
J
H
E
P
0
4
(
2
0
1
3
)
1
4
8

Published for SISSA by Springer

Received: March 29, 2013

Accepted: April 9, 2013

Published: April 29, 2013

S2 × S3 geometries in ABJM and giant gravitons

Yolanda Lozanoa and Andrea Prinsloob

aDepartamento de F́ısica, Universidad de Oviedo,

Avda. Calvo Sotelo 18, 33007 Oviedo, Spain
bDepartment of Mathematics, University of Surrey,

Guildford, GU2 7XH, U.K.

E-mail: ylozano@uniovi.es, a.prinsloo@surrey.ac.uk

Abstract: We construct a new NS5-brane solution in AdS4 × CP3 with S2 × S3 topol-

ogy. This solution belongs to the general class of non-Einstein N11 metrics to which T 1,1
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urations, where Q is interpreted as D0-brane charge for the NS5-brane and as angular

momentum for the dynamically stable M5-brane giant graviton. The ground state is de-

generate with a spherical D2 or M2-brane, rather than with a point-like object. Moreover,

while the charge of the spherical 2-brane can be arbitrary, the charge of the S2×S3 5-brane

is bounded by N/2, with N the rank of the ABJM gauge group, a manifestation of the
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1 Introduction

Giant gravitons have allowed for substantial progress in developing the precise dictionary

between the two sides of the AdS/CFT correspondence [1]. On the gravity side of the

correspondence, they are realized as dynamically stable D-brane configurations, which

(typically) wrap contractible cycles in the ten dimensional supergravity geometry. Their

extension is supported by a coupling to RR-potentials and by their angular momentum in

the compact space [2, 3]. In maximally supersymmetric Yang-Mills (MSYM) theory, giant

gravitons are described by subdeterminants and, more generally, by Schur polynomials

of the adjoint scalars which constitute the Higgs sector of MSYM theory [4–8]. These

Schur polynomial operators realize quite explicitly some of the characteristic properties of

the dual D-brane configurations (see for instance [9, 10]), as well as the stringy exclusion

principle [11]. They also encode non-trivial global and local geometric properties, thus

– 1 –



J
H
E
P
0
4
(
2
0
1
3
)
1
4
8

providing a concrete realization of geometry as an emergent phenomenon, arising from

interactions in a strongly-coupled quantum field theory with a large number of gauge

degrees of freedom [12–14].

The ABJM correspondence [15] relates both M-theory on AdS4 × S7/Zk and type

IIA string theory on AdS4 ×CP3 with a Super-Chern-Simons-matter theory known as the

ABJM model. Due to the non-trivial geometry of the orbifold and the complex projective

space, this constitutes a particularly interesting framework in which to test these ideas.

Giant gravitons realized as M-branes in AdS4×S7 were originally constructed in [3, 16], but

comparatively little is known about the operators dual to M-brane giant gravitons in the

ABJM model (although progress has been made in [17–22]). New supersymmetric giant

gravitons in the type IIA string theory with quite non-trivial geometric and topological

properties were studied in [23–25] (see also [26]). Supersymmetric black ring and giant tori

configurations were constructed as AdS giant gravitons on AdS4 × S7/Zk [23]. The dual

BPS operators should not only encode Gauss’ law, but also shed light on how a topological

invariant such as genus can be seen in the gauge theory. A class of candidate duals has

been proposed in [19] (see also [27]), although still more work is needed to elucidate many

of their properties. Other types of supersymmetric configurations involving non-trivial

tensionless M2-branes were discussed in [28].

The construction of supersymmetric higher dimensional non-trivial geometries in type

IIA string theory on AdS4×CP3 from (genuine) M-brane giant gravitons on AdS4×S7/Zk
was recently explored in [24]. One such example was a twisted 5-sphere supported by

D0-brane charge. This configuration exhibits interesting properties not found in simpler

geometries. While its ground state is degenerate with QD0 D0-branes, this finite size

NS5-brane has much in common with a giant graviton. In particular, the D0-charge must

be bounded by the rank of the gauge group, N , thus providing an explicit realization

of a stringy exclusion principle, this time in terms of expanded D0-branes. Moreover,

in the maximal case, QD0 = N , the NS5-brane collapses to a CP2, and its energy can

be accounted for both by a bound state of k D4-branes wrapping the CP2 (dual to k

determinant operators, a special case of di-baryon operators [29, 30], with k the level

number of the gauge group) and by N D0-branes. This configuration provides an explicit

realization in string theory of the symmetry of Young diagrams with N rows and k columns,

where a single row gives a D0-brane and a single column a D4-brane [15]. It also provides

an explicit example of the idea of [15] that this instability in the field theory could be

realized in the string theory as an NS5-brane instanton turning the k D4-branes into N

D0-branes.

The D4-brane giant graviton of [25] is another example of a non-trivial supersymmetric

higher dimensional geometry in AdS4×CP3. This dynamically stable D4-brane is wrapped

on a geometrically non-trivial 4-manifold in the CP3 compact space and factorizes at maxi-

mum size into two D4-branes wrapping CP2 cycles, each dual to a di-baryon operator built

from a bifundamental scalar [29, 30]. The BPS operator dual to this D4-brane giant gravi-

ton is a totally antisymmetric Schur polynomial, constructed from an adjoint composite

scalar field, which is built from two bifundamental scalars [20, 21]. Strong evidence was

found of a geometric dependence encoded in the spectrum of small fluctuations about this
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D4-brane giant graviton, which we anticipate should be visible in the excitation spectrum

of the dual operators [25, 31].

In this paper we provide further examples of higher dimensional non-trivial geometries

in AdS4 × CP3 and AdS4 × S7/Zk, which can be used to investigate the emergence of

geometry and topology from the ABJM model. We construct an NS5-brane in type IIA

string theory on AdS4 × CP3 with an S2 × S3 geometry, belonging to the general class

of non-Einstein N11 type metrics discussed in [32].1 The extension of this NS5-brane is

supported by D0-brane charge on its worldvolume and by its coupling to the RR potentials,

C5 and C1. It satisfies a BPS bound and is energetically degenerate, in its ground state,

with a D2-brane with D0-brane charge wrapping the S2. This NS5-brane also carries a

topological charge associated with one-dimensional topological defects interpreted as the

end-points of D2-branes ending on the NS5-brane. While a spherical D2-brane can have

arbitrary D0-brane charge, the same is not true of the expanded NS5-brane configuration,

which must have D0-brane charge QD0 ≤ N/2. This is a realization of a stringy exclusion

principle. As for the NS5-brane configuration of [24], in the maximal case, the energy of

the NS5-brane can be accounted for both by N/2 D0-branes and by k/2 D4-branes dual to

di-baryons. This is again a manifestation of the symmetry of the Young tableaux with N

rows and k columns. In eleven dimensions the NS5-brane is realized as an M5-brane giant

graviton with the geometry of a squashed S2 × S3 of the N10 type [32]. The ground state

is not degenerate with a point-like graviton, as in the usual case [2, 3], but with a M2-

brane graviton wrapping an S2. This happens because the M5-brane wraps a topologically

non-trivial manifold S2×S3 and thus cannot shrink to a point-like object. This M5-brane

giant graviton again carries a topological charge, which we interpret as associated with M2-

branes ending on the M5-brane. The momentum of the M5-brane must be less than N/2,

again a realization of a stringy exclusion principle. Microscopically the N11 and N10 5-

branes arise from the expansion of spherical 2-branes into fuzzy 3-spheres (S1 bundles over

fuzzy 2-spheres) through the Myers dielectric effect [33]. The topological charge associated

with these configurations arises from gravitational waves ending on the spherical 2-branes.

