'(Q).
(2) If up € Kp, and up, — u weakly™ in L>(Q), then u € K.
(3) The sets {K}}r>0 are uniformly bounded in L>°(€2).

Let us formulate the following finite dimensional problem.

min Jy (un) = [o, L (,yn(un)(z), un(z)) dz
(P“){ un € K, g(af}yhm)( <6 Viel,

where {xj} 1 is the set of vertexes of 75, and I}, is the set of indexes corresponding
to the 1nter10r vertexes: z; € Qif j € I and x; € I'if j &€ I),.

It is the purpose of this section to show that the solutions of the discrete problems
converge to the solution of the continuous problem. To do that, it is necessary to
prove the fact that if u;, — u weakly™® in L>°(Q), then y,(upn) — ¥y, uniformly in Q.
Observe that we are not exactly in the case of the previous section, because there
we proved that yp, = yp(u) converges to y,, uniformly.

Theorem 9. For every h > 0 let us take up € Uy so that up, — u weakly® in
L>(Q). Then
Lim flyn (un) = Yull Lo () = 0

if one of the following three assumptions is satisfied:

Al1): f(-,0) € L3(Q).

A2): N=2.

A3): Function ¢pr introduced in (1) belongs to L™(Q), r > 2 and the trian-

gulation is of non negative type.

Proof. First let us assume that A1) holds. The weak* convergence of {up}nso
implies the boundedness of the family in L*°(f2), then there exists a constant C
such that

(32) ”yuh

Now using Theorem 1

w2y < C Vh > 0.

lyn(un) = Yull Lo @) < lyn(un) = Yu, | @) + 1Yun — Yull o (@) <

_N
Oh2 2 + ”yuh - yu||L°°(Q) — 0.

To prove the same result under assumption A2) or A3) we will use the following
two lemmas.

Lemma 9. For all h > 0, all u € L>®(Q) and all up, € Uy, there exists C > 0
independent of h such that

lyn(un) = yn(W)ll gy ) < Cllu —unllz-1(0)-
Proof. From the monotonicity of f and the H}(Q) ellipticity of a(-, -), we have that
mllyn(un) = yn (W)l ) < alyn(un) = yn(u) yn(un) — yn(u)) =

(f (@, yn(un)) = f(@,yn(w), yn(un) — yn(w)) + (un — u,yn(un) — yn(u)) <
< (un —u,yn(un) — yn(w) < llu = unllg-1 (@) llyn(un) — yn(u) g1 (o)
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Therefore
1
lyn (un) — yh(u)HHg(Q) < EHU - uh”H*l(Q)-
O

Lemma 10. Let us assume that up, — u in L*°(Q) weakly*. Then the following
equalities hold

(1) limp, o ”yuh - thuh”Wl’P(Qh) =0.

(2) lima—o [[yn(un) = Yu, 1) = 0.
(3) limpo 7 lyn(un) = yuy llL2(@) = 0.
(4) limp—o +1Yun — Datu, l|Lr@,) = 0.
Proof. 1.- First we write

Yy — thuh||W1=P(Qh,) < N Yun — yuHWl*P(Qh)"_

1Y — Mpyullwre @) + My — ayu, lwie@,)-
Now the first summand converges to zero because of the continuity of the solution
of the state equation with respect to the control and the second one due to the
convergence of the interpolation in the Sobolev space W1 (Q); see P.G. Ciarlet [3].
The third one also goes to zero because of the uniform boundedness of ||II;|| in
wWir(Q).
2.- Let us write

(Y, — yn(un) 1) < NYu — Yull @)+

19w = yn (W)l (@) + lyn(w) = yn(un)llm @)-
Once again the first summand converges to zero due to the continuity of the state
with respect to the control and the second one due to Lemma 5. For the third
summand we use Lema 9 and the fact that the weak™ convergence of up, in L>(2)
implies the strong convergence in H~1(Q).
3.- Since yp, (un,) and y,, are the discrete and continuous states associated to the
same control, we can use the inequality obtained in the proof of Lemma 6

1
EHyuh = yn(un)llz2) < Cllyu, — yn(un) 1)

Now it is enough to use the already proved statement (2) of this lemma.
4.- By using Lemma 1 we get

1Y, = Wb Lo @0y = 1Yu = Mnbuy, = WYy, = Mgl L0021y <
ChlYu, — Uy, lwrr () -
Now the result follows from statement (1). O
Now we conclude the proof of Theorem 9. Let us assume that N = 2.
llyn(un) — yull oo ) < llyn(un) — Mpyu, |2 ()