The organization of this paper is as follows: In section 2, we construct the NS5-brane

solution. Section 2.1 contains a brief discussion of the AdS4 × CP3 background and of

some of the properties of the theory of U(1) bundles over S2 × S2 manifolds relevant

for our later analysis. Then, in section 2.2, we present our ansatz for the NS5-brane

solution. In section 2.3, we show that the brane is stabilized by a non-vanishing D0-

brane charge which couples to the 5-form potential C5. Topological charge associated

with D2-branes ending on the NS5-brane must also be included so that the BPS bound

E = kQD0/2 can be reached. The expanded configuration exhibits interesting properties

such as the existence of a bound on the D0-brane charge and a symmetry between di-

baryons and di-monopoles that we discuss. In section 3, we uplift the NS5-brane solution to

eleven dimensions and show that it corresponds to an M5-brane propagating on the S1/Zk
direction, which now has the geometry of a squashed S2 × S3 of the N10 type. Allowing

again for topological charge associated with M2-branes ending on the M5-brane, we show

1The T 1,1 is the only Einstein example in this N11 class.
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that the ground state is a giant graviton which is degenerate with a spherical M2-brane.

Section 4 contains the microscopical description of the S2 × S3 5-branes. The fact that

the NS5/M5-brane configurations are topologically non-trivial implies that the microscopic

description, suitable for a study of the finite ’t Hooft coupling region, should be given in

terms of spherical D2/M2-branes carrying D0-brane charge/angular momentum. We show

that at strong coupling D2-branes (M2-branes) can expand via the Myers dielectric effect

into a fuzzy NS5-brane (M5-brane). This 5-brane is topologically an S2 times a fuzzy S3,

of the type discussed in [34, 35]. Finally, section 5 contains our conclusions and directions

for future research.

2 The S2 × S3 NS5-brane

2.1 The background

Let us start by collecting some relevant information about the type IIA ten dimensional

supergravity background AdS4 × CP3 and its relation with N11 manifolds [32].

2.1.1 Type IIA 10D supergravity background AdS4 × CP3

We describe the AdS4 × CP3 background in global coordinates for the AdS4 part:

ds2 =
L2

4
ds2AdS4

+ L2 ds2CP3

=
L2

4

{
−
(
1 + r2

)
dt2 +

dr2

(1 + r2)
+ r2 dΩ2

2

}
+ L2 ds2CP3 , (2.1)

with L the radius of curvature in string units:

L =

(
32π2N

k

)1/4

, (2.2)

and make use of the following parameterization for the CP3 space [36]:

ds2CP3 = dζ2 +
1

4

[
cos2 ζ sin2 ζ

(
dψ + cos θ1 dφ1 + cos θ2 dφ2

)2
(2.3)

+ cos2 ζ
(
dθ21 + sin2 θ1 dφ

2
1

)
+ sin2 ζ

(
dθ22 + sin2 θ2 dφ

2
2

)]
,

where 0 ≤ ζ < π
2 , 0 ≤ ψ < 4π, 0 ≤ φi ≤ 2π and 0 ≤ θi < π. The background is supported

by F2 and F6 fluxes which in these coordinates are given by:

F2 = −1

2
k
{

sin 2ζ dζ ∧ [dψ + cos θ1 dφ1 + cos θ2 dφ2]

+ cos2 ζ sin θ1 dθ1 ∧ dφ1 − sin2 ζ sin θ2 dθ2 ∧ dφ2
}
, (2.4)

F6 =
1

8
kL4 dVol(CP3) . (2.5)

The dilaton reads:

eφ =
L

k
. (2.6)
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2.1.2 The CP3 for constant ζ as an N11 manifold

In the parameterization (2.3) it is manifest that, for constant ζ, the CP3 becomes a non-

trivial U(1) fibre over S2 × S2, which is of the N11 type discussed in [32]. Since this is

the ansatz that we will take for the NS5-brane in the next subsection, we now recall some

properties of Npq manifolds relevant for our later discussion. These Npq manifolds form

the bases of cones embedded into C4. The reader is referred to [32] for more details.

The metrics on the manifolds Npq, with p, q relatively prime integers, are fibre bundles

over S2 × S2 with U(1) fibres:

dΣ2
pq = λ2

(
dψ + p cos θ1 dφ1 + q cos θ2 dφ2

)2
+ Λ−11

(
dθ21 + sin2 θ1 dφ

2
1

)
+ Λ−12

(
dθ22 + sin2 θ2 dφ

2
2

)
. (2.7)

If the conditions on the constants λ, Λ1, Λ2:

4 =
λ2

2
[(pΛ1)

2 + (qΛ2)
2]

= Λ1 −
1

2
(λ pΛ1)

2

= Λ2 −
1

2
(λ qΛ2)

2 (2.8)

are fulfilled, then the metrics are Einstein and the corresponding cones Ricci-flat.

For the two choices p = q = 1; p = 1, q = 0, the fibre bundles are S2 × S3. These two

metrics cannot be mapped onto each other, and represent different geometries on S2×S3.

Further, for suitable choices of λ, Λ1, Λ2 they are Einstein. This corresponds to the T 1,1

for p = q = 1:

dΣ2
11 =

1

9

(
dψ+cos θ1dφ1 +cos θ2dφ2

)2
+

1

6

(
dθ21 +sin2 θ1dφ

2
1

)
+

1

6

(
dθ22 +sin2 θ2dφ

2
2

)
(2.9)

and to:

dΣ2
10 =

1

8

(
dψ + cos θ1dφ1

)2
+

1

8

(
dθ21 + sin2 θ1dφ

2
1

)
+

1

4

(
dθ22 + sin2 θ2dφ

2
2

)
, (2.10)

for p = 1, q = 0. Clearly, the CP3 space with constant ζ belongs to the general class of non-

Einstein N11 manifolds described by (2.7). This connection with N11 manifolds was in fact

used in [25] in order to find the right ansatz for the D4-brane giant graviton on AdS4×CP3

from that of the D3-brane giant graviton on AdS5 × T 1,1, previously constructed in [37].

2.2 The NS5-brane ansatz

Let us now take an NS5-brane at the origin of the AdS4 space and wrapping the non-

Einstein N11 manifold contained in the CP3 space at constant ζ. The metric induced on

the NS5-brane worldvolume is given by

ds2NS5 =
L2

4

[
−dt2 + cos2 ζ sin2 ζ

(
dψ +A1 +A2

)2
+ cos2 ζ ds2S2

1
+ sin2 ζ ds2S2

2

]
, (2.11)
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where Ai = cos θi dφi are the connections of the two unit 2-spheres with metrics ds2
S2
i
.

The NS5-brane couples also to the RR potentials, C1 and C5. In deriving these po-

tentials from (2.4) and (2.5), we fix the integration constants such that, for constant ζ

with 0 ≤ ζ ≤ π/4:

C1 = −k
2

[
− cos2 ζ A1 + sin2 ζ A2 + sin2 ζ dψ

]
(2.12)

C5 =
1

32
k L4 sin4 ζ cos2 ζ sin θ1 sin θ2 dψ ∧ dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 ,

while, for constant ζ with π/4 ≤ ζ ≤ π/2:

C1 = −k
2

[
− cos2 ζ A1 + sin2 ζ A2 − cos2 ζ dψ

]
(2.13)

C5 = − 1

32
k L4 cos4 ζ sin2 ζ sin θ1 sin θ2 dψ ∧ dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 .

With these choices, the S2 × S3 structure of the metric is maintained and the RR 1-form

potential, C1, is proportional to the connection A1 of the first S2 parameterized by (θ1, φ1)

at ζ = 0, and to the connection A2 of the second S2 parameterized by (θ2, φ2) at ζ = π/2.

Therefore the N11 manifold can be continuously deformed into the first S2 in the region

0 ≤ ζ ≤ π/4 and into the second S2 in the region π/4 ≤ ζ ≤ π/2. Note that the two

regions can be mapped onto each other by interchanging the two 2-spheres. The fact that

the RR-potentials change sign under this exchange implies, however, that the NS5-branes

in the 0 ≤ ζ ≤ π/4 and π/4 ≤ ζ ≤ π/2 regions will have to be taken with opposite

orientation in order to be stable.

2.3 The action of the NS5-brane

The metric and RR-fields which couple to the NS5-brane are isometric in the ψ direction.

Therefore the NS5-brane can be described by the action built in [24], suitable for the

study of NS5-branes with U(1) isometric worldvolume directions. We start by recalling the

relevant features of this action. The reader is referred to [24] for more details.

The (bosonic) worldvolume field content of the action built in [24] consists on 4 trans-

verse scalars, a vector field associated with D2-branes wrapping the isometric direction and

ending on the NS5-brane, and a worldvolume scalar. This scalar c0 forms an invariant field

strength F1 with the RR 1-form potential C1 and is therefore associated with D0-branes.

Comparing with the action of the unwrapped NS5-brane [38, 39], the self-dual 2-form field

of the latter has been replaced by a vector A1 with F2 = dA1 + 1
2πP [ilC3]. This is due

to the fact that the D2-branes must now be wrapped on the isometric direction and hence

their intersection with the NS5-brane becomes point-like under the dimensional reduction

on ψ. This allows us to give a closed form for the action, since the self-duality condition

on the 2-form field need not be imposed. Note that the worldvolume dual of this vector

field A1 is a 2-form Ã2 associated with D2-branes transverse to the isometric direction and

ending on the NS5-brane. This will be relevant for our discussion in the next subsection.
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The BI part of the action is given by [24]:

SDBI
NS5 = −T4

∫
d5ξ e−2φ

√
l2 + e2φ(ilC1)2 ×

×

√√√√∣∣∣∣∣det

(
P [G] +

e2φ l2

l2 + e2φ(ilC1)2
F2
1 +

2π eφ√
l2 + e2φ(ilC1)2

F2

)∣∣∣∣∣. (2.14)

Here lµ = 2 δµψ is an Abelian Killing vector2 that points along the isometric U(1) direction,

G is the reduced metric with components Gµν = gµν − l−2lµlν and ilCp denotes the interior

product of the Cp potential with the Killing vector. The field strength F1 = dc0 +P [C1] is

associated with D0-branes “ending” on the NS5-brane. (The pull-back is taken with respect

to the gauge covariant derivatives relative to the isometry, DξXµ = ∂ξX
µ − l−2lν ∂ξXν lµ.)

In this way the dependence on the isometric direction is effectively eliminated. In turn,

F2 = dA1+ 1
2πP [ilC3] is the field strength associated with D2-branes wrapping the isometric

direction ψ and ending on the NS5-brane. The action is therefore manifestly isometric

under translations along the Killing direction. Note that the vector field in F2, together

with the 4 transverse scalars and the worldvolume scalar c0, give the right counting of

bosonic degrees of freedom, 8, in the effectively 5-dimensional worldvolume. Finally, we

have denoted by T4 the tension of the brane to explicitly take into account that it is

wrapped on the isometric direction.

Finally, the relevant part of the CS action is given by [24]:

SCS
NS5 = T4

∫
d5ξ

{
P [ilC5] ∧ dc0 + 2πP [C3] ∧ F2

}
. (2.15)

The second term will vanish on our background, but it will be helpful to keep it in mind,

nevertheless, when we later give an interpretation of the topological defects which must be

dissolved on the worldvolume of the NS5-brane. Recall that the pull-backs are taken with

respect to the gauge covariant derivatives associated with the isometry, which implies that

P [C3] must be transverse to the isometric direction.

2.4 Calculation of the energy

Let us now substitute our ansatz for the NS5-brane, given in section 2.2, into the previous

action. Let us start by first considering the region 0 ≤ ζ ≤ π/4.

In order to make the brane stable we must induce D0-brane charge in the configuration.

We do this by introducing a time dependent c0. Its coupling to the RR-potential, C5, in the

CS action (2.15) will then ensure stability. Moreover, we need to switch on a non-vanishing

electric field proportional to the connection of the first two-sphere. The idea is to deform

the worldvolume, as in [40–42], in such a way as to generate a BPS configuration. In this

case, the electric field which produces the right deformation is given by

F2 =
1

8π
kL2 sin ζ cos ζ dt ∧A1 =

1

8π
kL2 sin ζ cos ζ cos θ1 dt ∧ dφ1 . (2.16)

2The factor of 2 in this definition comes from the 0 ≤ ψ ≤ 4π range of the isometric coordinate.
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One can check that this ansatz satisfies the equations of motion. This electric field induces

a topological charge in the configuration:

J3 ≡ dF2 =
1

8π
kL2 sin ζ cos ζ dt ∧ (sin θ1 dθ1 ∧ dφ1) 6= 0 =⇒ F2 6= dA1 , (2.17)

which is associated with fluctuations of 1-dimensional topological defects on the NS5-

brane worldvolume. Electric fields of this type play a role in the study of confining phases

of d dimensional p-form Abelian gauge theories, in the context of Mandelstam-’t Hooft

duality [43, 44]. The idea in [45] (see also [46]) is that, for a compact tensor field, Ap, of

rank p in d-dimensions, a confined phase may arise after the condensation of (d − p − 1)-

dimensional topological defects. The fluctuations of a continuous distribution of topological

defects generate new low-energy modes in the theory, which can be described by the non-

exact part of the field strength Fp+1 in such a way that, away from the defects, Fp+1 = dAp
is exact. In our particular set-up, the non-exact part of F2 is associated with fluctuations

of 1-dimensional topological defects, which we interpret as the intersections of open D2-

branes, transverse to the isometric direction ψ, with the worldvolume of the NS5-brane.

Let us recall first that a Dp-brane admits two types of topological defects: particles

and (p− 3)-branes. The first may be interpreted as the end-points of open strings and are

therefore perturbative in origin. The second originate as the end-points of non-perturbative

open D(p−2)-branes and can thus only be described by D(p−2)-brane degrees of freedom

in the strong coupling regime. The above mechanism shows, however, that we can incor-

porate these degrees of freedom into the perturbative action. In the NS5-brane case, the

perturbative fundamental strings are replaced by open D2-branes wrapping the isometric

direction, while the non-perturbative ones are associated with D2-branes transverse to the

isometric direction, both of which end on the NS5-brane. This is inferred from the second

coupling in (2.15), which is analogous in the NS5-brane action to the coupling

SCS
Dp = 2π Tp

∫
P [Cp−1] ∧ F2 (2.18)

in the Dp-brane action (with F2 the BI field strength).