+||thuh — Yuy, HL“’(Q;,,) + ”yuh - yuHLOO(Qh)-
The third summand converges to zero due to the the continuity of the state with
respect to the control. The convergence to zero of the second summand is a conse-

quence of Lemma 10-(1). To estimate the first summand, let us take into account
(5) and the fact that N =2

C
llyn(un) = Mnyu, L= (@n) < - lyn(un) = Mpyu, llz2(@n) <
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h h

Now we can apply Lemma 10 to deduce that this quantity converges to zero. So
we have proved that

o (Ith(Uh) — Yun |lL2(02) N Yy — thuh||L2(9h>>

Tim {lyn (1) = gull o (@n) = 0.

Notice that y, € C(Q) N Hg(2), then ||y,|/r=(\0,) tends to zero when h de-
creases. The proof is complete under assumption A2).

Let us conclude the proof of theorem by considering the last case: assumption
A3). We know that y, and y,, are elements of WP(Q) for every u € K and
up € K. Let us write

1yn (un) = Yull Lo @) < llyn(un) = ya(u)llLe @) + [1yn(u) = yullLe=(o)-
The second summand converges to zero as a consequence of Theorem 4. Let us
study the first summand. We know that yp, (up) — yn(u) solves the discrete problem

ayn(un) — yn(u), zn) = (f(@,yn(un)) + un — f(2,yn(uw)) —u,2n)  Vzp € Vi.

In this case we can apply the discrete maximum principle (17), and we get
lyn(un) = yn (WL @) < Cllf(z,yn(w) +u— f(z,yn(un)) — unllw-1r@) <
< C (I (@, yn(w) = f (@, yn(un))lw-re@) + llu = unllw-10)) -

The weak* convergence in L% (£2) of uy, implies the strong convergence in W~17(Q),
so the second summand converges to zero. On the other side, arguing as in the proof
of Theorem 4 we get

If (2, yn(u)) — f(%yh(uh)HW*lvP(Q) < H¢||L7»(sz)||yh(u) - yh(uh)HHg(Q)-

Due to Lemma 9

lyn(un) — yn (W g2 @) < Cllu — unllg-1(0).-

Once again the weak* convergence of the u; implies the strong convergence in
H~1(2). Therefore the states converge uniformly. O

By using Theorem 9, we can prove the following lemma which is essential in the
proof of the converge of the discretization of (Pj).

Lemma 11. Let us suppose that one of the assumptions Al), A2) or A3) of
Theorem 9 holds and let {up, }7>, be a sequence, with hy — 0, such that up, — u
weakly* in L>°(Q). Then

J(u) < liminf Jy, (up,).

k—o0

Proof. We know that there exists a sequence vy, of finite convex combinations of
up,, converging strongly to w in LP(£2) for some p € (1, 00):

n(k) n(k)
Up,, = Z Ak,jUn;, With Ag; >0 and Z Akj =1, klin;o vp, = u in LP(2).
j=k j=k

So we can write

J(u) = / L(z, yy,u)dz = lim L(z, Yy, vp, )dz <
Q

k—o0 Qn
k
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n(k)
< llkrl_lgéle:C Ao, /Qhk L(z, yu, up,; )dz <
= :

n(k)
lim sup Z Akj / (L%, yu, un;) — L(x, yn, (un, ), un,))do+
k—oo Qn
j=k k
n(k)
likrg'géf Z Ak, /Q L(z, yn, (un, ), un, )dz.
j=Fk hj
The second summand coincides with likm inf Jy, (up, ). Thus the lemma will be
—00

proved if we establish that the first summand is zero. But this is obtained by using
the uniform convergence yp, (up,) — yu (see Theorem 9) and arguing like at the
end of the proof of Theorem 8. ([l

In order to analyze the convergence of the discretizations of the control problem,
we have to introduce some stability concept to deal with the state constraints.

Definition 1. We will say that control problem (Pjs) is weakly stable on the left if
lim inf (Pg/) = inf (Pg).
6’12‘16 inf (Ps/) = inf (Ps)

Notice that weak stability on the right
i inf (Po) — i
(33) 61’1{‘116 inf (Ps/) = inf (Ps)

is always true. Indeed take us a solution of (Ps). Since K is bounded, we can deduce
the existence of a sequence {4;} such that ¢; \, 6 when j — oo and lim; o, us;, = @
weakly* in L>°(Q) for some @ € K, being us, a solution of (Ps,). If y; and 3 are
the associated states to us, and @ respectively, we have that y; — ¢ uniformly in
Q. Therefore % is an admissible control for (Ps). Now, using the admissibility of
ugs for each (Pgs/), with ¢’ > § and arguing as in the proof of Theorem 8, we obtain

inf (P5) < J(u) < liminf J(us,) = lim inf (Ps) < J(us) = inf (P;),
j—o0o 6 \0

which proves (33).