With these ingredients we can now calculate the DBI action of the NS5-brane in the

region 0 ≤ ζ ≤ π/4. Substituting into (2.14) the background given by (2.11) and (2.12),

the electric field (2.16), and a time dependent c0(t), we arrive at

SDBI
NS5 = − kN sin3 ζ cos2 ζ

∫
dt

√
1− cos2 ζ

(
2ċ0
k

)2

, (2.19)

where we have integrated over the two 2-spheres. The CS action, in turn, reads

SCS
NS5 = kN sin4 ζ cos2 ζ

∫
dt

(
2ċ0
k

)
. (2.20)

Note that, both in the DBI and CS actions, c0 is a cyclic coordinate and therefore its

conjugate momentum, interpreted in this case as D0-brane charge, must be conserved. We

denote it by QD0. The corresponding Hamiltonian is then a function of ζ, the coordinate

– 8 –
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that parameterizes the varying radial size and the non-trivial fibre over the two 2-spheres.

It reads

H(ζ) =
k

2
QD0

√
1 + tan2 ζ

(
1− N

2QD0
sin2 2ζ

)2
. (2.21)

The ground state is then reached when ζ=0 or when

sin 2ζ =

√
2QD0

N
(2.22)

associated with ċ0 = k/2. For both solutions

E =
k

2
QD0 , (2.23)

i.e. the energy is that of QD0 D0-branes in the AdS4×CP3 background, each with an energy

k/2 [15]. Note that the Hamiltonian (2.21) gives the energy of the NS5-brane in the region

0 ≤ ζ ≤ π/4. Therefore we find two energetically degenerate minima. For the first solution,

ζ = 0, the NS5-brane shrinks to the first 2-sphere and can carry arbitrary units of D0-brane

charge. It cannot, however, shrink to zero size. This happens because the worldvolume

geometry S2 × S3 is a topologically non-trivial manifold. For the solution given by (2.22),

the NS5-brane wraps a non-Einstein N11 manifold whose λ, Λ1, Λ2 parameters depend on

the D0-brane charge. Due to (2.22), this charge should satisfy QD0 ≤ N/2. The maximum

D0-brane charge is reached when ζ = π/4, for which the two 2-spheres have the same

radius and the geometry of the N11 manifold becomes

ds2NS5 =
L2

4

[
− dt2 + (dψ +A1 +A2)

2 + ds2S2
1

+ ds2S2
2

]
. (2.24)

In this case, the energy is

E =
kN

4
(2.25)

and can be accounted for by either N/2 D0-branes or k/2 D4-branes dual to ABJM di-

baryons. This is a manifestation of the symmetry of Young tableaux with N rows and k

columns, as in [15, 24].

Finally, the region π/4 ≤ ζ ≤ π/2 is described by interchanging the two 2-spheres in

the above analysis. The background is given by (2.11) and (2.13). An electric field must

be turned on which is identical to (2.16), except that it involves the connection A2 on the

second 2-sphere. The Hamiltonian as a function of ζ then takes the form

H(ζ) =
k

2
QD0

√
1 + cot2 ζ

(
1− N

2QD0
sin2 2ζ

)2

. (2.26)

Thus, in this case, there are again two energetically degenerate minima. For the first

solution, ζ = π/2, the NS5-brane shrinks to the second 2-sphere and can carry arbitrary

units of D0-brane charge. For the second solution, given by (2.22) with π/4 ≤ ζ ≤ π/2,

the NS5-brane wraps the same non-Einstein manifold defined by (2.24).
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Figure 1. The off-shell energy H(ζ) of the NS5-brane S2×S3 configurations in units of kQD0/2 as

functions of the size ζ and plotted at fixed D0-brane charge QD0 = N/3 in the regions 0 ≤ ζ ≤ π/4
and π/4 ≤ ζ ≤ π/2, respectively.

Figure 1 above shows the four energetically degenerate minima for 0 ≤ ζ ≤ π/2. There

are two minima

ζ1 =
1

2
arcsin

√
2QD0

N
and ζ2 =

π

2
− 1

2
arcsin

√
2QD0

N
, (2.27)

for which the topology of the expanded brane is S2 × S3, and two minima, at ζ = 0 and

ζ = π/2, with S2 topology. All of them are associated with BPS configurations. Although

the expanded brane carries D0-brane charge it cannot shrink to a D0-brane due to its

topologically non-trivial worldvolume. When QD0 = N/2, the two minima given by (2.27)

coincide at ζ = π/4. Note that these maximal NS5-brane configurations with QD0 = N/2

carry different electric fields and are therefore distinct degenerate BPS solutions. They

collapse onto different S2’s contained in the worldvolume geometry. This N/2 bound on

the D0-brane charge is half the usual bound of N on the D0-brane or angular momentum

charge (see, for example, [2, 3, 24, 25]). We might speculate that each maximal NS5-brane

is half of another maximal configuration, carrying N units of charge, which collapses onto

both S2’s in the worldvolume geometry.

The energies of the NS5-brane BPS S2 × S3 solutions are given by

E =
kN

4
sin2 2ζ1 and E =

kN

4
sin2 2ζ2 (2.28)

and are plotted as functions of the size parameters, ζ1 and ζ2, respectively, in figure 2. The

D0-brane charge QD0 is not fixed here, but varies with the size parameter of the solution.

The dual BPS operators in the ABJM model have conformal dimension ∆ = k QD0/2

and baryon number k QD0. They are built from k QD0 bifundamental scalars3 Ai or B†i
with monopole operators attached to ensure gauge invariance, as in [18, 19]. The factor of

k is needed for these monopole operators to be equivalent to a large gauge transformation

and hence invisible. The monopole operators are constructed from a magnetic field in the

ABJM conformal field theory and the magnetic charge is associated with the D0-brane

3These scalars carry baryon number 1 and conformal dimension 1/2.
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Figure 2. The on-shell energies H(ζ1) and H(ζ2) of the NS5-brane S2×S3 BPS solutions in units

of kN/4, plotted as functions of ζ1 and ζ2, with 0 ≤ ζ1 ≤ π/4 and π/4 ≤ ζ2 ≤ π/2.

charge QD0. The interpretation in the ABJM model of the topological charge associated

with 1-dimensional topological defects (D2-branes intersecting the NS5-brane) is, however,

unclear. The bound QD0 ≤ N/2 on the D0-brane charge dissolved on the NS5-brane is

a realization of a stringy exclusion principle, similar to that of [11]. There must exist an

upper bound of N/2 on the magnetic charge in the ABJM field theory, which implies an

upper bound of kN/2 on the U(1) R-charge and of kN/4 on the conformal dimension of

the dual operators.

3 A squashed S2 × S3 giant graviton

In this section we show that the previous NS5-brane configuration, when lifted to eleven

dimensions, takes the form of an M5-brane giant graviton which has the geometry of a

squashed S2 × S3 of the N10 type.