From (33) it follows that the weak stability of (Pj) is equivalent to the continuity
of mapping & — inf (Ps) at the point 6.

There are some problems not weakly stable on the left. Let us see two exam-
ples. The first one is a finite dimensional problem which will help us to illustrate
geometrically that the lack of weak stability on the left implies that the problem is
numerically ill posed.

Example 1. Consider the problem

Minimize z2 + (y — 1)2
—5<zr<H
%m3+%x2—y+2§(5.

Problem (Qs) is not weakly stable on the left for § = 1. In fact, inf(Q1) = 0,
reaching the solution at the point (0, 1). If we take &’ < 1, then 1 >y > (1/5)2% +
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(3/5)x2 +1 = 22(x +3)/5+ 1, and therefore we have that x4+ 3 < 0, or what is the
same z < —3. From here we deduce that

L N> . '
61/1;111 inf(Qs) > 9 > inf(Q1)

Observe that the admissible region of problem (Q1) has an isolated point, and it is
the point where the minimum is attained.

Next we introduce a control problem not weakly stable on the left.

Example 2. Take Q = B(0,1) in RY, N =2 or N = 3, and I its boundary. the
state equation is given by

—Ay, = u in{
Yo = 0 onlI.

Let us take z(x) = 2(1 — ||z||?). It is easy to check that z satisfies the partial
differential equation

—Az = 4N in @
z = 0 on I,

and z(0) = 2. Set
t ift<1
9@2{ 1 ift>1
We define the control problem

min J(u) = / (u— AN)? da

(Ps) Q _
lu(z)] <5N ae. €, g(y,(z)) <din Q.

Let us see that our example is not weakly stable on the left for § = 1.

The solution to (Py) is attained by taking u; = 4N. Indeed y,, = z, and we
have that g(y., (z)) = g(z(x)) <1 and J(u) = 0.

Take ¢’ < 1. Let ug be a solution of (Py) and ys = Yu, the associated state.
Necessarily ys(0) < 1 and therefore 1 < |lys' — || (q) since both ys () and z(z)
are continuous functions. Moreover ys — 2z solves the problem

—A(ys — 2) ug —4N  in Q
ysr —2 = 0 on I,

and we obtain the inequality

1< |lys: — 2l < Cllys: — 2llm2(0) < Cllus: — 4N || z2(0) = CV/J (us).

where C is a constant that does not depend on ¢’. Therefore, for all 6’ < 1

. 1
inf(Ps) > Yoz >0

and the weak stability on the left is not satisfied.

Nevertheless, almost all problems are weakly stable on the left.

Theorem 10. Tuake §y as in Theorem 8. Then, for all § > §y but at most a
numerable set, problem (Ps) is weakly stable on the left.
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Proof. Let 6y be the number obtained in Theorem 8. If we define ¢ : [§p, +00) — R
with ¢(0) = inf (Ps), then ¢ is a monotone decreasing function, and therefore it is
continuous at every point of [§y, +00) but at most a countable number of them. But,
as we have already seen, weak stability on the left is equivalent to the continuity of
@ in J, and so the theorem is proved. O

Now we can prove the convergence theorem.

Definition 2. Given a family of elements {up }r>0, with up, € K}, for every h > 0,
we will say that u is an accumulation point of {uy }n~0 if there exists a subsequence
{up, }72 1, with hy — 0, such that up, — u weakly™ in L>(Q).

Theorem 11. Let 6y be as in Theorem 8 and § > 0g. If (Ps) is weakly stable on
the left and one of the assumptions A1), A2) or A3) of Theorem 9 holds, then
there exists hg > 0 such that (Psy) has at least a solution uy, for h < hg. Moreover,
each accumulation point w of {up}nh<n, is a solution of (Ps). Finally

(34) %IL% Jh (uh) = inf (P5)

Proof. Since every K} is compact and Jj is continuous, the existence of a solution
of (Psp,) will be established if we prove that the set of admissible controls for (Psy)
is not empty. To do that let us take ug € K an admissible control for problem (Ps,)
and take ugp, € K}, in such a way that ugp () = ug(x) a.e. z € Q. Since ugp, — u in
every LP(Q), 1 < p < oo, then yp(uon) — Yu, uniformly in Q; see Theorem 9. Since
(2, Yu, (2)) < g for every z € 2, we can deduce from the uniform convergence and
the relation d > ¢ the existence of hg > 0 such that g(z, yx(uon)) < 6 for all z € Q
and each h < hg. So we conclude that (Psp,) has a solution for every h < hyg.

Now let usp, be a solution of (Psy), b < hg, and denote by ys;, the associated state.
Since {K}}n<n, is uniformly bounded in L*(£2), we can extract a subsequence
{usn,, } of {usn}n<n, such that hy — 0 and usp, — @ weakly™ in L>°(Q) for some
@ € K. Let us prove that @ is a solution of (Ps). Let § be the associate state to @.
From Theorem 9 we obtain that ys,, — ¥ uniformly in Q. Using this convergence
along with the uniform continuity of function z — g(x,%(z)) in 2, the density of
the vertices of the triangulations in Q and that g(z;, ysn, (;)) < d for each vertex
of the triangulation 7y, , it is easy to conclude that g(z,§(z)) < 6 for every z € €,
and therefore @ is an admissible control for (Pj).

Let us take ¢’ € (dp,d) and let ugs be a solution of (Ps/). For every h < hg
let us take ugp, € Kjp such that ugp(z) — usg(z) ae. in z € Q. From the
uniform convergence yj(us'n) — Yu, and the relation g(x,ys (x)) < ¢ < 4 for
every x € (), we deduce the existence of hs: > 0 such that g(x,ys(usp)(z)) < 6 for
all z € Q and all A < hg, therefore us/, is an admissible control for (Psn) always
that h < hg. This along with the fact that ugp, is a solution of (Pgp, ) implies that
Jh,, (Usn,, ) < Jn, (usn,, ) for each k big enough. Using now Lemma 11 it follows that

J(ﬂ) S hkm inf Jhk (u(;hk) S hkm inf Jhk (u(;/hk) = J(U5/) = inf (Pg/).
— 00 bade el
Finally the stability condition on the left allows us to conclude

inf (Ps) < J(u) < 61/1}{16 inf (Ps) = inf (Pj),

which, together with the admissibility of @ for (Ps) proves that @ is a solution of
(Ps). Identity (34) is immediate. O
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Remark 1. If the solution of the problem is unique, we have that the whole
sequence {up }n<p, converges weakly™ to the solution of the problem.

Theorem 12. Let us suppose that the assumptions of the previous theorem hold
and that L is of class C? in the third variable and

0%L
Ja > 0 such that el (z,y,u) > a>0 for a.e. z €Q and all y,u € R,
u

0’L

+ ’aUQ(x7y7u) < om(x)

ou

a.e. x € Q and |ul,|y] < M. For every h < hg let uy, be a solution of (Psp,) and let
@ be an accumulation point of {up} with up, — 4 weakly™ in L>°(Y). Then

oL
VM >0 Jppr € LY(Q) such that ‘(m,y,u)

(| —un |[r2(0) = 0.
Proof. On one hand

/Q(L(l’»yhk (un, ), un,) — L(z, §,@))de =

(i () — J(@)) + /Q o e ),

The first summand converges to zero due to the previous theorem and the second
one because {L(z,yn,,un,)} is dominated by a function ¢, € L'(Q) and the
measure of Q\ Qj, goes to zero. So

(35) lim | (L(x,yn, (un, ), un,) — L(z, g, a))dx = 0.

k—o0 Q

On the other hand

/Q(L(fcayhk (un, ), uny,) — L(z, 9, 0))de =

(36)
/Q(L(x,yhk(uhk),uhk)—L(x,@,uhk))dx—I—/Q(L(x,y,uhk)—L(x,gj,ﬂ))dx.