3.1 The M5-brane ansatz

Uplifting the ansatz for the NS5-brane in section 2.2 to eleven dimensions, we obtain an

M5-brane with induced metric

ds2M5 = R2
[
− dt2 +

1

k2
dτ2 +

1

k
dτ
(

cos2 ζ A1 − sin2 ζ (dψ +A2)
)

+
1

4
cos2 ζ (ds2S2

1
+A2

1) +
1

4
sin2 ζ

(
(dψ +A2)

2 + ds2S2
2

)]
, (3.1)

in the region 0 ≤ ζ ≤ π/4, and

ds2M5 = R2
[
− dt2 +

1

k2
dτ2 +

1

k
dτ
(

cos2 ζ (dψ +A1)− sin2 ζ A2

)
+

1

4
cos2 ζ

(
(dψ +A1)

2 + ds2S2
1

)
+

1

4
sin2 ζ (ds2S2

2
+A2

2)
]
, (3.2)

for π/4 ≤ ζ ≤ π/2. Here τ is the eleventh direction and we have used that L2k = R3, with

R the radius of the S7 in eleven dimensions. These metrics for the M5-brane arise from

the metric of the AdS4 × S7/Zk background

ds2 =
R2

4
ds2AdS4

+R2
[(1

k
dτ + ω

)2
+ ds2CP3

]
, (3.3)
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with r = 0 and ζ = constant. Here

ω =
1

2
cos2 ζ A1 −

1

2
sin2 ζ (dψ +A2) , (3.4)

in the region 0 ≤ ζ ≤ π/4, and

ω =
1

2
cos2 ζ (dψ +A1)−

1

2
sin2 ζ A2 , (3.5)

for π/4 ≤ ζ ≤ π/2. In both cases

dω = −1

2
sin 2ζ dζ ∧ (dψ +A1 +A2) +

1

2
cos2 ζ dA1 −

1

2
sin2 ζ dA2 . (3.6)

Note that the D0-brane charge of the NS5-brane configuration is translated into a mo-

mentum charge for the M5-brane giant graviton along the τ direction, so τ = τ(t). The

remaining spatial parts of the metrics describe N10 manifolds of the type discussed in [32],

in which the S2 is squashed.

Finally, we take the eleven dimensional 6-form potential at constant ζ to be

C6 = − 1

32

R6

k
sin4 ζ cos2 ζ sin θ1 sin θ2 dτ ∧ dψ ∧ dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 , (3.7)

for 0 ≤ ζ ≤ π/4, and

C6 =
1

32

R6

k
cos4 ζ sin2 ζ sin θ1 sin θ2 dτ ∧ dψ ∧ dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 , (3.8)

for π/4 ≤ ζ ≤ π/2. This again implies that M5-branes in the regions 0 ≤ ζ ≤ π/4 and

π/4 ≤ ζ ≤ π/2 have to be taken with opposite orientations to be stable.

3.2 Calculation of the energy

Since ψ is again an isometric direction of both the metric and 6-form potential, C6, which

couple to the M5-brane, we can use the action for a wrapped M5-brane constructed in [47]

to describe it. We start by briefly recalling some of the properties of this action. The

reader is referred to [47] for more details.

The (bosonic) worldvolume field content of the action built in [47] consists on 5 trans-

verse scalars and a vector field, associated with M2-branes wrapping the isometric direction

and ending on the M5-brane. As for the NS5-brane discussed in the previous section, the

worldvolume 2-form field is substituted by a vector field and this allows for a closed form

for the action. This is particularly relevant for the configuration that we describe in this

section. The relevant terms of the action constructed in [47] read:

SM5 = T4

∫
d5ξ

{
−l

√∣∣∣∣det
(
P [G] +

2π

l
F2

)∣∣∣∣+ P [ilC6]

}
. (3.9)

Here lµ = 2 δµψ is the Killing vector along the isometric direction ψ, with l2 = gµν l
µlν , G is

the reduced metric defined in the previous section and ilCp denotes the interior product of
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the Cp potential with the Killing vector. The invariant field strength F2 = dA1+ 1
2πP [ilC3]

is associated with M2-branes wrapping the isometric direction and ending on the M5-brane.

When reducing along the isometric direction, this gives rise to the BI field strength of

the D4-brane.

Let us now substitute our ansatz for the M5-brane of the previous subsection into

this action. We shall start by describing the region 0 ≤ ζ ≤ π/4. The coupling of the C6

potential to the angular velocity of the brane τ̇ ensures stability. Further, we need to switch

on a non-vanishing electric field proportional to the connection of the first two-sphere:

F2 =
R3

8π
sin ζ cos ζ dt ∧A1 =

R3

8π
sin ζ cos ζ cos θ1 dt ∧ dφ1 . (3.10)

As for the NS5-brane of the previous section, this field induces a topological charge in the

configuration, which is associated with one-dimensional solitonic line defects, interpreted

in this case as the end-points of open M2-branes transverse to the isometric direction. As

in the previous section, one can check that this ansatz satisfies the equations of motion.

We arrive at the following BI action, after integration over the two 2-spheres:

SDBI
M5 = − kN sin3 ζ cos2 ζ

∫
dt

√
1− cos2 ζ

(
2τ̇

k

)2

. (3.11)

The CS part in turn reads:

SCS
M5 = kN sin4 ζ cos2 ζ

∫
dt

(
2τ̇

k

)
. (3.12)

Given that τ is a cyclic coordinate, its conjugate momentum, Pτ , is conserved. The

Hamiltonian reads

H(ζ) =
k

2
Pτ

√
1 + tan2 ζ

(
1− N

2Pτ
sin2 2ζ

)2

. (3.13)

Therefore, in the 0 ≤ ζ ≤ π/4 region, there are two ground states, ζ = 0 and

sin 2ζ =

√
2Pτ
N

, (3.14)

for which τ̇ = k/2. Both these BPS solutions have

E =
k

2
Pτ (3.15)

and are associated with giant gravitons propagating along the τ direction. For the first

solution Pτ can be arbitrary, as for the point-like graviton solution in [2]. This solution is,

however, not point-like, its geometry being that of a squashed S2, with metric

ds2 =
R2

4

[
ds2S2

1
+A2

1

]
. (3.16)
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This happens because, as for the NS5-brane in the previous section, the M5-brane cannot

shrink to zero size due to its topologically non-trivial S2 × S3 worldvolume. The second

solution, in turn, has a maximum angular momentum given by

Pτ ≤
N

2
(3.17)

and corresponds to an M5-brane wrapped on the manifold

ds2 =
R2

4

[
cos2 ζ

(
ds2S2

1
+A2

1

)
+ sin2 ζ

(
(dψ +A2)

2 + ds2S2
2

)]
, (3.18)

with ζ depending on the angular momentum as in (3.14). This corresponds to a N10

geometry of the type discussed in [32] in which the S2 is squashed. In particular, the con-

figuration with maximum angular momentum corresponds to a N10 in which the squashed

S2 and the S3 have the same radii.

Finally, as in the previous section, the region π/4 ≤ ζ ≤ π/2 is described by inter-

changing the two 2-spheres. This gives rise to two energetically degenerate minima. For

the first solution, ζ = π/2, the M5-brane shrinks to the second 2-sphere and can carry ar-

bitrary angular momentum. For the second solution, given by (3.14) with π/4 ≤ ζ ≤ π/2,

the M5-brane wraps the same squashed N10 manifold with the two 2-spheres interchanged,

and carries an electric field proportional to the connection of the second 2-sphere and a

momentum charge satisfying the bound (3.17). Again, this bound on Pτ is a realization of

a stringy exclusion principle, similar to that of [11].

4 Fuzzy S2 × S3 geometries

In this section we show that the previous NS5 and M5-brane configurations have micro-

scopic desciptions in terms of multiple D2 and M2-branes expanding into fuzzy 3-spheres

(S1 fibres over fuzzy 2-spheres) inside the N11 or (squashed) N10 manifolds. The ex-

panded 5-branes then wrap a classical S2, spanned by the 2-branes, times a fuzzy S3.