As in the proof of Theorem 8
(37) lim (L(z, yn, (un, )s un, ) — L(z, 7, up, ))dz = 0.

k—o0 Q

As a consequence of (35)—(37) we have that

(38) lim [ (L(x,§,up,) — L(z,g,0))dx = 0.

k—o0 Q

Making now a Taylor expansion of order two we obtain that
/(L(m, Gyup,) — L(z,g,u))dx =
Q

L 1 ’L
| Gt tun, —ade+ 5 [ G200, 02,
where v (z) = u(x)+0k(z)(up, () —a(x)) for some measurable function 0 < 0, < 1.
Since up, converges weakly* to @, the first summand converges to zero:
oL

(39) khj& A %(x, g,u)(up, — w)dz = 0.
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Finally we have that

62
o Ou 9,2 (.’E yavk)(uhk - u) dr > 7”” uhk||%2(ﬂ)
Therefore we can write
a, 5 _ oL, _ _ _
§||u_uhk||L2(Q) < (L(xvyvuhk)_[’(l. Yy, u ))d:t— ?(xvyau)(uhk _u)dx
Q o ou

which converges to zero due to (38) and (39). So ||t — up, ||£2(q) converges to zero
and the proof is complete. ([l

3.2. Neumann case. In this section we consider the following boundary control
problem

HllIlJ( ): (8, u(8)7u(8)
<P6>{ueK AR P RS

where

(1) K is a convex, weakly* closed, bounded and non empty subset of L>°(T").
(2) £:T x R? — R is a Carathéodory function, convex in the third variable
and satisfying

(40) VM >0 3¢y € LYT) such that [£(z,y,u)| < ¢¥ar(x)

for a.e. x € T and [y|, |u| < M.
(3) g: Q2 xR — R is a continuous function.
(4) (y,u) satisfies the state equation

Ay+ay = f(,y) nQ
(41) { On,y = u on T,

with ag € LNL&(Q), ap>0,a90#0in Q, p> N.
(5) € is a polygonal or polyhedral convex domain.

By using the regularity results by M. Dauge [7] we can obtain the same result
as for the Dirichlet case: there exists p > N small enough such that (41) has
a unique solution y, € WHP(Q) assuming that f(-,0) € LP/2(Q). Moreover the
weak convergence of the controls u; — u in L>°(T") implies the strong convergence
Yu, — Yu in WHP(Q). By using this fact, the proof of Theorem 8 can be repeated
for the boundary control problem (Ps), with the obvious modifications.

Now the discrete version of (Ps) is defined as follows. As in Section 2.2, for every
h > 0 we consider a regular triangulation of Q. Because of the assumption on {2
we have that ;, = Q. For this triangulation we define U, as the set of elements
up € L>°(T) such that uy, is constant on every boundary side TNT (face if N = 3)
for any T € Ty,. For each uy, € Uy, let us define yp,(up) € W), as the unique element
that satisfies

N
> / @3, ()0, yn (un ) (2) Oy s 20 () de +/ ao(@)yn(un)(z)2n(z)dz =
(42) ij=1"9 Q

/ f(zyyn(up) () zn(z)de + / up(s)zn(s)ds Vz, € Wi,
Q r
Now the discrete control problem is formulated in the following way

min Jp, (u r (s, yn(un)(s),un(s))ds
w2 L <o,
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where {K}}r~0 constitutes an internal approximation of K, as in the distributed
control case, and {x; };‘i’}) is the set of vertexes of the triangulation 7p,.

If we change the weak* convergence of {up} to u in L>°(Q) by the weak* con-
vergence in L (I"), then Theorem 9 is valid under one of the assumptions A2) and
A3). The proof is almost the same, taking into account that Lemma 10 is still true
and the inequality of Lemma 9 must be replaced by

ln(un) — s ()l ey < Cllu—unl -y
Assumption A1) is not applicable to the boundary control case because the states
Y. are not elements of H2(Q) due to the fact that u ¢ H'Y/?(T).
Analogously to Lemma 11, it can be proved in the same way that

up, — u weak* in L>®(T) = J(u) < likm inf Jp, (up, ).
—00

Finally, using again the concept of weak stability on the left introduced in Def-
inition 1, we can prove that the solutions of the discrete problems converge to the
solutions of the continuous problem in the same way as in Theorems 11 and 12,
what is summarize in the following result.

Theorem 13. Let 6y be as in Theorem 8 and § > 0g. If (Ps) is weakly stable on
the left, then there exists hg > 0 such that (Ps) has at least a solution up, for every
h < hg. Moreover, each accumulation point w of {un}nh<n, s a solution of (Ps) and

lim Jp, (up,) = inf (Ps).
h—0

Finally, if £ is of class C? in the third variable and
2y
Ja > 0 such that %(x,ym) >a>0 forae el and all y,u € R,
U

02¢

ol
VM >0 Jppr € LYT) such that %(m,y,u) + ’auz(:v,y,u) < pu(x)

a.e. x €T and |ul,|ly| < M, and @ is an accumulation point of {up} with up, — 4
weakly* in L (T), then

lim ||7_L — Up,, HLZ(F) =0.

k— 00
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