This provides a particular fuzzification of the N11 and N10 manifolds in which the S2

submanifold is not made fuzzy. The obstruction for a complete fuzzification is the topolog-

ically non-trivial character of these manifolds, which prevents them arising from expanding

point-like objects.

The interest of this microscopical description is that it allows one to explore the finite

’t Hooft coupling region of the dual CFT. It is well known that the macroscopic description,

in terms of a single expanded brane with lower dimensional charge dissolved on its world-

volume, and the microscopic description, in terms of multiple lower dimensional branes

expanding into a fuzzy manifold, have complementary ranges of validity [33]. While the

first is valid in the supergravity limit, the second is a good description when the mutual

separation of the expanding branes is much smaller than the string length, so that they

can be described by the U(n) effective action constructed by Myers [33]. In the particular

case of n 2-branes expanding into a 3-dimensional manifold of radius R, the volume per

brane goes like R3/n, which is of order l3s . Hence the condition

R ∼ n1/3 (4.1)
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sets the regime of validity of the microscopical description.4 The macroscopical description

is, in turn, valid for R � 1. Thus both descriptions are complementary for finite n, but

should agree in the large n limit, where they have common ranges of validity. In the

backgrounds with CFT duals under consideration in this paper, the condition (4.1) implies

for the ’t Hooft parameter

λ ∼ n4/3 and λ ∼ n2 (4.2)

in the IIA string theory and M-theory, respectively. Exploring the possibility of finite n

therefore allows us to explore the finite t’Hooft coupling λ region of the dual CFT through

the microscopic study of the corresponding dual brane system.

In our particular set-up, the microscopic description of the BPS S2 × S3 NS5 or M5-

brane configurations may be useful in learning about the finite ’t Hooft coupling behaviour

of the corresponding dual CFT operators. In this section we provide a microscopic descrip-

tion in terms of D2 or M2-branes expanding into fuzzy versions of the S2×S3 geometries.

We show that the 2-branes can expand into these manifolds through suitable (dielectric)

couplings to the background 5- and 6-form potentials. For D2-branes, however, we will

see that, in order to find the right coupling to the 5-form potential, an action valid for

the description of the strong coupling regime of the system must first be provided. This

action will arise as the dimensional reduction of the action for coincident M2-branes with

a transverse isometric direction constructed in [48]. As we will see, this action provides an

alternative to the Myers action for coincident D2-branes, more suitable for an exploration

of the strong coupling regime.

Given that our starting point for both the D2 and M2-brane microscopic descriptions

is the action describing coincident M2-branes, we will reverse the order in the previous

sections and start by exploring the microscopic description of the M5-brane giant graviton

in terms of expanding M2-branes. For this purpose, we will start by reviewing the main

features of the action constructed in [48] and then see that it provides the right microscopic

description of the M5-brane giant graviton constructed in section 3. Then, in section 4.2,

we will reduce the M2-brane action to construct the right action for coincident D2-branes

from which the NS5-brane BPS configuration of section 2 can be built. In both examples

we will observe that the microscopic descriptions match the macroscopic calculations of

the previous sections in the limit in which the number of 2-branes becomes large.

4.1 The microscopical M5-brane giant graviton

4.1.1 The action for multiple M2-branes

The action for multiple M2-branes in a space with an isometric transverse direction was

constructed in [48]. This action was obtained by uplifting the Myers action for multiple D2-

branes to eleven dimensions. Although, in the non-Abelian case, the worldvolume duality

transformation that allows us to map the BI vector field of a D2-brane onto the extra

transverse scalar of the M2-brane cannot be made, we can still work with the uplifted action,

which is, however, constrained to describe M2-branes in backgrounds with an isometric

4Here we work in units in which ls = 1.
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direction. As shown in [48], it is in fact due to the existence of this special isometric

direction that a dielectric coupling to the eleven dimensional 6-form potential, C6, can be

constructed. This coupling will indeed be responsible for stabilizing the M2-branes in our

particular system.

The BI part of the action constructed in [48] is given by:

SDBI
nM2 = −T2

∫
d3ξ STr

√
|det

[
Eαβ + Eαi (Q−1 − δ)ik EkjEjβ] detQij | (4.3)

Here Eαβ = (P [G] + 2πF2)αβ and Eij = (P [G])ij , with G the reduced metric (defined in

the previous sections), and F2 the field strength associated with M2-branes wrapping the

isometric direction and ending on the M2-branes:

F2 = dA1 +
1

2π
P [ilC3]. (4.4)

Note that F2 gives the BI field strength of the D2-branes when compactified on the isometric

direction. Here lµ is the Killing vector that points along this direction and l2 = gµν l
µlν .

The indices α, β are taken to run over the worldvolume directions and i, j over the fuzzy

transverse ones. Here Q is given by

Qij ≡ δij + i
l

2π
[Xi, Xk]Ekj . (4.5)

The relevant terms in the CS action read:

SCS
nM2 = T2

∫
d3ξ STr

{
i

2π
P
[
(iXiX) ilC6

]
+ 2πP

[
l1
l2

]
∧ F2

}
. (4.6)

Here l1 is the 1-form l1 = lµ dx
µ = gµν l

νdxµ and l1/l
2 is then identified with the momentum

operator along the isometric direction (see [48]). This term will be relevant below when

we take our ansatz for the M2-branes. Note that the dielectric coupling to C6 can only

be constructed due to its extra contraction with the Killing direction. This will be the

coupling responsible for stabilizing the M2-branes in the expanded configuration.

4.1.2 The M2-brane ansatz

Let us start by discussing the region 0 ≤ ζ ≤ π/4. We showed in section 3 that in this

region the M5-brane giant graviton is degenerate with an M2-brane wrapping the first 2-

sphere and propagating with arbitrary angular momentum on the orbifold direction, τ . The

natural ansatz for the microscopic description is therefore to consider M2-branes wrapping

the first S2, parameterized by (θ1, φ1), and expanding into a fuzzy S3. Further, we need to

switch on a worldvolume electric flux associated with M2-branes wrapping the isometric

direction ψ and ending on the system, since this was a key ingredient of the macroscopic

description. As in that case, the electric field will provide the necessary deformation of the

squashed 2-sphere to allow the formation of a BPS state. In this case the electric field is

again given by (3.10), but is now associated with instantonic topological defects produced

by gravitational waves ending on the M2-branes. This can be inferred from the second

coupling in (4.6).
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It is important to stress that, with the ansatz taken for the metric in the 0 ≤ ζ ≤ π/4
region, given by (3.1), the M2-branes are stable and do not develop any tadpoles. This

is not the case with the second ansatz (3.2) or with the more symmetric one (see for

instance [23]):

ω =
1

2
cos2 ζ A1 +

1

4
(cos2 ζ − sin2 ζ) dψ − 1

2
sin2 ζ A2 . (4.7)

Indeed, in these gauges, M2-branes wrapping the first S2 would develop a tadpole through

the coupling ∫
R×S2

P

[
l1
l2

]
∧ F2 , (4.8)

that would need to be cancelled by adding M2-branes wrapping the isometric direction

and ending on them. Clearly this would not provide the right microscopic description,

since the expanded M5-brane does not contain any tadpoles. This fact further justifies the

reason why we need to take a different gauge for the metric in the two regions 0 ≤ ζ ≤ π/4
and π/4 ≤ ζ ≤ π/2. Indeed, in the region π/4 ≤ ζ ≤ π/2, with M2-branes wrapping the

second 2-sphere parameterized by (θ2, φ2) providing the right microscopic description, the

metric (3.2) produces a vanishing tadpole on the worldvolume.

Let us now make the non-commutative ansatz. The structure of the metric (3.1) sug-

gests that, in the region 0 ≤ ζ ≤ π/4, the M2-branes should expand into the fuzzy 3-sphere

spanned by (ψ, θ2, φ2). The fact that the action describing the M2-branes contains a trans-

verse isometric direction, which is Abelian, further suggests that we should describe the

fuzzy 3-sphere as an S1 bundle, parameterized by ψ, over a fuzzy 2-sphere, parameterized

by (θ2, φ2). Fuzzy 3-spheres realized as Abelian S1 bundles over fuzzy S2’s have been

discussed in the literature in various contexts. They were first proposed as the concrete

fuzzification of the 3-sphere giant graviton on AdS5 × S5 in [34]. More recently they have

also been identified as the fuzzy manifolds on which M2-branes should expand to give an

M5-brane in ABJM [35].

The description of the fuzzy 2-sphere is the standard one. Using Cartesian coordinates

the condition
3∑
i=1

(xi)2 = 1 (4.9)

can be imposed at the level of matrices by taking the Xi in the totally symmetric irreducible

representation of order m, with dimension n = m+ 1,

Xi =
1√

m(m+ 2)
J i (4.10)

with J i the generators of SU(2). They then satisfy

[Xi, Xj ] = i
2√

m(m+ 2)
εijkX

k . (4.11)

With these ingredients we can now calculate the energy of the expanding M2-branes

using the action reviewed in the previous subsection. We will only discuss the 0 ≤ ζ ≤ π/4
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region. The region π/4 ≤ ζ ≤ π/2 is simply described by interchanging the role played

by the two 2-spheres, while taking into account the different gauge for the metric and the

6-form potential.

4.1.3 Calculation of the energy

Substituting the background given by (3.1) and (3.7), the electric field given by (2.16)

and the non-commutative condition (4.11) in the action (4.3) and (4.6), we find, after

integration over the 2-sphere parameterized by (θ1, φ1),

SM2 = − kN m+ 1√
m(m+ 2)

× (4.12)

×
∫
dt

sin3 ζ cos2 ζ

√
1+

m(m+ 2)

2N k sin6 ζ

√
1−cos2 ζ

(
2τ̇

k

)2

−sin4 ζ cos2 ζ

(
2τ̇

k

) ,

where we have used that Eij = 1
4 R

2 sin2 ζ δij , from which it immediately follows that

Eαi (Q−1 − δ)ik EkjEjβ = 0 in our background, and that hence

detQ =

(
1 +

R6 sin6 ζ

16π2m(m+ 2)

)
I, (4.13)

which is exact in the limit

R� 1 , n = m+ 1� 1 , with
R3

n
∝
√
N

n
= finite (4.14)

(see section 5.1 of [49] for a detailed discussion). Also, STr I = (m + 1). It now becomes

necessary to take R3/n to be a large finite number to approximate the new square root in

the above action.

Transforming τ̇ to Pτ , we obtain the Hamiltonian

H(ζ) =
k

2
Pτ

√
1 + tan2 ζ

(
1− N

2Pτ

m+ 1√
m(m+ 2)

sin2 2ζ

)2

. (4.15)

Therefore, in the region 0 ≤ ζ ≤ π/4, we find again two ground states, ζ = 0 and

sin2 2ζ =
2Pτ
N

√
m(m+ 2)

m+ 1
=

2Pτ
N

√
(m+ 1)2 − 1

m+ 1
, (4.16)

both with energy

E =
k

2
Pτ . (4.17)

While for the first solution Pτ can be arbitrary, for the second solution it must satisfy

Pτ ≤
N

2

m+ 1√
(m+ 1)2 − 1

=
N

2

n√
n2 − 1

. (4.18)

Comparing the Hamiltonian, radius and upper bound with their counterparts in the M5-

brane macroscopic derivation, we find that, as expected, there is exact agreement in the

large n = m+ 1 limit. Note that this BPS solution is only valid in the large λ/n2 ∝ R6/n2

regime. This calculation should therefore be seen as a first step towards exploring the

finite t’Hooft coupling region, as well as a verification of the macroscopic computation at

the level of the microscopic description.
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4.2 The microscopical NS5-brane solution

In this subsection we show that a very similar microscopic description exists for the NS5-

brane with D0-brane charge of section 2 in terms of expanding D2-branes. Indeed, the

type IIA description of n M2-branes expanding into the M5-brane giant graviton which we

have just discussed should be in terms of n D2-branes expanding into an NS5-brane with

D0-brane charge. However, as we mentioned, there is no dielectric coupling in the Myers

action for coincident D2-branes which can possibly explain the expansion of multiple D2-

branes into an NS5-brane. The resolution of this puzzle is that we need to use an action to

describe this system of D2-branes which is more suitable for the study of the strong coupling

regime. Indeed, the configuration in which D2-branes expand into an NS5-brane is related

by T-duality to one in which D3-branes expand into an NS5-brane in type IIB, which is, in

turn, S-dual to a configuration in which D3-branes expand into a D5-brane. The expansion

of the D2-branes into an NS5-brane is therefore intrinsically non-perturbative. This is also

evident from the e−2φ coupling in front of the action for the NS5-brane.

We show next that a non-perturbative action for coincident D2-branes can be con-

structed by simply reducing the action for coincident M2-branes of the previous subsection

along a transverse direction different from the isometric direction. Note that the Myers

action is recovered when the reduction is performed along the isometric direction. Indeed,

interchanging the two compact directions produces the desired mapping onto the strong

coupling regime.

4.2.1 The action for multiple D2-branes

As we have just mentioned, the action suitable for the study of D2-branes expanding

into an NS5-brane is built by reducing the action for M2-branes discussed in the previous

subsection. This action will still contain the isometric direction ψ, which will allow the

construction of the right dielectric coupling responsible for the expansion of the D2-branes

into an NS5-brane.

Let us start by discussing the CS part of the action. The reduction of the CS ac-

tion (4.6) to type IIA produces the couplings5

SCS
nD2 = i

T2
2π

∫
d3ξ STr

{
P
[
(iXiX) ilC5

]
∧ dc0 + 2π P

[
l1 + e2φC1(ilC1)

l2 + e2φ(ilC1)2

]
∧ F2

}
. (4.19)

In the first term C5 is contracted with the Killing direction and it is coupled to the world-

volume scalar c0 associated with D0-branes, which we introduced in our discussion of the

NS5-brane. This term will indeed be responsible for the expansion of the D2-branes into

an NS5-brane. The second term will be used, in turn, to justify the absence of tadpoles.

Reducing the DBI action (4.3) we obtain

SDBI
nD2 = −T2

∫
d3ξ STr

{
e−φ

√∣∣∣∣det

[
Eαβ +

l2 e2φ

l2 + e2φ(ilC1)2
(F1)2αβ

]
detQij

∣∣∣∣
}
, (4.20)

5There are some extra couplings which will not be relevant to our discussion.
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where we have taken for simplicity Eαi (Q−1 − δ)ik EkjEjβ = 0, since this will be the case

in our background. In this action

Eαβ = (P [G])αβ +
2π eφ√

l2 + e2φ(ilC1)2
(F2)αβ, (4.21)

with G the reduced metric, and F1 = dc0 + P [C1] and F2 = dA1 + 1
2πP [ilC3] the field

strengths associated with D0 and D2-branes, respectively, wrapping the isometric direction

ψ and ending on the multiple coincident D2-branes. As expected for a strong coupling

description, the dynamics of the branes is induced by D-branes ending on them and not

by fundamental strings. Finally, Q is given by

Qij = δij+i
e−φ

2π

√
l2 + e2φ(ilC1)2 [Xi, Xk]

(
Gkj+

l2 e2φ

l2 + e2φ(ilC1)2

(
C1−

l1
l2
ilC1

)2

kj

)
, (4.22)

with Eij = (P [G])ij the reduced metric of the three fuzzy transverse directions. Let us now

use this action to compute the energy of the D2-brane system in the background described

in section 2.2.

4.2.2 Calculation of the energy

We shall first make an ansatz for our set of coincident D2-branes, which will be very similar

to the ansatz for the coincident M2-branes taken in the previous subsection. Again, we just

describe the 0 ≤ ζ ≤ π/4 region. The description in the region π/4 ≤ ζ ≤ π/2 is obtained

simply by making the changes explained in section 2. We take D2-branes wrapping the

2-sphere parameterized by (θ1, φ1) in the background defined by (2.11) and (2.12). It

is important to stress that, with this choice, the D2-branes do not develop any tadpole

through the coupling ∫
R×S2

P

[
l1 + e2φC1(ilC1)

l2 + e2φ(ilC1)2

]
∧ F2 (4.23)

in the CS action (4.19). To account for the D0-brane charge of the expanded NS5-brane,

we switch on a time dependent worldvolume scalar field c0(t). Further, we induce in-

stantonic topological defects (produced, in this case, by gravitational waves ending on the

system) through a non-vanishing worldvolume electric field, given by (2.16), associated

with D2-branes wrapping ψ and ending on the system. The non-commutative ansatz for

the transverse coordinates Xi is the same as the one taken in the previous section.

With these ingredients, we finally arrive at a Hamiltonian

H(ζ) =
k

2
QD0

√
1 + tan2 ζ

(
1− N

2QD0

m+ 1√
m(m+ 2)

sin2 2ζ

)2

, (4.24)

where QD0 accounts for the D0-brane charge. Here again we have a limit similar to (4.14)

and we take kL2/n to be finite, but large. There are two ground states, at ζ = 0 and

sin2 2ζ =
2QD0

N

√
m(m+ 2)

m+ 1
, (4.25)
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in this region 0 ≤ ζ ≤ π/4, both with energy

E =
k

2
Pτ . (4.26)

While for the first solution Pτ can be arbitrary, for the second solution it must satisfy

QD0 ≤
N

2

m+ 1√
m(m+ 2)

=
N

2

n√
n2 − 1

. (4.27)

Comparing the Hamiltonian, radius and upper bound with their counterparts in the macro-

scopical NS5-brane derivation, we again find exact agreement in the large n = m+ 1 limit.

5 Conclusions

In this paper we have constructed new BPS 5-brane configurations with S2×S3 topologies

in the gravity dual of the ABJM model. One such configuration is an NS5-brane with D0-

brane charge wrapping an N11 non-Einstein manifold. This NS5-brane is degenerate in the

ground state with a D2-brane with D0-brane charge QD0 wrapping the S2 submanifold of

the N11. While this spherical D2-brane can have arbitrary D0-brane charge, the expanded

NS5-brane must satisfy the bound QD0 ≤ N/2.

This bound is very similar to the one encountered in giant graviton configurations.

Indeed, lifted to eleven dimensions, this configuration is described by an M5-brane with

angular momentum Pτ wrapping an N10 manifold. In this case, the ground state is degen-

erate with an M2-brane with angular momentum wrapping the (squashed) S2 submanifold

of the N10. While the spherical M2-brane can have arbitrary momentum, the expanded

M5-brane must satisfy Pτ ≤ N/2.

Although our giant graviton configuration satisfies what we might refer to as the defin-

ing properties of a giant graviton, it differs from the standard D3-brane giant gravitons on

AdS5×S5 [2, 3], and from the D2 and D4-brane giant gravitons on AdS4×CP3 of [23, 25]

in three main features: First, the expanded configuration is not degenerate with a point-

like graviton with arbitrary momentum, but with an extended object. This is due to the

topologically non-trivial character of the S2 × S3 manifold on which it is wrapped, which

prevents its collapse to zero size. Second, a topological charge J3 = dF2 must be intro-

duced in order for the energy to satisfy the BPS bound E = kPτ/2. This additional charge

is non-perturbative in nature and is associated with 1-dimensional topological defects, in-

terpreted as M2-branes ending on the M5-brane giant graviton. Third, the bound imposed

by the geometry on the angular momentum is not the rank of the gauge group N , but

rather N/2. The maximal M5 giant graviton, carrying N/2 units of momentum charge,

occurs at ζ = π/4 and collapses onto only one 2-sphere in the worldvolume geometry. One

possible reason for the unusual N/2 bound might be that our maximal giant graviton is

essentially half of another maximal configuration, carrying N units of momentum charge,

which collapses onto both 2-spheres. Constructing this configuration explicitly would re-

quire, however, a unified treatment of the two regions in which the 2-branes wrapping the

two 2-spheres can be defined simultaneously.
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We have also seen that, microscopically, these 5-brane configurations with topologically

non-trivial S2 × S3 geometries are explained in terms of n D2 or M2-branes wrapping the

S2 submanifold and expanding, due to the Myers dielectric effect, into a fuzzy version of

the S3 (an S1 bundle over a fuzzy S2). This microscopic description should be seen as

a first step towards exploring the finite t’Hooft coupling region of the gauge theory. In

this set-up, the maximal size configuration is again reached when ζ = π/4, for which the

D0-brane or momentum charge acquires its maximum value.

An interesting line of future research is the construction of the BPS operators in the

ABJM model which are dual to these 5-brane S2×S3 configurations. These operators will

be built from the bifundamental scalars Ai or B†i (associated with microscopic descriptions

in terms of 2-branes wrapping the first or second 2-spheres) with monopole operators

attached in such a way as to ensure gauge invariance, as discussed in [18, 19]. The upper

bound of N/2 on the D0-brane charge and angular momentum in the eleventh direction

indicates an upper bound of N/2 on the magnetic charge in the ABJM field theory. This,

in turn, implies an upper bound of kN/2 on the U(1) R-charge of the dual BPS operators.

In this way, the bound of N/2 on the D0-brane and angular momentum charges must be a

realization of a stringy exclusion principle, similar to that of [11]. The dual interpretation

of the topological charge associated with 1-dimensional solitonic line defects (2-branes

intersecting the 5-brane) remains unclear. It would be most interesting to clarify this

point, especially since it is likely to provide insight into the non-trivial topology of this

5-brane S2 × S3 configuration from the perspective of the ABJM model.

An issue which we have not explored in this paper is the amount of supersymmetry

preserved by our 5-brane configurations, beyond verifying that they satisfy BPS bounds.

It is known that the type IIA ten-dimensional and eleven-dimensional supergravity back-

grounds AdS4 × CP3 and AdS4 × S7/Zk preserve 24 of a maximal 32 supersymmetries

(unless k = 1, 2 for which there is supersymmetry enhancement) [3, 23]. In computing the

kappa-symmetry conditions, it will be necessary to work with a reduced action and take

into account the field strength F2 associated with 2-branes ending on the 5-brane. We

leave this as an open problem for future analysis.
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